
Some recent results on regularity criteria for weak
solutions of the Navier-Stokes equations
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Lecture 2 – Contents

1. Regularity criteria imposing conditions on various quantities (not only velocity)
– a brief survey.

2. Regularity criteria based on conditions imposed only on some components of
velocity or vorticity.

A brief chronological survey with main ideas of the proofs.

Methods based on the estimates of vorticity, pressure, or on the application of the
multiplicative Gagliardo–Nirenberg inequality.

Some open problems.

3. Regularity as a result of “smoothness” of a certain spectral projection of vorticity,
or just one component of the spectral projection.

The role of “large frequencies” and Beltrami flows.
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1. Regularity criteria imposing conditions on various
quantities (not only velocity) – a brief survey

We assume thatv is a weak solution of the Navier–Stokes initial–boundary value
problem inQT andω := curl v.

Regularity via certain integrability of vorticity:

J. T. Beale, T. Kato, A. Majda (1984): Ω = R3, proved that the inequality∫ T

0
‖ω(t)‖∞ dt < ∞

implies regularity.

Later improvement:

H. Kozono, T. Ogawa, Y. Taniuchi (2003): Ω = R
3, theL∞–norm can be re-

placed by theḂ0
∞,∞–norm (in the homogeneous Besov spaceḂ0

∞,∞(R3)) in the
BKM–condition.
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Regularity via the direction of vorticity:

P. Constantin, C. Fefferman(1993): Assume that there exist constantsC, M > 0
such that | sinϕ| ≤ C |y − x|, (1.1)

for all x,y ∈ ΩM
t , 0 < t < T , whereϕ is the angle betweenω(x, t) andω(y, t) and

ΩM
t := {x ∈ Ω; |ω(x, t)| ≥M}.

Then solutionv is regular inQT .

Later improvements:

• H. Beirao da Veiga, L. Berselli(2002): Inequality (1.1) can be replaced by

| sinϕ| ≤ C |y − x|1/2,

• Z. Grujic, A. Ruzmaikina (2004): assumed thatq ≥ 2, ω0 ∈ L1(Ω) ∩ Lq(Ω),

a)‖ω‖q/(q−1)
q ∈ L1(0, T ), b) | sinϕ| ≤ C |y − x|1/q

for all x ∈ ΩM
t , 0 < t < T . These assumptions imply that solutionv has no

singular points inQT .
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Regularity via the direction of velocity:

A. Vasseur(2009): Ω = R3, f = 0, v is supposed to be a Leray–Hopf weak solution
such thatdiv (v/|v|) ∈ Lr(0, T ; Ls(R3)) with

2

r
+

3

s
≤ 1

2
, s ≥ 6, r ≥ 4, 0 < T ≤ ∞.

Such a solution is smooth inQT .

Regularity via the eigenvalues or eigenvectors of the rate of deformation tensor:

J.N. and P. Penel(2001): If D is an open sub–domain ofQT , (v, p) is a suitable
weak solution, ζ1 ≤ ζ2 ≤ ζ3 are the eigenvalues of the tensorD := (∇v)s and
ζ2 = ζI2 + ζII2 where

(i) one of the functionsζ1, (ζ2)+, ζ3 belongs toLs,r(D) for somer ∈ [1,∞], s ∈
(3

2 ,∞], satisfying2/r + 3/s ≤ 2,

then solutionv is regular inD.

An assumption can also be made only on the eigenvectors of tensorD.
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Improvements of Serrin’s regularity condition:

• H. Kozono, T. Ogawa, Y. Taniuchi(2003): regularity inL2(0, T ; Ḃ0
∞,∞)(R3).

• H. Kim (2007): Ω either bounded smooth or the whole spaceR3, if a strong
solutionv blows up at timeT ∗ then

∫ T ∗
0 ‖v(t)‖rLsw dt =∞, where2/r+3/s = 1,

3 < s ≤ ∞.

Regularity via jumps of the B−1
∞,∞–norm:

A. Cheskidov, R. Shvydkoy(2010): Ω = R
3, if jumps of a weak solution in the

B−1
∞,∞–norm do not exceed certain constant (a multiple of viscosity) then the solution

is smooth.

A logarithmically improved Serrin’s criterion:

S. Montgomery-Smith (2007): Ω = R3,∫ T

0

‖v(t)‖rs
1 + ln+ ‖v(t)‖s

dt < ∞

with 2 < r <∞, 3 < s <∞, 2/r+ 3/s = 1, implies regularity of weak solutionv.
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Regularity beyond Serrin’s condition:

• R. Farwig, H. Kozono, H. Sohr (2007): Ω is a domain inR3 with a smooth
boundary,f = 0, v is a weak solution satisfying (SEI),v0 ∈ L2

σ(Ω), 4 < s <∞,
3 < q < 6, 2/s+ 3/q = 1. Then

(i) To givenr ∈ [1, s) such that2/r + 3/q = 1 + α, 0 ≤ α ≤ 2(1− 1/s) there
exists a constantC = C(v0,Ω, r, s) > 0 such that if

‖v(t)‖Lr(0,T ; Lq(Ω)) ≤ C

then solutionv is smooth inQT (in the sense thatv ∈ Ls(0, T ; Lq(Ω))).

(ii) If to eachT1 ∈ (0, T ) there exists0 < δ(T1) < T1 such that

v ∈ Ls(T1 − δ, T1; Lq(Ω))

then solutionv is smooth inQT (in the sense thatv ∈ Lsloc((0, T ); Lq(Ω))).

Here, since2/r + 3/q > 1 (in condition (i)) orv satisfies only the left–ward Serrin
condition in(0, T ), the results go beyond Serrin’s condition.
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• R. Farwig, H. Kozono, H. Sohr (2007): Ω a bounded domain inR3 with a
smooth boundary,f = 0, v is a weak solution satisfying (SEI),v0 ∈ L2

σ(Ω),
4 < s <∞, 3 < q < 6, 2/s+ 3/q = 1.

Then there existsC = C(Ω, q) such that if0 < t < T1 < T , 0 ≤ α ≤ 2(1− 1/s)
and at least one of the conditions

(i)
∫ T1

t

‖v(τ)‖rq dτ ≤ C(T1 − t) with
2

r
+

3

q
= 1 + α, 1 ≤ r ≤ s,

(ii)
∫ T1

t

(T − τ)r/s ‖v(t)‖rq dτ ≤ C(T1 − t) with
2

r
+

3

q
= 1 + α, 1 ≤ r ≤ s

holds then solutionv is smooth inQT (in the sense thatv ∈ Ls(T1, T ; Lq(Ω))).

• P. Han (2009): Ω has a smooth bounded boundary or it is a half–space.v0 ∈
L2
σ(Ω) ∩ L3(Ω). v a weak solution satisfying (SEI),∫ T1

t

‖v(τ)‖r3 dτ < C (T1 − t)

with 1 ≤ r < ∞ thenv is regular in some left neighbourhood ofT1, including
pointT1.
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Regularity via the kinetic energy:

R. Farwig, H. Kozono, H. Sohr (2008): Ω is a bounded domain with a smooth
boundary,f = 0, v is a weak solution satisfying (SEI),0 ≤ a < b ≤ T ≤ ∞.
If ‖v(t)‖2

2 is Hölder continuous (as a function of timet) in (a, b) with exponent
α ∈ (1

2 , 1) thenv is smooth inQT .

