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ou+u-Vu—Au+Vo =1, divu=0 inQ(t)

S(u,0)r =0 on My(t)

V=u-v on Ix(1)
u—c(n+h)*ohul,,=0 on o
Un = onlyg

+ initial values.
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Let Q = R"' x (0, h). We study the equation

Au—Au+Vo =T, divu=0 inQ

S(u, v =g* onlp
(U — BnU) ‘tan =g on ro
up,=0 on .
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Let Q = R"' x (0, h). We study the equation

Au—Au+Vo =T, divu=0 inQ

S(u, v =g* onlp
(U — BnU) ‘tan =g on ro
up,=0 on .

» Now: Existence and uniqueness of solutions in the case A = 0
» Immediate consequence: Analogous result for |A| small
» )\ from a sector . C C in the talk of H. Saito
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Theorem
Let1 < p < . For every

felyQ), g eW, Py, g e w Py

the equation
—-Au+Vo=f, divu=0 inQ

S(u,0)v =g* only
(U—0pU) |,y =9~ onTy
up=0 only

has a unique solution (u, 0) € WZ(Q) x W, () with

”(U! G)HWlf(Q)X W;(Q) S HfHLp(Q) + ||g+||W;_1/P(|'h) + ||g7HW;_‘/P(r0)'
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Abe, Shibata 2001: Homogeneous Dirichlet BC, A € ¥,
Abe, Shibata 2003: Homogeneous Dirichlet BC, A € . U B(0, §)

Abe 2004: Inhomogeneous Neumann BC on I, homogeneous Dirichlet BC
onlg, A€ X.UB(0,6)

Abels, Abels and Wiegner ...

v

v

v

It suffices to consider
—Au+V0 =0, divu=0 in®Q
S(u,0)v =0 onlp
(u— 8nu) |tan =9 onlyg
up,=0 on .
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Fourier transform in tangential direction
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For ¢’ ¢ R

R+ P)in +0n = 0

2 1Py +igh=0 (j=1,..,

n—1
> ity + Oplin = 0
J=1
i&iUn(&', h) + Only(€', N =0 (=1,
—0(¢, h)+28,,un(§’,h) =
(€', 0) — Oniy(€', 0) =Q, &)
Un(€',0) =0

n—1) in (0, h)
in (0, h)
in (0, h)

,n—1)

1,...,n—1)
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—|£’|2+822“,,=0 in (0, h)
—1€F+03H=0 in(0,h)

+ boundary conditions and (|§’|2 — 02)p + 0,0 = 01in (0, h).

Basic theory for linear ODEs:

Un(€', xn) = are €10 4 apx,e7 1€ b0 4 e €100 4 g, (h — x;)e €

(€ xa) = bre €1 4 by I8 h—xn)
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Given ¢’ € R™ ' find &y, ..., as, by, bs € C such that
Gn(E’, x0) = are 1§17 & apxpe 181 4 age 8130 o gy (h — x,)e [ (=

0(E' xp) = bre~ €1 4 b€/l

satisfy
(€' — 2)n(€', ) + DuD(E' h) = O
—0(&', h) + 20501n(¢', h) = 0
(€17 + 83)1n(&', B) = 0
(1€ = 02)n(€',0) + nf(€’, 0) = 0
n—1
(=0 + D) n(€',0) = > i&g; (€))
j=1
(¢, 0) =
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For ¢ € R"~" we obtain a linear equation

a 0

LIED | 4 | = 0
b S iggr (€)
bo 0

with a matrix L(|¢']) € C®*®. Regard L as function of z € C.
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0 2z 0 2ze—2h -z ze—2h

0 2ze—h 0 2z —ze—h z
—2ze=?"  2(1 — zh)e=%" 2z -2 —e—h —1
272e=7h  _27(1 — zh)e=%" 272 -2z 0 0
z+ 22 —1 -2z (—z+2%)e 2 (1 —z(2+h— zh)e Zh 0 0
1 0 e~ 0 0 0
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Reduction to a linear equation in C®
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For ¢ € R"~" we obtain a linear equation

a 0

LIED | 4 | = 0
b S iggr (€)
bo 0

with a matrix L(|¢']) € C®*®. Regard L as function of z € C.

Lemma
There is an open sector

S.={zeC\{0}: |argz| < &}, e >0,

such that L(z) is regular forz € &..
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By Cramer’s rule:

o LsU€) e Ls€D e, . LBs0€D _[ens
e [detuw)e b ety Gty
Lhs(€') el | 2
*aetzgen e ;@g, (©)
sy TESUED) e LsUE) e | &2
R - T 1 I Pty

with Lf.ij the entries of the cofactor matrix associated to L.
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By Cramer’s rule:

- Lsle) jeone . Bsl€D e LislED  ertnm
Un(f,Xn)= [WG ‘ | +W(|£/|)Xne | | +W(|€/|)e | |
Lhs(€') el | 2
*aergenh e o ;@g, (©)
s | LESUED e . LesUED et | = e a e
0(5 ,Xn)— [detL(|§’)e ‘ ‘ + detL(|§’|)e | | ;’glgj (f)

with Lf-ij the entries of the cofactor matrix associated to L. Take an exemplary look
at .
Lss(1€'])

