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Motivation

e cardiovascular disease: “number 1 killer" in the Westen
countries:
@ heart disease kills more people than cancer

@ cardiovascular risk in women has been recently
increased (more than breast cancer)

@ prevention is necessary from childhood

@ emphasis on preventing atherosclerosis by modifying
risk factors: healthy eating, exercise and no smoking

— importance of further detailed study e.g. using
computational science
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Motivation

e averaged person: about 4.5 - 6 L blood; 6-8% body
weight

Functions:
@ transport oxygen and nutrients to all tissues
@ remove waste products

@ defend the body against infection through the action of
antibodies
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Blood

@ leukocytes: (1%)
play a vital role in fighting infection in the body
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@ platelets: (1%)
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Blood

@ leukocytes: (1%)
play a vital role in fighting infection in the body

@ platelets: (1%)
the formation of blood clots (coagulation) is essential
for large injuries

@ properties of erythrocytes: (45%)

o ability to aggregate and form a branched 3D
microstructure at low shear rates

o deformability

e tendency to align with the flow field at high shear rates

— effect non-Newtonian behaviour of blood
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Motivation

Hemodynamic factors:
flow separation, flow recirculation, and oscillatory wall

shear stress:
important role in the localization and development of

vascular diseases —

- healthy patient: high shear rate, typical vessel lengths: no
time to build microstructures

Newtonian models reasonable approximation
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Motivation

Hemodynamic factors:

flow separation, flow recirculation, and oscillatory wall
shear stress:

important role in the localization and development of
vascular diseases —

- healthy patient: high shear rate, typical vessel lengths: no
time to build microstructures

Newtonian models reasonable approximation

- disease states: diseases in which the arterial geometry
has altered (aneurysms), aggregates get more stable

non-Newtonian models more relevant
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Non-Newtonian nature of blood

Blood: plasma + cells (45% volume concentration)

Lukacova (AG Numerik)

| vessel | radius [ RE |
aorta 1.25 3400
arteries 0.2 500
arterioles | 1.5.107° | 0.7
veins 0.25 140
vena cava 1.5 3300
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Non-Newtonian nature of blood

Blood: plasma + cells (45% volume concentration)

aggregation deformation [vessel | radus | RE |
(8D . 4 aorta 1.25 ] 3400
/= arteries 0.2 500
arterioles | 1.5.107° | 0.7

veins 0.25 140

vena cava 1.5 3300

@ shear thinning
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Non-Newtonian nature of blood

Blood: plasma + cells (45% volume concentration)

aggregatlon deformation

@ shear thinning
@ viscoelasticity
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Non-Newtonian nature of blood

Blood: plasma + cells (45% volume concentration)

aggregatlon deformation [ vessel [ radius | RE |
' aorta 1.25 3400
arteries 0.2 500
arterioles | 1.5.10°% | 0.7
veins 0.25 140
vena cava 1.5 3300
viscosity
NON-LINEAR [ en]en] ] en]enlan

: & E=60 VISCOELASTICITY —nu infty
= lowerviscosilj4>
@ shear thinnin (SD —\
: S_ o 9 higher viscosity T !
@ viscoelasticity
nul
@ yield stress

SHEAR THINNING

—
—
‘::

—

shear ra&e
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Characteristic numbers

Reynolds and Wormesley number

Lukéagova (AG Numerik) Modelling in Hemodynamics



Characteristic numbers

Re

Il

Q

Il
N~

|

p... density; 1.06 x 10~3 kg - m~3,

U... characteristic velocity,
u=(uy,...,Uq)... fluid velocity

L... characteristic length

... characteristic viscosity; 3 — 5.5 mPa - s
w ... characteristic angular frequency

Re € (0.0015,6100) a € (0.003, 30)
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Outline

Mathematical model
Fluid equations
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Fluid equations

@ shear-thinning properties

pord + p(u-V)u —div[2u(|D(u)|)D(u)] + Vr
divu
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Fluid equations

@ shear-thinning properties

potu+ p(u-V)u—div[2u(|D(u)|)D(u)] + Vi =
dvu =

Carreau-Yasuda model
p—2
p = p(D(U)) = oo + (10 — pioo)(1 +~|D(W)[?) 2
Yeleswarapu model

log(1 + ~v|D(u)|) + 1

p=pu(D(U)) = proo + (Ho — Hoo) (1 +~|D(u)|)
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viscoelastic properties

e blood:

@ ability to store and release energy (from its branched
3D structures)
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viscoelastic properties

e blood:

@ ability to store and release energy (from its branched
3D structures)