Serrin–type conditions imposed on the gradient of velocity or on the vorticity:

• H. Beirão da Veiga(1995): If Ω = R
3, f = 0, ω0 = curl v0 ∈ L2

σ(R3),
ω ∈ Lr(0, T ; Ls(R3)) with 1 < r <∞, 3

2 < s <∞, 2/r + 3/s ≤ 2 or if the
norm ofω in L∞(0, T ; L3/2(R3)) is sufficiently small then solutionv is smooth
in QT .

• D. Chae, H. J. Choe(1999): proved the same result, imposing conditions only
on two components of vorticity or on the gradients of only two components of
velocity.

These results have been later generalized to other domainsΩ.
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Regularity in terms of pressure:

We assume thatv is a weak solution andp is an associated pressure. Pressurep can
be considered in the classL3/2(QT ).

• D. Chae, J. Lee(2001): If Ω = R3, 2/r+3/s < 2, s > 3
2, p ∈ Lr(0, T ; Ls(R3))

solutionv is smooth inQT .

• G. P.. Galdi, L. Berselli (2002): Ω is the whole spaceR3, a half–space, a
smooth bounded domain, or a smooth exterior domain. Ifp ∈ Lr(0, T ; Ls(Ω))
with 2/r + 3/s ≤ 2, 3

2 < s <∞ then solutionv is smooth inQT .

Remark. The pressure is given uniquely up to an additive constant, depending
possibly ont. If p does not satisfy the aforementioned assumptions then one cannot
correct it, adding any functionp∗(t) to p.

• K. Kang–J. Lee (2006): extended the previous result to the case3
2 < s ≤ ∞.

• Ch. Qionglei, Z. Zhifei (2007): Ω = R
3, f = 0, consideredp ∈ L1(0, T ;

Ḃ0
∞,∞(R3)) and proved the regularity of solutionv.
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• T. Suzuki (2012): Ω bounded smooth domain inR3, p ∈ Ls,∞(0, T ; Lq,∞(Ω)),
with the norm in this space “sufficiently small”,2/s + 3/q = 2, 4

2 ≤ q ≤ 3,
2 ≤ s ≤ 5

2 thenv is smooth inQT .

T. Suzuki also used conditions, imposed on∇p.

• G. Seregin, V.Šverák (2002): Ω = R3, f = 0

A function g : R3 × (0,∞) → [0,∞) is said to satisfy condition (C) if to each
t0 > 0 there existsR0(t0) > 0 such that

a) sup
x0∈R3

sup
t0−R2

0≤t≤t0

∫
BR0

(x)

g(x, t)

|x− x0|
dx < ∞,

b) for each fixedx0 ∈ R3 and each fixedR ∈ (0, R0], the function

t 7→
∫
BR(x0)

g(x, t)

|x− x0|
dx is continuous att0 from the left.

If either p ≥ g in QT or p + 1
2 |v|

2 ≤ g in QT for some functiong satisfying
condition (C) then solutionv is smooth inQT .
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J. Něcas and J.N.(2002): Assume that(v, p) is a suitable weak solution.

-
x

6t t = t0

x0

t(x0, t0)

U
V P

P is an arbitrarily wide space–time paraboloid.

If p− ∈ Lβ,α(V ) with
2

α
+

3

β
≤ 2, α ≥ 3

2, β > 3
2

andv ∈ Ls,r(U) with
2

r
+

3

s
≤ 1, r ≥ 3, s > 3,

then(x0, t0) is a regular point.
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2. Regularity criteria based on conditions imposed only
on some components

Regularity via two components of velocity:

• H. O. Bae and H. J. Choe(2000, 2005):v is a suitable weak solution, imposed
Serrin’s conditions only on two components of velocity in a sub–domainD of
QT , proved that there are no singular points inD.

• J.N. and P. Penel(2002): proved an analogous result.

Regularity via one component of velocity:

• J.N. and P. Penel(1999): v is suitable weak solution, one component ofv is
assumed to be essentially bounded in a space–time domainD ⊂ Ω × (0, T ).
Thenv has no singular points inD.

• J.N., A. Novotný and P. Penel(2003): v is suitable weak solution, one compo-
nent ofv is assumed to be inLr(a, b; Ls(Ω′)), where0 ≤ a < b ≤ T , Ω′ is a
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sub–domain ofΩ, r ∈ [4,∞], s ∈ (6,∞] satisfying2/r + 3/s ≤ 1
2. Thenv

has no singular points inΩ′ × (a, b).

• J.N. and P. Penel (2002): certain anisotropic criteria, interpolating between
Serrin’s condition with2/r′+3/s′ ≤ 1 imposed on two velocity components and
Serrin’s condition with2/r′′ + 3/s′′ ≤ 1

2 imposed on one velocity component.

• I. Kukavica and M. Ziane (2007): Ω = R
3, v3 is only assumed to be in

Lr(0, T ; Ls(R3)), where2/r + 3/s = 5
8 for r ∈ [16

5 ,∞) ands ∈ (24
5 ,∞].

• C. Cao and E. Titi (2008): the authors consider the spatially periodic problem
in R3 and use the condition2/r + 3/s < 2

3 + 2/(3s), s > 7
2.

• M. Pokorný and Y. Zhou (2009): the exponentsr, s are supposed to satisfy the
conditions2/r + 3/s ≤ 3

4 + 1/(2s), s > 10
3 .
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Regularity via one velocity component in the radially symmetric case:

J.N. and M. Pokorný (2000) (Later improved byM. Pokorný): v is an axially
symmetric suitable weak solution,f = 0, (vr)− ∈ Lr(a, b; Ls(Ω′)), where0 ≤ a <

b ≤ T , Ω′ is an axially symmetric sub–domain ofΩ, r ∈ [2,∞], s ∈ (3,∞]
satisfying2/r + 3/s ≤ 1. Thenv has no singular points inΩ′ × (a, b).

Alternatively: vϑ ∈ Lr(a, b; Ls(Ω′)), where

a) either s ∈ [6,∞], r ∈ [20
7 ,∞], 2/r + 3/s ≤ 7

10,

b) or s ∈ [24
5 , 6), r ∈ (10,∞], 2/r + 3/s ≤ 1− 9

5s,

Thenv has no singular points inΩ′ × (a, b).

Regularity via some components of the gradient of velocity:

• H. Beirao da Veiga(1995) • D. Chae, H. J. Choe(1999)

• P. Penel, M. Pokorńy (2004) • I. Kukavica, M. Ziane (2006, 2007)

• Y. Zhou, M. Pokorný (2009, 2010)
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Open problem:

Can the regularity of a weak solution be controlled by just one
component of vorticity?

Principles of proofs of some one–velocity–component criteria

I. Application of equation for vorticity

Assume that e.g. the componentv3 of velocityv is “smooth” in a space–time cylinder
Ω′ × (t1, t2), whereΩ′ ⊂ Ω and0 ≤ t1 < t2 ≤ T .