File|€n 2550 U
¢ detL(e')

’Ej}—x/gj_

November 7, 2012 | TU Darmstadt, IRTG 1529 | Lorenz von Below | 13
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,1e_|5’|xn|§| 55 g]
¢ det L \§f|

S Fegr,  gm e W PR
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,1e_|5’|xn|§| 55 fj
& det L \gf|

S Fegt.  gmew, PR

» Riesz transform: i§;/ |£’|. Bounded operator on W,;q/p(R”q).
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—1 ¢ ,,|§‘ 55 5] — 1—1/p 1
glell detl et?9 9 €W TR

» Riesz transform: i§;/ |£’|. Bounded operator on W;q/p(R”q).
» The function
zLE (2)
det L(z)
is holomorphic and bounded on a sector G..

November 7, 2012 | TU Darmstadt, IRTG 1529 | Lorenz von Below | 14



N
Analysis of the solution operator

TECHNISCHE
UNIVERSITAT
DARMSTADT

€| L 55 ; &
detL \§’|

fg1e—|§’|xn SE, g] , gjf c WF]71/P(Rn—1)
» Riesz transform: i§;/ |£’|. Bounded operator on W;q/p(R”q).
» The function
zLE (2)
det L(2)
is holomorphic and bounded on a sector G..
» Mikhlin’s Multiplier Theorem + Cauchy’s Integral Formula:

'] LE5(1€'))
det L(1¢/])

is a Fourier multiplier on Wy~ "/P(R"1).
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—1 _—|¢ X,,|£| 55 & _ 1=1/p 1y n—1
Fa'le € ol mfxg/, g €W, PR
» Riesz transform: i§;/ |£’|. Bounded operator on W;q/p(R”q).
» The function .
zLg 5(2)
det L(z)

is holomorphic and bounded on a sector G..
Mikhlin’s Multiplier Theorem + Cauchy’s Integral Formula:

€] LEs(1€'D
det L(¢'])
» Agmon-Douglis-Nirenberg:

]-'5_,1e_\5'|’("]-'x/ is bounded from W, ~/P(R"") to W (Q).

v

is a Fourier multiplier on Wy~ "/P(R"1).
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,1e_|5’|xn|§| 55 g]

S Fegr,  gm e W PR

¢ detL '[¢]
T 1, 1€ Lis 55. & 1 - H H
‘7:5’ det L |€/|‘7: '9j ~ g/ A=1/PR—1)
W, (Q)

» With similar considerations:

||Un||w,§(sz) + ||9HW;(Q) < HQ_HW;*‘/P(RM)
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1 —e'|x 1€ _ - -
Fole ke |X~|d|ti5 ‘gf,'fx g, g ew, PR
e €1 s Fog- - H _H
Fee det L |§’| 9, 1(9)” 9 w, VPR

» With similar considerations:
||Un||w,§(sz) + ||9HW;(Q) S HQ_HW;*‘/P(RM)
» Similarly but easier: Forj=1,...,n—1

HU/‘HWg(Q) S Hginw,;—‘/"(n{n—w
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For1 < p < oolet

—Au+Veo
Ap: Ep — Ty, (u,0) — S(u,0)-v
(U = OnU)|ign

with
E, = {(u, 6) € W2(Q) x WiQ): divu=0, u|p, = 0}
Fp = Lp(Q) x Wy~ /P(Th) x Wy~ /().
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For1 < p < oo: Ay: E, — [y is surjective. In particular semi-Fredholm.
Férster-Gunther 2011: ind A, is independent of p € (1, o).

For p = 2: Uniqueness of solutions via energy estimates.

Hence Ay : E, — F, is an isomorphism. In particular, ind A, = 0.

vV vV.v VY
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For1 < p < oo: Ay: E, — [y is surjective. In particular semi-Fredholm.
Férster-Gunther 2011: ind A, is independent of p € (1, o).

For p = 2: Uniqueness of solutions via energy estimates.

Hence Ay : E, — F, is an isomorphism. In particular, ind A, = 0.

vV vV.v. v Yy

Thus, A, is an isomorphism for 1 < p < oo. O
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Theorem
Let1 < p < oco. There is § > 0 such that for every A € C with

[A| <d§  or larg\| < m—¢

and v pA—1/p — o wi-1/p
felyQ), g e WPy, g ew VP

the equation
Au—Au+Vo =T, divu=0 inQ

S(u, v =g* only
(U= On) | ppr =9~ onTo
up=0 only

has a unique solution (u, ) € WZ(Q) x W, ().
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Further results
Including surface tension and gravity
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Theorem
Let1 < p < oo. Forcg,o > 0 and

felyQ), gt e Wy~ /P(Ty), k€ WEV/P(TL), g € W' /P(),

—Au+Vo=f, divu=0 inQ

S(u,0)v +(cg — c A = g* onTy
—U, = k¥ only

(U= 0nU)|p, =9~ onTly

up=0 only.

has a unique solution (u,,7) € W2(Q) x WA(Q) x Wa~ /P(R"") satistying

||(U, 9)HW3><W‘1 + Cg ‘|77HW‘1*1/P +0 HVZnHW;*‘/P ,S H(f7 g+! k+lg_)H .
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