@ challenge: developing nonlinear viscoelastic
constitutive models for blood

@ the simplest model that captures the shear rate
dependence and elasticity the rate-type shear thinning
model (Oldroyd-B type model)

T=-ml+7"47°

or® e e T e e
M —+U- V8 =7 (Vu)' —=Vu-7°) +7° =

ot
u(D(u))
2< ” —(1—a)>D(u)
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viscoelastic shear-dependent fluids

div(u) =0

ou
Re <8t +u- Vu> = —-Vr+ (1 - a)Au+ div(r®) + f

or® e e T e
We W‘FU'VT —7r®vu’ —vu(r®) | + 7%=

1(ID(u)l)
2(M0—m—@>mm,

« % ... elastic part of the total viscosity = u(|D(u)|)
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viscoelastic shear-dependent fluids

div(u) = 0

Re <68l: +u- Vu> = —-Vr+ (1 - a)Au+ div(r®) + f

ot

1(ID(u)l)
2(M0—u—@>mm,

a= % ... elastic part of the total viscosity = u(|D(u)|)

or® e e T e e
We|—+u-Vr®—7°Vu' —vVu(r®) | +7°=

o flow characteristic: Weissenberg number We = %2
A characteristic relaxation time
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viscoelastic shear-dependent fluids

div(u) = 0

Re <2‘: +u- Vu> = —-Vr+ (1 - a)Au+ div(r®) + f

or® e e T e e
We W+U~VT —7°vVu' = vu(r®) | +7°=

p(ID@) .,
2(@ ( ))D(u),

a= % ... elastic part of the total viscosity = u(|D(u)|)

o flow characteristic: Weissenberg number We = %2
A characteristic relaxation time

e nonlinear coupled parabolic-hyperbolic system
e singular behaviour for large Reynolds, Weissenberg
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Outline

Mathematical model

Structure equation
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Structure equation

e assume: circular symmetry, deformation only in the radial
direction
e radial wall displacement n(x1,t) = R(x1,t) — Ro(x1)
... constantw.r.t 4, 6 € [0, 27)
e linear elasticity, i.e. 9n/0x, < 1

inflow outflow

’ Bild: 2D cut through an elastic vessel
L JGlu
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e Newton law: Force = mass x acceleration

2
F = pwh dodt x 71
- pw Wwall density
- h wall thickness
- dc infinitesimal length of arc dc = Rd@
- d¢ infinitesimal length in the x;-direction

e Forces: external and internal
1. External forces

fext = feoxt-€ ~(—Tf— Pexl)n-e,dcdl

T; ... fluid Cauchy stress tensor on 'y := [y
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o fluid in Eulerian coordinates
e structure in Langrangian coordinates —-
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o fluid in Eulerian coordinates
e structure in Langrangian coordinates —-

-transformation of the fluid stress from I'yy(;) onto I'y,:

-Twy = {(X1, X2); X1 = X1, X2 = Ro(x1)}
-Twiry = {(x1,x2); X2 = Ro(x1) +n(x1)}

A(X1, Xo) = (0,7i(X1, X2))" = (0,n(x1))"
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o fluid in Eulerian coordinates
e structure in Langrangian coordinates —

-transformation of the fluid stress from I'yy(;) onto I'y,:
- Twy = {(X1, X2); X1 = X1, X2 = Ro(x1)}
-Twy = {(x1,%2); X2 = Ro(X1) +n(x1)}

A(X1, Xo) = (0,7i(X1, X2))" = (0,n(x1))"

fext = fext'erdCdE

I'W0

R \/1+ (8xR)?
— —(Tr+Pu)n-e, O A,

5~ = dcy dlo
0\ /1 + (8%, Ro)?

~ —(Tf + Pwl)n . erﬁ dcy dfy
Ro
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2. Internal forces:
fint = (fe + fx1) - er
fy ... internal forces due to circumferential stress

fy, ... internal forces due to longitudal stress
‘ 9]/,,"//(51
e
/4///’—-“\‘/ / \Og di Reference
Crer®s \ / a e
“o \ R / _—
\ e/ — )
\. 2 \;’/ 3 ﬁ,,, ,,,,, s
) : T e e
5 W L
4 \M €z \‘»\‘ ) ’
iz// z*-d7/ €. dz/2
e dz
Transversal Section Longitudinal Section
JGlu
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fg'er:

hn

-3/2

2R Ry 2
fy, € = \<7X1|h—2 [1 + ( °> ] n- e dcyd/y

0X;

Lukacova (AG Numerik)
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fo-er= Eh dCodeo