We know (from the so called “Theorem of structure”) that

(t1, t2) =
⋃
γ∈Γ

(aγ, bγ) ∪ G,

where setΓ is at most countable, setG is of measure zero and solutionv is “smooth”
on each time interval(aγ, bγ). Thus singularities can appear only at timest ∈ G.
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Assume thatt0 is one of the time instantsbγ. Let t0−τ be any point in(aγ, bγ). Then
we know that “smooth” on the time interval[t0 − τ, t0).
Let x0 ∈ Ω′. In order to work in a bounded domain, we choose a ballB = BR(x0) ⊂
Ω′, and use a cut–off functionη, that is a function fromC∞0 (B), equal to one in
BR−ε(x0), and such that0 ≤ η ≤ 1 in BR(x0)rBR−ε(x0).

Multiplying the Navier–Stokes equation by functionη, we obtain the equations of
the same type, i.e.

∂tu + u · ∇u = −∇(ηp) + ν∆u + h in B × (t0 − τ, t0), (2.1)

div u = 0 in B × (t0 − τ, t0), (2.2)

for the functionu := ηv −V, whereV is an appropriate correction that guarantees
the validity of equation (2.2). (Concretely,div V = ∇η · v.) FunctionV can be
constructed so thatsupp V ⊂ [BR(x0)rBR−ε(x0)]× (t0 − τ, t0).
Functionu, and all its derivatives, are equal to zero on∂B × (t0 − τ, t0).
Functionh depends onV, η, and on the values of functionsv, p in [BR(x0) r
BR−ε(x0)]× (t0 − τ, t0).
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Denote byω3 the third component of vorticityω (= curl u). We have

∂tω3 + u · ∇ω3 = ∂1h2 − ∂2h1 + ω · ∇u3 + ν∆ω. (2.3)

We denote by||| . |||a,b the norm inLa(t0 − τ, t0; Lb(B)) and
||| . |||(∞,2)∩(2,6) := ||| . |||∞,2 + ||| . |||2,6.

Lemma 1. Suppose thatu3 ∈ Lr(t0 − τ, t0; Ls(R3)) for 2 ≤ r ≤ +∞, 3 < s ≤
+∞, 2/r + 3/s ≤ 1. Then there exist positive constantsc1 andc2 such that

|||ω3|||(∞,2)∩(2,6) ≤ c1 |||u3|||r,s |||∇u|||2/r+3/s
(∞,2)∩(2,6) + c2. (2.4)

Equation (2.1) can be written in the form

∂tu + F1(u) + · · ·+ F6(u) = h−∇(ηp+ 1
2 u

2
3) + ν∆u, (2.5)

where
F1(u) = (ω2 u3 , −ω1 u3 , 0), F4(u) = (u2 ∂1u2 , u2 ∂2u2 , 0),

F2(u) = (−ω3 u2 , ω3 u1 , 0), F5(u) = (0 , 0 , u1 ∂1u3),

F3(u) = (u1 ∂1u1 , u1 ∂2u1 , 0), F6(u) = (0 , 0 , u2 ∂2u3).

2. Regularity criteria based on conditions imposed only on some components 19 / 57



• |||F1(u)|||22,2 ≤ |||u3|||2r,s |||∇u|||2a,b, where

2

r
+

2

a
= 1,

2

s
+

2

b
= 1 and

2

a
+

3

b
=

5

2
−
(

2

r
+

3

s

)
≥ 3

2
.

• Similarly, functionsF5(u) andF6(u) can also be estimates by means of “good
properties” ofu3.

• FunctionF2(u) can be estimated, using inequality (2.4):

|||F2(u)|||22,2 =

∫ t0

t0−τ

∫
B

ω2
3 (u2

1 + u2
2) dx dt ≤ |||ω3|||2a,b |||u|||2α,β

wherea > 2, b > 2, 2/a+ 3/b = 3
2, α =

2a

a− 2
, β =

2b

b− 2
.

Using the imbeddingW
1, 3β
β+3

0 (B) ↪→ Lβ(B), the last estimate gives:

|||F2(u)|||22,2 ≤ C |||ω3|||2(∞,2)∩(2,6) |||∇u|||2
α, 3β
β+3

.

2. Regularity criteria based on conditions imposed only on some components 20 / 57



Since |||∇u|||2
α, 3β
β+3

≤ C |||∇u|||(∞,2)∩(2,6) |||∇u|||2,2, we obtain

|||F2(u)|||22,2 ≤ C |||ω3|||2(∞,2)∩(2,6) |||∇u|||(∞,2)∩(2,6)

≤ C
(
c2

1 |||u3|||2r,s |||∇u|||2(2/r+3/s)
(∞,2)∩(2,6) + c2

3

)
|||∇u|||(∞,2)∩(2,6)

≤ C |||u3|||2r,s |||∇u|||2(2/r+3/s)+1
(∞,2)∩(2,6) + C |||∇u|||(∞,2)∩(2,6).

• |||F3(u)|||22,2 =

∫ t0

t0−τ

∫
B

[
(u2

1 (∂1u1)
2 + u2

1 (∂2u1)
2] dx dt

= −1

3

∫ t0

t0−τ

∫
B

[
u3

1 ∂
2
1u1 + u3

1 ∂
2
2u1
]

dx dt.

Using the equation∂2
1u1 + ∂2

2u1 = −∂31u3 − ∂2ω3 (which follows from the
equation of continuity), we transform the last integral to

1

3

∫ t0

t0−τ

∫
B

[
u3

1 ∂31u3 + u3
1 ∂2ω3

]
dx dt.
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• Finally, we use the estimate

|||∇u|||2∞,2 + |||∇2u|||22,2 ≤ C |||F1(u) + · · ·+ F6(u)|||22,2
+ C |||h|||2,2 + C ‖∇u(. , t0 − τ)‖2

2.

The norm|||F1(u) + · · ·+ F6(u)|||22,2 can be estimated by something that can be
absorbed by the left hand side.

Conclusion: In this way, we can e.g. prove the result obtained by Ne–No–Pe (2003),
i.e. that if v3 ∈ Lr(t1, t2; Ω′), where2/r + 3/s ≤ 1

2, then solutionv is smooth in
Ω′ × (t1, t2).
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II. Application of the multiplicative Gagliardo–Nirenberg inequality

u ∈ W 1,2(R3) : ‖u‖6 ≤ C ‖∂1u‖1/3
2 ‖∂2u‖1/3

2 ‖∂3u‖1/3
2

Assume thatΩ = R
3, ν = 1 andf = 0. Multiplying the Navier–Stokes equation by

∆v, we get
d

dt

1

2
‖∇v(t)‖2

2 + ‖∆v‖2
2 =

∫
R

3

(v · ∇v) ·∆v dx.

The right hand side can be rewritten in the formK1 +K2 +K3, where

K1 = −
3∑
j=1

2∑
k=1

∫
R

3

(∂kv3)(∂3vj)(∂kvj) dx +
1

2

3∑
j=1

2∑
k=1

∫
R

3

(∂3v1)(∂kvj)(∂kvj) dx,

K2 = −
2∑
i=1

3∑
j=1

3∑
k=1

∫
R

3

(∂kvi)(∂ivj)(∂kvj) dx,

K3 =
1

2

3∑
j=1

∫
R

3

[
(∂1v1) + (∂2v2)

]
(∂3vj)(∂3vj) dx.

