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Compressible Navier-Stokes-Yukawa system

N ≥ 2
ρ(t, x): R+ × RN → R : density
u(t, x): R+ × RN → RN : velocity
ψ(t, x): R+ × RN → R : potential



∂tρ + div (ρu) = 0, (t, x) ∈ R+ × RN ,

∂t(ρu) + div (ρu ⊗ u) + ∇P(ρ)

= µ∆u + (µ + λ)∇div u + ρ∇ψ, (t, x) ∈ R+ × RN ,

−∆ψ + ψ = ρ − ρ̄, (t, x) ∈ R+ × RN ,

ρ(0, x) = ρ0(x), u(0, x) = u0(x), x ∈ RN .

µ，λ : Lamé constant, µ > 0，λ + µ > 0,
ρ̄ > 0 : Constant,

P(ρ) = ρα, α ≥ 1 : pressure

Physical model for the motion of an ”exotic” nuclei.
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Compressible Navier-Stokes system

N ≥ 2
ρ(t, x): R+ × RN → R : density
u(t, x): R+ × RN → RN : velocity
ψ(t, x): R+ × RN → R : potential

∂tρ + div (ρu) = 0, (t, x) ∈ R+ × RN ,

∂t(ρu) + div (ρu ⊗ u) + ∇P(ρ)

= µ∆u + (µ + λ)∇div u+ρ∇ψ, (t, x) ∈ R+ × RN ,

−∆ψ + ψ = ρ − ρ̄, (t, x) ∈ R+ × RN ,

ρ(0, x) = ρ0(x), u(0, x) = u0(x), x ∈ RN .

µ，λ : Lamé constant, µ > 0，λ + µ > 0,
ρ̄ > 0 : Constant,

P(ρ) = ρα, α ≥ 1 : pressure

Physical model for the general barotropic compressible flow.
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Scaling property {
ρν(t, x) := ρ(ν2t, νx)

uν(t, x) := νu(ν2t, νx),
ν > 0.

Known results for compressible N-S
ρ̄ > 0 : a positive constant.

• (ρ − ρ̄, u) ∈ H3(R3) × H2(R3), Matsumura-Nishida, 1980.

• Scaling invariant Sobolev space :
(ρ − ρ̄, u) ∈ Ḣ

N
2 (RN) × Ḣ

N
2 −1(RN), No result.

• (ρ − ρ̄, u) ∈ Ḃ
N
2

2,1(RN) × Ḃ
N
2 −1

2,1 (RN), N ≥ 2 Danchin, 2001.

Remark 1
Ḃ

N
2

2,1(RN) ⊂ Ḣ
N
2 (RN) and Ḃ

N
2

2,1(RN) ⊂ L∞(RN)

Known result for compressible NSY

• Derivation of the system, global weak sol. for the model of 1-D
nuclear slab, Ducomet, 2001
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N
2

2,1(RN) × Ḃ
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N
2 −1(RN), No result.

• (ρ − ρ̄, u) ∈ Ḃ
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N
2

2,1(RN) ⊂ L∞(RN)

Known result for compressible NSY

• Derivation of the system, global weak sol. for the model of 1-D
nuclear slab, Ducomet, 2001



. . . . . .

Scaling property {
ρν(t, x) := ρ(ν2t, νx)

uν(t, x) := νu(ν2t, νx),
ν > 0.

Known results for compressible N-S
ρ̄ > 0 : a positive constant.

• (ρ − ρ̄, u) ∈ H3(R3) × H2(R3), Matsumura-Nishida, 1980.

• Scaling invariant Sobolev space :
(ρ − ρ̄, u) ∈ Ḣ
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Besov space

{φ̂j}j∈Z : a dyadic decomposition of an unity in Fourier sp.

|ξ|0

φ̂0 φ̂1 φ̂2 φ̂j

1

· · ·

21 22 2j· · ·

Definition 1 (Inhomogeneous Besov space B s
p,σ)

s ∈ R, 1 ≤ p ≤ ∞, 1 ≤ σ < ∞.

Bs
p,σ(RN) := {u ∈ S ′; ‖u‖Bs

p,σ
< ∞}

‖u‖Bs
p,σ

:= ‖Φ ∗ u‖Lp + (
∑
j≥1

2jsσ‖φj ∗ u‖σ
Lp )

1
σ .

Definition 2 (Chemin-Lerner space ˜Lq
T (B s

p,σ))

‖u‖ ˜Lq
T (Bs

p,σ)
:=

( ∫ T

0

‖Φ ∗ u‖q
Lpdt

) 1
q +

{ ∑
j≥1

2jsσ
( ∫ T

0

‖φj ∗ u‖q
Lpdt

)σ
q

} 1
σ

.
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Problem

a := ρ−1 − 1 : specific volume, a0 := ρ−1
0 − 1

(NSY2)


∂ta + u · ∇a = (1 + a)div u,

∂tu − (1 + a)Lu

= −u · ∇u −∇(Q(a))−∇(Id − ∆)−1 a

1 + a
.