RoR
—3/2
52R dRy\?
fy, € = \ax1\hax1 [1 + <c‘)x10> ] n-e;dcyd/y

Assuming:

—1/2

n'er%['l‘f‘(ang)} , n/R=n/Ro

for [n] < [Ro|

We can rewrite:

825’

-2
hn Ry \ 2
fint = { ER = + |ox, ’h X2 1+ ((9)(:)) } dcpdly

Lukacova (AG Numerik) Modelling in Hemodynamics
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Structure equation

2Ry
Pn oyl ( : T o ) En _ o9
8t2 Pw ORoy 272 PW(R0+77)R0 8t6X12
14 (m)

1+ (0% R)?
=——(Tf+PWI)n-e,RO+n ) , a=3o0rb5

puh o \/1+ (0 Ro)?

inflow outflow

Bild: 2D cut through an elastic vessel
s JGlu
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Structure equation

Pn IU)«\( +82R0> En

a0n

8t2 Pw R 2 PW(RO +77)R0
@)

(Ten- e + Pw)
pwh

_g(F’)v RO)

- pw wall density

- h wall thickness

- E the Young modulus of elasticity
- |ox,| = E/3 shear modulus

- ¢ viscoelastic constant

-9(R, Ry) = R0+77 1+(9 )2

O 1404 Ro)

Lukacova (AG Numerik) Modelling in Hemodynamics
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Outline

Mathematical model

Fluid-structure interaction
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Fluid-domain interaction, decoupling

e fluid and geometry are coupled
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Fluid-domain interaction, decoupling

o fluid and geometry are coupled

@ Dirichlet boundary condition

)
u(xi, Ro + 1, 1) = aizn onrv,

n is unit outward normal to the domain boundary
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Fluid-domain interaction, decoupling

o fluid and geometry are coupled

@ Dirichlet boundary condition

U(X1,R0 +n, t) = ?Zn on I—W’ (1)

n is unit outward normal to the domain boundary

Tsn=9g(R,Ry)Tin

the equation for domain deformation (1).
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Further B.C.

e [, ... inflow conditions

8U1

us(0, X, 1)

(200052~ p+ P 5 147 (03,1

0<x <Ry0),0<t<T; Pp=
Iout @analogous

e [, ... flow symmetry conditions

O<xy<LO<t<T

Lukacova (AG Numerik)

Up(x1,0,8) =0,  u(|D(u))

in(X2, t) given;

8u1

axz( 170 t)_o
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e initial conditions:

U(X1,X2, 0) =0

Lukacova (AG Numerik)

forany 0 < xy < L, 0 < X2 < Ry(x1)
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e initial conditions:

u(xy,x2,0) =0 forany0< xq <L, 0<x2< Ro(xq)

conditions for structure
n(0,t) =n(L,t)=0
1y (0,1) = 1y (L, 1) = 0

on
(X170) 81«.()(170)_0
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Outline

Theoretical result
Analysis
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Modelling in Hemodynamics



I. Analysis
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Results for the FSI problems

@ local existence of the strong solutions:
B. da Veiga ('04)
coupling of the 2D Navier-Stokes eqgs. & viscoelastic
plate (friction aru)
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Results for the FSI problems
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© local existence of the strong solution:
Coutand, Shkoller, Cheng (05, '06, '07)
coupling of the 2D Navier-Stokes egs. & elastic shell
( )- hyperbolic framework
for 3D: an additional assumption on shell thickness
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Results for the FSI problems

@ local existence of the strong solutions:
B. da Veiga ('04)
coupling of the 2D Navier-Stokes egs. & viscoelastic
plate ( )
© local existence of the strong solution:
Coutand, Shkoller, Cheng (05, '06, '07)
coupling of the 2D Navier-Stokes egs. & elastic shell
( )- hyperbolic framework
for 3D: an additional assumption on shell thickness
© global existence of the weak solutions:
Chambolle, Desjardins, Esteban, Grandmont ('05)
coupling of the 3D Navier-Stokes eqgs. & viscoelastic
plate ( )
© unigueness and continuous dependence of the weak
solution: Guidoboni, Guidorzi, Padula ('10)
coupling of the 2D Navier-Stokes eqgs. & elastic or
viscoelastic plate ( )
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5 Canié, Guidoboni et al. ('06) reduced structural model:

viscoelastic Koiter model

62 9%n o*n on %n n

p,2" _p
hae = Cioxz 2+Cza i+ Con+ Oat " 5toxe P2 graxa

-multiscale analysis of the FSI problem
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5 Canié, Guidoboni et al. ('06) reduced structural model:
viscoelastic Koiter model

82 0%n 0*n on 0%n %n
D D D =
puhisiz ~Ct g Cegat Comt Doy =D iy 4 Da i iq = f
-multiscale analysis of the FSI problem
- all of these results are for Newtonian fluid rheology
JGlu
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Non-Newtonian rheology

v We assume existence of U/ € C?(R2*?)