All the terms contain
derivatives with respect
to x1 or x2.
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Thus, denoting∇h = (∂1, ∂2), we get

1

2
‖∇v(t)‖2

2 +

∫ t

0
‖∇2v(s)‖2

2 ds ≤ C

∫ t

0

∫
R

3

|∇hv| |∇v|2 dx ds+
1

2
‖∇v0‖2

2

≤ C

∫ t

0
‖∇hv(s)‖2 ‖∇v(s)‖1/2

2 ‖∇v(s)‖3/2
6 ds+

1

2
‖∇v0‖2

2

≤ C + C |||∇hv|||∞,2 |||∇∇hv|||2,2 |||∇v|||1/22,2

(∫ t

0
‖∇2v(s)‖2

2 ds

)1/4

≤ C + C J2(t)

(∫ t

0
‖∇2v(s)‖2

2 ds

)1/4

, (2.6)

where J2(t) := sup
0<s<t

‖∇hv(s)‖2
2 +

∫ t

0
‖∇∇hv(s)‖2

2 ds.

In order to estimateJ2(t), we multiply the Navier–Stokes equation by∆hv and
integrate inR3. We obtain

d

dt

1

2
‖∇hv(t)‖2

2 + ‖∇∇hv‖2
2 =

∫
R

3

(v · ∇v) ·∆hv dx, (2.7)
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where

∫
R

3

(v · ∇v) ·∆hv dx =
2∑
i=1

2∑
j=1

∫
R

3

vi(∂ivj)(∆hvj) dx

+
3∑
i=1

∫
R

3

vi(∂iv3)∆hv3 dx +
2∑
j=1

∫
R

3

v3(∂3vj)∆hvj) dx

= J1 + J2 + J3 .

J1 =
1

2

2∑
i=1

2∑
j=1

∫
R

3

(∂3v2)(∂jvi)(∂jvi) dx

+

∫
R

3

[
−(∂3v3)(∂1v1)(∂2v2) + (∂3v3)(∂2v1)(∂1v2)

]
dx

= −
2∑
i=1

2∑
j=1

∫
R

3

v3(∂3∂jvi)(∂jvi) dx

+

∫
R

3

v3
[
(∂1∂3v1)(∂2v2) + (∂2∂3v2)(∂1v1)− (∂2∂3v1)(∂1v2)

− (∂1∂3v2)(∂2v1)
]

dx
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J2 =
3∑
i=1

2∑
k=1

∫
R

3

v3(∂i∂kv3)(∂kvi) dx

One can derive that

|J1 + J2| ≤ C ‖v3‖s ‖∇∇hv‖1+3/s
2 ‖∇hv‖1−3/s

2 ≤ 1

4
+ C ‖v3‖2s/(s−3)

s ‖∇hv‖2
2,

|J3| ≤ C

∫
R

3

|v3| |∇v| |∇∇hv| dx ≤ C ‖v3‖s ‖∇∇hv‖2 ‖∇v‖1−3/s
2 ‖∇v‖3/s

6

Applying the G–N inequality to∇v, we get

|J3| ≤ C ‖v3‖s ‖∇∇hv‖1+2/s
2 ‖∇v‖1−3/s

2 ‖∇2v‖1/s
2

≤ C ‖v3‖
2s

(s−2)
s ‖∇v‖

2(s−3)
(s−2)

2 ‖∇2v‖
2

(s−2)

2 +
1

4
‖∇∇hv‖2

2.

Substituting the estimates of|J1 + J2| and|J3| to (2.7), we get

1

2
‖∇hv(t)‖2

2 +

∫ t

0
‖∇∇hv(s)‖2

2 ds ≤ ‖∇hv0‖2
2 +

1

2

∫ t

0
‖∇∇hv(s)‖2

2 ds
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+ C

∫ t

0
‖v3(s)‖

2s
(s−3)
s ‖∇hv(s)‖2

2 ds

+ C

∫ t

0
‖v3(s)‖

2s
(s−2)
s ‖∇v(s)‖

2(s−3)
(s−2)

2 ‖∇2v(s)‖
2

(s−2)

2 ds

Thus,
J2(t) ≤ C + C

∫ t

0
‖v3(s)‖

2s
(s−3)
s ‖∇hv(s)‖2

2 ds

+ C

(∫ t

0
‖v3(s)‖

2s
(s−3)
s ‖∇hv(s)‖2

2 ds

)s−3
s−2

|||∇2v|||
2
s−2

2,2 .

Substituting the estimate ofJ2(t) to (2.6), we get (after some technical manipulations
like e.g. applications of Ḧolder’s and Young’s inequalities):

‖∇v‖2
2 +

∫ t

0
‖∆v(s)‖2

2 ds ≤ something that enables us to apply Gronwall’s
inequality.

Conclusion: In this way, we can e.g. prove the result obtained by Zh–Po (2009),
i.e. that if v3 ∈ Lr(0, T ; R3), where2/r + 3/s ≤ 3

4 + 1/(2s), then solutionv is
smooth inQT .
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3. Regularity as a result of “smoothness” of a certain spectral
projection of vorticity

3.1. Spectral projections of velocity and vorticity

We assume thatΩ = R3. We denoteQT := R3 × (0, T ).

• The operator(−∆), with the domainW 2,2(R3) (respectivelyW2,2(R3)), is posi-
tive and self–adjoint inL2(R3) (respectively inL2(R3)).

• The spectrum of(−∆) is continuous and coincides with the interval[0,∞) on the
real axis.

• The Stokes operatorS := curl 2, as an operator in spaceL2
σ(R3), coincides with

the reduction of(−∆) to L2
σ(R3).

• D(S) = W2,2(R3) ∩ L2
σ(R3)
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• OperatorS is positive. Its spectrum is continuous and coincides with the interval
[0,∞) on the real axis.

• The powerS1/4 of operatorS satisfies the Sobolev–type inequality

‖u‖3;R3 ≤ c3 ‖S1/4u‖2;R3 for u ∈ D(S1/4).

• Operatorcurl , with the domainD(curl ) := W1,2
σ (R3), is self–adjoint inL2

σ(R3).

• The spectrum ofcurl is continuous and coincides with the whole real axis.

Principle of the proof.Sp(curl ) is a subset of the real axis.

The residual part is empty, becausecurl is self–adjoint. It means that each point
λ ∈ Sp(curl ) is either an eigenvalue, or it belongs toSpc(curl ) (the continuous
spectrum ofcurl ).

If λ is an eigenvalue thenλ2 is an eigenvalue of the Stokes operatorS, which is
impossible. Thus,Sp(curl ) = Spc(curl ).

Let us show that the spectrum covers the whole real axis.
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All points of Spc(curl ) are non–isolated, otherwise they would have been the eigen-
values.

Let λ ∈ Spc(curl ), λ 6= 0. There exists a sequence{un} on the unit sphere in
L2
σ(R3), such that

‖curl un − λun‖2;R3 −→ 0.