L := µ∆ + (λ + µ)∇div , Q(a) := −
∫ t

0

P ′((1 + z)−1)

(1 + z)2
dz .

Definition 3 (Inhomogeneous critical space)

a ∈ L∞(0,T ;B
N
p

p,1), u ∈ L∞(0,T ;B
N
p −1

p,1 ).¶ ³
Aim :
To find a local-in-time solution to (NSY2) in the critical space and
show the corresponding blow-up criterion.µ ´
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Local existence and uniqueness of (NSY2)

¶ ³
Theorem 1
N ≥ 2, 1 < p ≤ N. a0 ∈ B

N
p

p,1, u0 ∈ B
N
p −1

p,1 .

1 + a0 ≥ a > 0

⇒ ∃T > 0 s.t. ∃ (ρ, u, ψ): unique solution of (NSY2)

a ∈ C ([0,T );B
N
p

p,1),

u ∈
(
C ([0,T );B

N
p −1

p,1 ) ∩ L1(0,T ;B
N
p +1

p,1 )
)N

,

ψ ∈ C ([0,T );B
N
p +2

p,1 ).

µ ´

The proof is based on a standard approximation scheme. See for details

papers such as Danchin(2001, 2006).
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Blow-up criterion for (NSY)

¶ ³
Theorem 2
Let 1 < p < N. If the solution of (NSY2)

(a, u, ψ) ∈ C ([0,T );B
N
p

p,1 × (B
N
p −1

p,1 )N × B
N
p +2

p,1 )

satisfies

(i) a ∈ L∞(0,T ;B
N
p

p,1), 1 + a ≥ ∃a > 0,

(ii) ‖∇u‖Ḃ0
∞,∞

log(e + ‖∇u‖Ḃ0
∞,∞

) ∈ L1(0,T ) ,

then (a, u, ψ) may be continued beyond T .µ ´
Remark 2
Danchin (2007) obtained a blow-up criterion of the same type with a
condition ∇u ∈ L1(0,T ; L∞). L∞ ⊂ BMO ⊂ Ḃ0

∞,∞.
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Key a priori estimate for the blow-up criterion

(LPV)

{
∂tu − (1 + a)(µ∆u + (λ + µ)∇div u) = −u · ∇u + h,

u(0, x) = u0(x).¶ ³
Proposition 3

N ≥ 2, 1 < p < ∞, N
p ≥ s > 0. Let a ∈

˜
L∞(0,T ;B

N
p

p,1) with

1 + a ≥ b, and u be the solution of (LPV).
⇒∃ some constant C∗ (depending on N, s, p, µ, λ, T , ‖u0‖Bs

p,1
,

‖h‖L1(0,T ;Bs
p,1)

and

∫ T

0

‖∇u‖Ḃ0
∞,∞

log(e + ‖∇u‖Ḃ0
∞,∞

)dt ) such that

we have for all t ∈ [0,T ],

‖u‖ ˜L∞
t (Bs

p,1)
≤ C∗.

µ ´
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Sketch of proof of Proposition 3

Standard energy-estimate procedure in Besov sp. We apply φj∗ to (LPV):{
∂tuj − (1 + a)(µ∆uj + (λ + µ)∇div uj) = −φj ∗ (u · ∇u) + hj+Rj

uj(0, x) = φj∗u0(x),

where uj = φj ∗ u.

φj ∗ (u · ∇u) = u · ∇(φj ∗ u) + {φj ∗ (u · ∇u) − u · ∇(φj ∗ u)s}
= u · ∇(φj ∗ u) + [φj∗ , u · ∇]u

Splitting frequencies of u into

u =
∑

j<−K

uk +
∑
|k|≤K

uk +
∑
k>K

uk =: uL + uM + uH ,

∣∣∣ ∫
RN

(u · ∇uj) · (|uj |p−2uj)dx
∣∣∣

≤ C‖∇u‖Ḃ0
∞,∞

log(e + ‖∇u‖Ḃ0
∞,∞

) log(e + ‖u‖Bs
p,1

)‖u‖Bs
p,1

+ c̃‖u‖Bs+2
p,1

.