Um _ _ )
02U (n) P22
6nmnanrsfmnfrs > Ci(1+[n)P=l¢]
&?U(n)
< Co(1+|n))P2.
o < Calt 1)
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Non-Newtonian rheology

v We assume existence of U € C?(R?*?)

oum) ) _ou)
2U(n) _
> p—2|¢12
8nmnanrsfmnfrs = C1(1 + ‘77|) |f‘
&U(n) _
Co(1 + |n|)P2.
Sime| = Co0 1)

Non-linear viscous term: Carreau model, power law
model

((u,ﬂﬂ)):/ﬂ( (t))Tij(D(U))D(tb)’ 7j(D(u)) = u(|D(u)|)Dj(u)

Lukacova (AG Numerik) Modelling in Hemodynamics
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e ((-, -)) defines a monotone and coercive operator
- p- structure

((u, ) : LP(O, T: W'P(Q)) — LP (0, T (W~ ()

e ((u, -)) interplays with the convective term u - Vu
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e ((-, -)) defines a monotone and coercive operator
- p- structure
e ((u, -)) interplays with the convective term u- Vu

/oT/Qu'vu"’gc <  p>11/5(3D); p>3/2(2D)

first energy estimates:

i
max |ju” D(u™)|P <
max [+ [ [ D)<
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e ((-, -)) defines a monotone and coercive operator
- p- structure
e ((u, -)) interplays with the convective term u- Vu first

energy estimates:

i
ni2 ny||p
max [0+ [ [ D)<

limiting process

)
dm [ ()
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e ((-, -)) defines a monotone and coercive operator
- p- structure
e ((u, -)) interplays with the convective term u- Vu first

energy estimates:

i
ni2 m|P <
max [0+ [ [ D)<

limiting process

-
H n
dm [ ()
- theory of monotone operators: Ladyzhenskaja, Lions

(existence of weak solutions) p > % (3D), p > 2(2D)
(Dirichlet B.C.)

Lukacova (AG Numerik) Modelling in Hemodynamics



Existence of the non-Newtonian fluids in a fixed bdd.
domain

e -testing by Au & Vitali theorem Necas, Malek, Rzicka, et
al. ("93-01)

- existence of global weak solutions for p > 9/5 (3D
unsteady, per. BC)

- existence of local strong solutions for p > 5/3 (3D
unsteady, per. BC)

- existence of global weak solutions for p € [2,3) (3D
unsteady, Dir. BC)
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Existence of the non-Newtonian fluids in a fixed bdd.

domain

e -testing by Au & Vitali theorem Necas, Malek, Rzicka, et
al. ("93-01)

- existence of global weak solutions for p > 9/5 (3D
unsteady, per. BC)

- existence of local strong solutions for p > 5/3 (3D
unsteady, per. BC)

- existence of global weak solutions for p € [2,3) (3D
unsteady, Dir. BC)

e [°°-truncation

Frehse, Malek, Steinhauer, Ruzicka ('97, '99)
existence of global weak solutions for p > 8/5 (3D
unsteady, Dir. BC)
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Existence of the non-Newtonian fluids in a fixed bdd.

domain

e -testing by Au & Vitali theorem Necas, Malek, Rzicka, et
al. ('93-01)

- existence of global weak solutions for p > 9/5 (3D
unsteady, per. BC)

- existence of local strong solutions for p > 5/3 (3D
unsteady, per. BC)

- existence of global weak solutions for p € [2,3) (3D
unsteady, Dir. BC)

e [°°-truncation

Frehse, Malek, Steinhauer, Ruzic¢ka ('97, '99)
existence of global weak solutions for p > 8/5 (3D
unsteady, Dir. BC)

¢ Diening, Ruzicka et al. ('05,07):

existence of local strong solutions for p > 7/3 (3D
unsteady, per.BC)
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Existence results ... continue

e local pressure method Wolf ('07)
- existence of global weak solutions for p > 8/5 (3D
unsteady, Dir. BC), p > 3/2 (2D)

Lukacova (AG Numerik) Modelling in Hemodynamics



Existence results ... continue

e local pressure method Wolf ('07)
- existence of global weak solutions for p > 8/5 (3D
unsteady, Dir. BC), p > 3/2 (2D)

e Lipschitz-truncation & local pressure method

- Diening, Ruzicka , Wolf ('10):

existence of global weak solutions p > 6/5 (3D unsteady,
Dir. BC), p > 1 (2D)
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FSI for non-Newtonian fluids

Theorem (M.L., Hundertmark, Ne¢asova ('11))
Letp > 2. Assume P|ip outw € LP (0, T; L2(0Q)). Then
3(u,n) a weak solution of the nonlinear FSI problem, s.t.

u € LP(0, T; W'P(Q(n(1)))) N L(0, T; LA(Q(n(t))))
ne W0, T;L3(0,L)) nH'(0, T; H3(0, L)).