Let ξ ∈ R, ξ >= 0. Putuξn(x) := ξ3/2 un(ξx). Then{uξn} is a sequence on the unit
sphere inL2

σ(R3), satisfying

‖curl uξn − ξλuξn‖2;R3 −→ 0.

It means thatξλ belongs toSpc(curl ) as well. Thus, each real number, with the
same sign asλ, is in Spc(curl ).

Since the spectrum ofcurl is on both sides of0 on the real axis (becausecurl is
not a positive or a negative operator), it must cover(−∞, 0) ∪ (0,∞).

However,Spc(curl ) is closed, henceSpc(curl ) = R. �
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• Let {Eλ} be the spectral resolution of identity, associated with operatorcurl .
ProjectionEλ is strongly continuous in dependence onλ.

• P− := E0 =

∫ 0

−∞
dEλ , P+ := I − E0 =

∫ ∞
0

dEλ

• OperatorsP− andP+ are orthogonal projections inL2
σ(R3) such thatI = P−+P+

and O = P− P+.

• L2
σ(R3)− := P−L2

σ(R3) and L2
σ(R3)+ := P+L2

σ(R3)

• Operatorcurl reduces on each of the spacesL2
σ(R3)− andL2

σ(R3)+. It is negative
onL2

σ(R3)− and positive onL2
σ(R3)+.

• A := |curl | = −curl
∣∣
L2
σ(R3)−+ curl

∣∣
L2
σ(R3)+ =

∫ ∞
−∞
|λ| dEλ

• A2 = S

• OperatorA is positive and self–adjoint inL2
σ(R3).
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• The resolution of identity associated with operatorA is the system of projections
Fλ := O for λ < 0, Fλ = Eλ − E−λ for λ > 0.

• The family of projectionsGλ := O for λ < 0, Gλ := F√λ for λ > 0, represents
the resolution of identity associated with the operatorA2 ≡ S.

• A =

∫ ∞
0

λ dFλ =

∫ ∞
0

√
ζ dF√ζ =

∫ ∞
0

√
ζ dGζ = S1/2

• ‖u‖3;R3 ≤ c3 ‖A1/2u‖2;R3 for u ∈ D(A1/2)

• v− := P−v, v+ := P+v, ω− := P−ω, ω+ := P+ω

• Since operatorcurl commutes with projectionsP− andP+, we have
ω− = curl v− = −Av− and ω+ = curl v+ = Av+.
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3.2. Regularity in dependence on the spectral projection of vorticity

Theorem 1. Letv be a weak solution to the initial–value Navier–Stokes problem.
Assume that

(i) (−∆)1/4ω+ ∈ L2(QT )

and at least one of the two conditions

(a) v0 ∈ L2
σ(R3) andv satisfies (SEI),

(b) v0 ∈ D(A1/2) andv satisfies (EI)

holds. Then the norm‖A1/2v‖2;R3 is bounded in each time interval(ϑ, T ), where
0 < ϑ < T . Consequently, solutionv has no singular points inQT .

Moreover, if condition (b) holds then‖A1/2v‖2;R3 is bounded on the whole interval
(0, T ).
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Principle of the proof.

Suppose that condition (a) holds. Solutionv belongs toL2(0, T ; D(A)), hence there
existst0 ∈ (0, T ) (arbitrarily close to0) such that

1) v(t0) ∈ D(A),

2) solutionv satisfies the energy inequality, starting from the time instantt0.

Due to the theorems on the local in time existence of a strong solution to the Navier–
Stokes equations, there existsθ > 0, t0 + θ ≤ T , and a strong solutionv′ on the time
interval(t0, t0 + θ), satisfying the initial conditionv′(t0) = v(t0).

Due to the theorem on uniqueness,v′ = v on(t0, t0+θ). Hencev is a strong solution
on (t0, t0 + θ).

Suppose further thatt ∈ (t0, t0 + θ).

The Navier–Stokes equation (withν = 1) can also be written in the equivalent form

∂tv + ω × v + curl 2v = −∇
(
p+ 1

2 |v|
2). (3.1)

3. Regularity as a result of “smoothness” of a certain spectral projection of vorticity 34 / 57



Multiplying this equation byAv, and integrating inR3, we obtain

d

dt

1

2
‖A1/2v‖2

2;R3 − 2
(
ω+ × v, ω−

)
2;R3 + ‖A3/2v‖2

2;R3 = 0. (3.2)

The scalar product(ω+ × v, ω−)2;R3 can be estimated:∣∣(ω+ × v, ω−
)

2;R3

∣∣ ≤ c3
3 ‖A1/2ω+‖2;R3 ‖A1/2v‖2;R3 ‖A1/2ω−‖2;R3

≤ 1

4

∥∥A1/2ω−
∥∥2

2;R3 + c6
3 ‖A1/2v‖2

2;R3 ‖A1/2ω+‖2
2;R3

≤ 1

4

∥∥A3/2v
∥∥2

2;R3 + c6
3 ‖A1/2v‖2

2;R3 ‖A1/2ω+‖2
2;R3 . (3.3)

Equation (3.2) and inequalities (3.3) yield

d

dt
‖A1/2v‖2

2;R3 + ‖A3/2v‖2
2;R3 ≤ 4c6

3 ‖A1/2v‖2
2;R3 ‖A1/2ω+‖2

2;R3 . (3.4)

Since‖A1/2ω+‖2
2;R3 = ‖(−∆)1/4ω+‖2

2;R3 ∈ L1(0, T ), we can apply Gronwall’s

inequality and deduce that‖A1/2v‖2;R3 is bounded in(t0, t0 + θ). �
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3.3. Regularity in dependence on one component the spectral projection
of vorticity

Theorem 2. Letv be a weak solution to the Navier–Stokes initial problem. Assume
that

(ii) (−∆)3/4ω+
3 ∈ L2(QT )

and at least one of the two conditions

(a) v0 ∈ L2
σ(R3) andv satisfies (SEI),

(b) v0 ∈ D(A1/2) andv satisfies (EI)

holds. Then the norm‖A1/2v‖2;R3 is bounded in each time interval(ϑ, T ), where
0 < ϑ < T . Consequently, solutionv has no singular points inQT .

Moreover, if condition (b) holds then‖A1/2v‖2;R3 is bounded on the whole interval
(0, T ).
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Principle of the proof.