(1)
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Sketch of proof of Proposition 3

Standard energy-estimate procedure in Besov sp. We apply φj∗ to (LPV):
(2){

∂tuj − (1 + a)(µ∆uj + (λ + µ)∇div uj) = −φj ∗ (u · ∇u) + hj+Error

uj(0, x) = φj∗u0(x),

φj ∗ (u · ∇u) = u · ∇(φj ∗ u) + {φj ∗ (u · ∇u) − u · ∇(φj ∗ u)s}
= u · ∇uj + [φj∗ , u · ∇]u,

where uj = φj ∗ u. Multiply (2) by |uj |p−2uj and integrate over RN :

1

p

d

dt
‖uj‖p

Lp + C22j‖uj‖p
Lp

≤
∣∣∣ ∫

RN

(u · ∇uj) · (|uj |p−2uj)dx
∣∣∣ + ‖uj‖p−1

Lp ‖[u · ∇, φj ]u‖Lp

+ ‖uj‖p−1
Lp

(
‖hj‖Lp + ‖Error‖Lp

)
.∣∣∣ ∫

RN

(u · ∇uj) · (|uj |p−2uj)dx
∣∣∣ =

∣∣∣ ∫
RN

(div u)|uj |pdx
∣∣∣ ≤ ‖∇u‖L∞‖uj‖p

Lp .
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Sketch of proof of Proposition 3

Splitting frequencies of u as follows

u =
∑

j<−K

uk +
∑
|k|≤K

uk +
∑
k>K

uk =: uL + uM + uH ,

we may estimate ‖∇uL‖L∞ and ‖∇uM‖L∞ by logarithmic Sobolev
interpolation ineq. (Kozono-Ogawa-Taniuchi.) without problem.

On the other hand, we have problem bounding the high-frequency part
∇uH since it can only be controlled as follows:

‖∇uH‖L∞ ≤
∑
j>K

‖∇uj‖L∞ =
∑
j>K

2−εj2εj‖∇uj‖L∞ ≤ C2−εK‖∇u‖Ḃε
∞,∞

where ε > 0 is arbitrary. We don’t want the extra regularity ε.

If we could replace ‖∇uH‖L∞ by ‖∇|∇|−εuH‖L∞ , then we could get rid

of the extra regularity: ‖∇|∇|−εuH‖L∞ ≤ C2−εK‖∇u‖Ḃ0
∞,∞

. This can be

done by some trick.
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Sketch of proof of Proposition 3

In order to complete the proof, we have to establish following lemma¶ ³
Lemma 4
Let 1 ≤ p, σ ≤ ∞ and 0 ≤ ε < 1. If s > 0 we have∥∥{2js‖[u · ∇, φj∗ ]u‖Lp}j∈Z+

∥∥
`σ(Z+)

≤ C‖u‖Bs+ε
p,σ

‖∇|∇|−εu‖L∞ .

The same estimate holds for [u · ∇,Φ∗ ]u as well.µ ´
The above Lemma is known for ε = 0.

After estimating low frequency,
we obtain

X (t) ≤ C (1 + t)
{
‖u0‖Bs

p,1
+ ‖h‖L1(0,t;Bs

p,1)

+ C

∫ t

0

{
Y (t) + 22m(1 + ‖a‖2

B
N
p

p,1

)
}
X (τ)dτ

}
,

where X (t) := ‖u‖ ˜L∞
t (Bs

p,1)
+ ‖u‖L1(0,t;Bs+2

p,1 )

and Y (t) := ‖∇u‖Ḃ0
∞,∞

log(e + ‖∇u‖Ḃ0
∞,∞

) log(e + ‖u‖Bs
p,1

). The final

estimate follows by using Gronwall’s lemma twice.
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Details

Interpolation by differentiability:∣∣∣∫
RN

(u · ∇uj) · (|uj |p−2uj)dx
∣∣∣

≤
∣∣∣1
p

∫
RN

uL · ∇|uj |pdx
∣∣∣ +

∣∣∣1
p

∫
RN

uM · ∇|uj |pdx
∣∣∣ +

∫
RN

|uH · ∇uj | |uj |p−1dx

≤ 1

p

∫
RN

|uj |p|div uL|dx +
1

p

∫
RN

|uj |p|div uM |dx + ‖uH · ∇uj‖Lp‖uj‖p−1
Lp

≤
(
‖∇uL‖L∞ + ‖∇uM‖L∞

)
‖uj‖p

Lp + C‖uH‖L∞2j‖uj‖p
Lp

≤ C
{
‖∇u‖Ḃ0

∞,∞

(
1 + log(e + ‖u‖Bs

p,1
)
)

+ K‖∇u‖Ḃ0
∞,∞

}
‖uj‖p

Lp

+ C2−K‖∇u‖Ḃ0
∞,∞

2j‖uj‖p
Lp

≤ C‖∇u‖Ḃ0
∞,∞

log(e + ‖∇u‖Ḃ0
∞,∞

) log(e + ‖u‖Bs
p,1

)‖uj‖p
Lp

+ c̃2j‖uj‖p
Lp ,

where we used Brezis-Gallauet-Wainger type ineq. and K is taken large

enough so that C2−K‖∇u‖Ḃ0
∞,∞

< c̃ (for small enough c̃).