Tn(ey(U) = (0,m¢) on Ty

div(u) = 0 a.e. on Q(n(t)) and the corresponding integral
identity of the weak formulation holds.
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Weak formulation - problem P

ou;
—U7+(( O+ Y UL
/ /Q(ﬂt)){ at 1121 /8 !
i/‘ /rinou1 <Pin,out_§‘u1’2) (P1+/0 erW(pz
anoE . 9P 9% on o€ N
//( atot " 6x128t8x$+38x107+bn£ =0

for every test functions

e(x, %, t) € H(0, T; WP(Q(n(1))))
such that divie =0 a.eonQ(n(t)),
Yotyez € H'(0, T, H5(Tw))
§(X1 , t) = <p2(X1, Ro(X1) + 77(X1 , t), t)

JGlu
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Analysis

e Idea: approximate problem P(x, ¢, k)
@ Global iteration: given domain deformation
h(x1,t) = h9)(x, 1) = Ro(x1) + 0% (xy, 1)

Lukacova (AG Numerik) Modelling in Hemodynamics
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Analysis

e Idea: approximate problem P(k, ¢, k)
@ Global iteration: given domain deformation
h(xi, t) = h9(xq, t) = Ro(x) + " (xy, 1)
@ Transformation of Q(h) to a domain D := (0, L) x (0,1)

V(y1, Y2, t) = u(ys, h(ys, t)ye, t);
a(y1, y2. 1) = p ' w(y1, h(ya, H)ya. 1);

0 1
ol 1) = 210
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Analysis

e Idea: approximate problem P(k, ¢, k)
@ Global iteration: given domain deformation
h(x1,t) = h9)(x, 1) = Ro(x1) + 0% (xy, 1)

© Split the structure equation into two steps:

onlk=1)
-Tin-e, — P, — §U2 (Ug— %) _mp<
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Analysis

e Idea: approximate problem P(k, ¢, k)
@ Global iteration: given domain deformation
h(x1,t) = h9)(x, 1) = Ro(x1) + 0% (xy, 1)

© Split the structure equation into two steps:

ontk=1) )
~Tin-e — P, — BUg <u2— 77) = Kp <?7 — U

2 ot ot
?Pn 0%+ Ro) °n on
pul |5 — 2 ox? +b"calraxf} _”’<at“2)
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Analysis

e Idea: approximate problem P(k, ¢, k)
@ Global iteration: given domain deformation
h(x1,t) = h9(x, 1) = Ro(x1) + 0 (xi, t)

© Split the structure equation into two steps:
_ P P _omETON (O
Tin-e — Py, Sl2 (Uz o o\ o T U

0% 92(n + Ro) 9°n on
p | 2T o) _ —
g o P o } " ( ”2)

Reason:
by x — co we obtain 9;n = u», which is original Dirichlet
condition
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Analysis

e Idea: approximate problem P(k, ¢, k)
@ Global iteration: given domain deformation
h(xi, t) = hO(xq, t) = Ro(x) + "= (xy, 1)

© Split the structure equation into two steps:

ontk—"1) o)
—Tn-e, — Py — gug <u2 — %) = Kp (87 — u2>

&y _*(n+ Ro) & an
p| L0 _ 2T o) - — (L
T - br Cataxf} " (at “2)

© Approximation of the incompressibility condition by
pseudo-compressibility
op

ea —eAn +divu. =0.
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|dea of the proof

@ Construct Galerkin approximations to the approximate
problem P(kx, ¢, k)

© Apriori estimates implies (independent on ¢, ) for a
fixed h(x1,t)

© Limiting process in the Galerkin approximations:
Lions-Aubin & Minty-Browder for convergence in
nonlinear terms

© Limiting process ¢ — 0,k — oo for fixed h(xq,t) -
problem P(k)

@ Limiting in ) = Ry + n*=1 for k — oo by the
Schauder fixed point arguments original problem 7 on

Q(n(1))
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