I. A formal approach.

‖A1/2ω+‖2
2;R3 = (Aω+,ω+)2;R3 = (curl ω+,ω+)2;R3

Assume that we can find scalar functionsy andz so that

∆2Dy = (−∆)1/4(∂3ω
+
3 ), ∇⊥2Dz = (−∆)1/4ω2D −∇2Dy in R2 (3.5)

for each fixedx3 ∈ R. Denotew = curl ω+. Then

(curl ω+,ω+)2;R3 = (w,ω+)2;R3 =
(
(−∆)−1/4w, (−∆)1/4ω+)

2;R3

=

∫
R

3

(−∆)−1/4w ·

 (−∆)−1/4ω+
1

(−∆)−1/4ω+
2

(−∆)−1/4ω+
3

 dx

=

∫
R

3

(−∆)−1/4w ·

 ∂2z + ∂1y

−∂1z + ∂2y

(−∆)−1/4ω+
3

 dx
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=

∫
R

3

(−∆)−1/4w ·

 ∂1y

∂2y

(−∆)−1/4ω+
3

+ (−∆)−1/4w · curl

 0
0
z

 dx

=

∫
R

3

(−∆)−1/4w ·

 ∂1y

∂2y

(−∆)−1/4ω+
3

+ (−∆)−1/4 curl w ·

 0
0
z

 dx

=

∫
R

3

(−∆)−1/4w ·

 ∂1y

∂2y

(−∆)−1/4ω+
3

+ (−∆)−1/4 curl 2ω+ ·

 0
0
z

 dx

=

∫
R

3

(−∆)−1/4curlω+ ·

 ∂1y
∂2y

(−∆)−1/4ω+
3

+ (−∆)3/4ω+
3 z

 dx.

Problem. We need to estimate theL2–norms of∇2Dy andz by means of theL2–
norms of the right hand sides in (3.5). This is, however, impossible if (3.5) is con-
sidered in the whole planeR2.
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II. A correct approach.

SetsKmn
ξ ,Cmn and the partition of function ω+. Form,n ∈ Z andξ ∈ (−1

2 ,∞),
we denote

Kmn
ξ := (m− ξ,m+ 1 + ξ)× (n− ξ, n+ 1 + ξ) ⊂ R2,

Cmn := Kmn
2 × R = (m− 2,m+ 3)× (n− 2, n+ 3)× R ⊂ R3.

Kmn
ξ are squares inR2, Cmn are cylinders inR3.

Let ε ∈ (0, 1
8) be fixed. There exists a partition of unity{ηmn}m,n∈Z that consists of

infinitely differentiable functionsηmn of two variables, such that

a) ηmn = 1 in Kmn
−ε , ηmn = 0 in R2

rKmn
ε , 0 ≤ ηmn ≤ 1 in R2,

b) ηm+i,n+j(x1, x2) = ηmn(x1 + i, x2 + j) for all i, j ∈ Z,

c)
∑

m,n∈Z η
mn = 1 in R2.

We denote by∇2D the 2D nabla operator(∂1, ∂2), and byω+
2D the 2D vector field

(ω+
1 , ω

+
2 ).
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Kmn
2

Kmn
ε

Kmn
−ε

Kmn
0

n− 3

n− 2

n− 1

n

n+ 1

n+ 2

n+ 3

m− 3 m− 2 m− 1 m m+ 1 m+ 2 m+ 3 m+ 4x1 :

x2 :
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Applying successively the procedure of solving the equation∇2D · u = f (the so
called Bogovskij operator), we deduce that there exists a system{Vmn}m,n∈Z of 2D
vector functionsVmn = (V mn

1 , V mn
2 ) defined inR3 with the properties

d) ∇2D ·Vmn = −∇2Dη
mn · ω+

2D in R3,

e) supp Vmn ⊂ [Kmn
2ε rKmn

−2ε]× R,

f)
∑

m,n∈Z Vmn = 0 in R3,

g) ‖Vmn‖2;Cmn + ‖∇2DVmn‖2;Cmn ≤ c ‖ω+
2D‖2;Cmn,

h) ‖∂3V
mn‖2;Cmn ≤ c ‖∂3ω

+
2D‖2;Cmn.

Constantc is always independent ofm andn. We can derive from the last two
estimates, by interpolation, that

‖Vmn‖1/2,2;Cmn ≤ c ‖ω+‖1/2,2;Cmn . (3.6)

For technical reasons, we putV mn
3 := 0 and we further considerVmn to be the 3D

vector field. Further, we put

ωmn := ηmnω+ −Vmn.
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The components ofωmn are denoted byωmn1 , ωmn2 andωmn3 .

By analogy withω+
2D, we also denoteωmn

2D := (ωmn1 , ωmn2 ).

Functionωmn is divergence–free inR3, it equalsω+ in Kmn
−2ε × R, and its support is

a subset ofKmn
2ε × R.

Moreover, we have:ω+ =
∑
m,n∈Z

ωmn.

The term‖A1/2ω+‖2
2;R3 can now be written in this form:

‖A1/2ω+‖2
2;R3 = (Aω+,ω+)2;R3 = (curl ω+,ω+)2;R3 =

∑
m,n∈Z

∑
k,l∈Z

(curl ωmn,ωkl)2;R3

=
∑
m,n∈Z

∑
k∈{m−1;m;m+1}
l∈{n−1;n;n+1}

(curl ωmn,ωkl)2;Cmn . (3.7)

The last equality holds because the supports ofωmn andωkl have non–empty inter-
sections only ifk ∈ {m − 1; m; m + 1} andl ∈ {n − 1; n; n + 1}. In this case,
both the supports are subsets ofCmn.
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Operator (−∆)mn. We denote by(−∆)mn the operator−∆ with the domain
D((−∆)mn) := W 2,2(Cmn) ∩W 1,2

0 (Cmn).

(−∆)mn is a positive and self–adjoint operator inL2(Cmn), with a bounded inverse.

Auxiliary functions yklmn. Functionyklmn is the solution of the 2D Neumann problem

∆2Dy
kl
mn = −(−∆)1/4

mn(∂3ω
kl
3 ) in Kmn

2 ,
∂yklmn
∂n

= 0 on∂Kmn
2 (3.8)

for m, n ∈ Z, k ∈ {m − 1; m; m + 1} andl ∈ {n − 1; n; n + 1}. Functionyklmn
satisfies the estimate

‖∇2Dy
kl
mn‖2

2;Kmn
2

+ ‖∇2D
2yklmn‖2

2;Kmn
2
≤ c ‖(−∆)1/4

mn(∂3ω
kl
3 )‖2

2;Kmn
2
, (3.9)

wherec is independent ofm, n, k and l. Since∂3ω
kl
3 is a function of three vari-

ablesx1, x2, x3, functionyklmn naturally depends not only onx1, x2, but also onx3.
Integrating the last estimate with respect tox3, we obtain

‖∇2D
2yklmn‖2

2;Cmn + ‖∇2Dy
kl
mn‖2

2;Cmn ≤ c ‖(−∆)1/4
mn∂3ω

kl
3 ‖2

2;Cmn . (3.10)
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Auxiliary functions zklmn. We define functionzklmn to be the solution of the equation

∇2D
⊥zklmn = (−∆)1/4

mnω
kl
2D −∇2Dy

kl
mn (3.11)

in Kmn
2 . (Here, we denote by∇⊥2D the operator(−∂2, ∂1).) The solution exists

because

∇2D ·
[
(−∆)1/4

mnω
kl
2D −∇2Dy

kl
mn

]
= 0.

Solutionzklmn depends not only onx1, x2, but also onx3 because the right hand side
of equation (3.7) depends onx3 as well.

zklmn . . . the so calledstream functionof the 2D vector field(−∆)
1/4
mnωkl

2D −∇2Dy
kl
mn

For each fixedx3 ∈ R, zklmn satisfies the estimate

‖∇2D z
kl
mn‖2;Kmn

2
≤ c

(
‖(−∆)1/4

mnω
kl
2D‖2;Kmn

2
+ ‖∇2Dy

kl
mn‖2;Kmn

2

)
. (3.12)

Moreover,zklmn is constant on∂Cmn (= ∂Kmn
2 ×R). This follows from the identities

∇2D
⊥zklmn · n = (−∆)1/4

mnω
kl
2D · n−∇2Dy

kl
mn · n = 0 on∂Cmn.
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Indeed, the second term∇2Dy
kl
mn · n equals zero on∂Cmn by definition ofyklmn.

The first term(−∆)
1/4
mnωkl is zero on∂Cmn becauseωmn ∈ D((−∆)mn), hence

(−∆)
1/4
mnωmn ∈ D((−∆)

3/4
mn), and functions fromD((−∆)

3/4
mn) have the trace on

∂Cmn equal to zero.

Functionzklmn is unique up to an additive function oft andx3. We can now choose
this function so thatzklmn = 0 on∂Cmn. This choice, together with (3.12) and (3.10),
implies that

‖zklmn‖2;Cmn ≤ c
(
‖(−∆)1/4

mnω
kl
2D‖2;Cmn + ‖∇2Dy

kl
mn‖2;Cmn

)
≤ c

(
‖(−∆)1/4

mnω
kl‖2;Cmn + ‖(−∆)1/4

mn(∂3ω
kl
3 )‖2;Cmn

)
. (3.13)

The estimate of(curl ωmn,ωkl)2;Cmn. Due to the definition of functionsyklmn and
zklmn, function(−∆)

1/4
mnωkl has the form

(−∆)1/4
mnω

kl =

 ∂1y
kl
mn

∂2y
kl
mn

(−∆)
1/4
mnωkl3

+ curl

 0
0
zklmn

 in Cmn.
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We denotewmn ≡ (wmn
1 , wmn

2 , wmn
3 ) := curl ωmn andwmn

2D := (wmn
1 , wmn

2 ).

We have

(curl ωmn,ωkl)2;Cmn = (wmn,ωkl)2;Cmn =

∫
Cmn

(−∆)−1/4
mn wmn · (−∆)1/4

mnω
kl dx

=

∫
Cmn

(−∆)−1/4
mn wmn ·

 ∂1y
kl
mn

∂2y
kl
mn

(−∆)
1/4
mnωkl3

+ (−∆)−1/4
mn curl 2ωmn ·

 0
0
zklmn


 dx

=

∫
Cmn

(−∆)−1/4
mn wmn ·

 ∂1y
kl
mn

∂2y
kl
mn

(−∆)
1/4
mnωkl3

+ (−∆)3/4
mnω

mn
3 zklmn

 dx.

The norms of the components∂1y
kl
mn and∂2y

kl
mn are estimated by

c ‖(−∆)
1/4
mn∂3ω

kl
3 ‖2

2;Cmn, see (3.6).

Thus, each term in this integral is “controlled” by ω+
3 .
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Applying the estimates ofyklmn, z
kl
mn andVmn, we can finally derive the estimate

(curl ωmn,ωkl)2;Cmn ≤ δ c ‖ω+‖2
1/2,2;Cmn + c(δ) ‖ω+

3 ‖2
3/2,2;Cmn . (3.14)

The estimate of the right hand side of (3.7).The sum
∑

m,n∈Z in (3.7) can be split
to twenty five parts, which successively contain the sums overm = 0 mod 5, . . . ,
m = 4 mod5 andn = 0 mod5, . . . , n = 4 mod5.

Let us consider e.g. the casem,n ∈ Z,m = 0 mod5, n = 0 mod5 (i.e.m andn are
integer multiples of5).

Denote the sum over thesem, n by
∑(1)

m,n∈Z, and the sums over twenty four other

possibilities by
∑(2)

m,n∈Z, . . . ,
∑(25)

m,n∈Z.

The cylindersCmn corresponding to the first case are disjoint and their union equals
R

3 up to the set of measure zero. Applying (3.14), we have
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∑
m,n∈Z

(1) ∑
k∈{m−1;m;m+1}
l∈{n−1;n;n+1}

(curl ωmn,ωkl)2;Cmn

≤ δ c
∑
m,n∈Z

(1)
‖ω+‖2

1/2,2;Cmn + c(δ)
∑
m,n∈Z

(1)
‖ω+

3 ‖2
3/2,2;Cmn . (3.15)

TheL2–norms andW 1,2–norms ofω+ satisfy the identities∑
m,n∈Z

(1)
‖ω+‖2

2;Cmn = ‖ω+‖2
2;R3 and

∑
m,n∈Z

(1)
‖ω+‖2

1,2;Cmn = ‖ω+‖2
1,2;R3 .

Applying the theorem on interpolation (see e.g. Theorem I.5.1 in the book by Lions,
Magenes), we derive that∑

m,n∈Z

(1)
‖ω+‖2

1/2,2;Cmn ≤ c ‖ω+‖2
1/2,2;R3 .

The norms‖ω+
3 ‖3/2,2;Cmn and‖ω+

3 ‖3/2,2;R3 satisfy the same inequalities.

Applying these inequalities, and estimating the sums
∑(2)

m,n∈Z, . . . ,
∑(25)

m,n∈Z in the
same way as the sum in (3.15), we get
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‖A1/2ω+‖2
2;R3 ≤

∑
m,n∈Z

∑
k∈{m−1;m;m+1}
l∈{n−1;n;n+1}

(curl ωmn,ωkl)2;Cmn

≤ δ c ‖ω+‖2
1/2,2;R3 + c(δ) ‖ω+

3 ‖2
3/2,2;R3 .

The first term on the right hand side is less than or equal toδ c
(
‖ω+‖2

2;R3+‖A1/2ω+‖2
2;R3

)
.

Choosingδ > 0 so small thatδ c ≤ 1
2, and estimating‖ω+

3 ‖2
3/2,2;R3 from above by

‖ω+
3 ‖2

2;R3 + ‖(−∆)3/4ω+
3 ‖2

2;R3, we finally obtain

‖A1/2ω+‖2
2;R3 ≤ c4 ‖ω+‖2

2;R3 + c5 ‖(−∆)3/4ω+
3 ‖2

2;R3 . (3.16)

Completion of the proof. Substituting estimate (3.12) to (2.4), we get

d

dt

1

2
‖A1/2v‖2

2;R3 + ‖A3/2v‖2
2;R3

≤ 4c6
3 ‖A1/2v‖2

2;R3

(
c4 ‖ω+‖2

2;R3 + c5 ‖(−∆)3/4ω+
3 ‖2

2;R3

)
. (3.17)

The proof can now be finished in the same way as the proof of Theorem 1.�
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3.4. Some generalizations of the results from sections 3.2 and 3.3

The “positive” and “negative” parts of the velocity or the vorticity need not be gen-
erally separated by point0 in the spectrum ofcurl .

Let the point of separation bea, wherea = a(t) is a function oft in the interval
(0, T ) with values in[−∞,∞).

We denote bya+(t) the positive part and bya−(t) the negative part ofa(t).

Recall that{Eλ} is the spectral resolution of identity, corresponding to the self–
adjoint operatorcurl .

We denote
P+
a(t) := I − Ea(t) =

∫ ∞
a(t)

dEλ ,

v+
a (t) := P+

a(t)v(t),

ω+
a (t) := P+

a(t)ω(t) = curl v+
a (t).
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Theorem 3 (generalization of Theorem 1).Letv be a weak solution to the Navier–
Stokes initial value problem. Assume that

(iii) a+ ∈ L3(0, T ) and (−∆)1/4ω+
a ∈ L2(QT ),

and at least one of the two conditions

(a) v0 ∈ L2
σ(R3) andv satisfies (SEI),

(b) v0 ∈ D(A1/2) andv satisfies (EI)

holds. Then the norm‖A1/2v‖2;R3 is bounded in each time interval(ϑ, T ), where
0 < ϑ < T . Consequently, solutionv has no singular points inQT .

Moreover, if condition (b) holds then‖A1/2v‖2;R3 is bounded on the whole interval
(0, T ).

Remark (on the special casea(t) = −∞).

If function a in Theorem 3 is: a(t) = −∞ for all t ∈ (0, T ) thenP+
a(t) = I and

ω+
a (t) = ω(t) in (0, T ).
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In this case, condition (iii) is the condition on the whole vorticityω, and it requires
thatω ∈ L2(0, T ; D(S1/4)).

The spaceD(S1/4) is continuously imbedded inL3(R3).

In this case, our result is in a good agreement with the older result ofBeirão da
Veiga (1995), which states that ifω ∈ L2(0, T ; L3(R3)) then solution v has no
singular points in QT .

Theorem 4 (generalization of Theorem 2).Letv be a weak solution to the Navier–
Stokes initial value problem. Assume that

(iv) a+ ∈ L3(0, T ), a− ∈ L5(0, T ) and (−∆)3/4ω+
a3 ∈ L2(QT )

and at least one of the two conditions (a), (b) holds. Then all the conclusions of
Theorem 3 are true.

Note that condition (iv) is not applicable to the casea ≡ −∞.
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3.5. Further related remarks

Remark 1 (on the meaning of functionsv+ andω+).

The velocityv and the corresponding vorticityω satisfy

v =

∫ ∞
−∞

dEλ(v), ω = curl v =

∫ ∞
−∞

λ dEλ(v) =

∫ ∞
−∞

dEλ(ω). (3.18)

In accordance with the heuristic understanding of the definite integral, we can inter-
pret the first integral in (3.18) as a sum of “infinitely many” contributionsdEλ(v),
each of whose is an “infinitely small” Beltrami flow.

Recall thatBeltrami flowsare flows, whose vorticity is parallel to the velocity. Here,
concretely,curl dEλ(v) = λ dEλ(v).

Function v+ can now be understood to be the sum of only those “infinitely
many” “infinitely small” contributions, whose vorticity is a positive multiple
of velocity. (We call them thepositive Beltrami flows.)
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Remark 2 (explicit form of spectral projection Eλ).

F . . . the Fourier transform

F
[
curl v

]
(ζ) = i ζ ×F [v](ζ),

curl v(x) = F−1[i ζ ×F [v](ζ)
]
(x)

curl v(x) =
[
F−1 ◦ (iM) ◦ F

]
v(x),

where

M =

 0, −ζ3, ζ2

ζ3, 0, −ζ1

−ζ2, ζ1, 0

 .

Operator(iM) is self–adjoint in spaceR3 + iR3. If we denote byEλ its resolution
of identity, then

Eλv =
[
F−1 ◦ Eλ ◦ F

]
v.
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Operator(iM) has the eigenvalues−|ζ|, 0, and|ζ|. The corresponding eigenvectors
are

λ1 = −|ζ| : V1(ζ) = |ζ|2
 1

1
1

− (ζ1 + ζ2 + ζ3) ζ + i |ζ|

 1
1
1

× ζ,
=

 |ζ|2 − (ζ1 + ζ2 + ζ3) ζ1 − i |ζ| (ζ2 − ζ3)
|ζ|2 − (ζ1 + ζ2 + ζ3) ζ2 − i |ζ| (ζ3 − ζ1)
|ζ|2 − (ζ1 + ζ2 + ζ3) ζ3 − i |ζ| (ζ1 − ζ2)


λ2 = 0 : V2(ζ) = ζ,

λ3 = −|ζ| : V3(ζ) = V1(ζ).

SinceV2(ζ) · v̂ = 0, projectionEλ can be expressed:

Eλv̂ = 0 for λ < −|ζ|,

Eλv̂ =
V1(ζ) · v̂
|V1(ζ)|2

V1(ζ) for − |ζ| ≤ λ < |ζ|,

Eλv̂ = v̂ for |ζ| ≤ λ.
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Remark 3 (flow in the neighbourhood of a singularity).

Theorems 1 and 2 are also true ifω+ (respectivelyω+
3 ) is replaced byω− (respec-

tively ω−3 ).

Thus, both the conditions (i) and (ii) show that if weak solutionv has a singular
point then the singularity must contemporarily develop in the “positive part”
v+ of function v as well as in the “negative part”v−.

(Recall thatv+ represents the contribution tov coming from the positive Beltrami
flows andv− is the contribution from the negative Beltrami flows.)

The singularity must even develop at the same spatial point. (This can be proven by
an appropriate localization procedure.)
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Remark 4 (the role of “large frequencies”)

Suppose, for simplicity, that functiona considered in Theorem 3 is positive.

Then projectionP+
a can be interpreted as a reduction to the positive Beltrami flows

with “high frequencies”, concretely the “frequencies” comparable toa and higher.

Theorem 3 shows that if a singularity develops in solutionv, then it must es-
pecially develop in the part of v (respectively its vorticity ω) that consists of
positive Beltrami flows with the “large frequencies” (i.e.∼ a and higher).

Since the functionsa+, ω+
a andω+

a3 can be replaced bya−, ω−a andω−a3 in Theorem
3, the singularity must also develop in the part ofv (respectively vorticityω) that
consists of negative Beltrami flows with “large frequencies”. The singularities must
appear in both the parts at the same space–time point.

3. Regularity as a result of “smoothness” of a certain spectral projection of vorticity 57 / 57



Remark 5 (relation to the helicity)

Note that the so called helicity

H(v) := (v, curl v)2;R3 =

∫
R

3

v · curl v dx

can be expressed in the form

H(v) = H(v+) +H(v−).

The “partial” helicitiesH(v+) andH(v−) satisfy the inequalities

H(v+) ≥ 0, H(v−) ≤ 0.

Consequently, sinceA = |curl |, we have

(v, Av)2;R3 = ‖A1/2v‖2
2;R3 = H(v+)−H(v−).

Thus,conclusions of Theorems 1–4 imply that both the termsH(v+) andH(v−)
are in L∞(ϑ, T ) for eachϑ ∈ (0, T ).
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2012.

• J.N. + P. Penel: Regularity of a weak solution to the Navier–Stokes equation via
one component of a spectral projection of vorticity.Preprint Feb. 2012, submitted.

3. Regularity as a result of “smoothness” of a certain spectral projection of vorticity 59 / 57


