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Compressible Navier-Stokes system

N>2

p(t,x): RY xRN R : density
u(t,x): RT xRNV — RN : velocity
(t,x): RT xRN —R  : potential

O¢p + div (pu) =0,
O(pu) +div (pu ® u) + VP(p)
= pAu+ (u+ A)Vdiv utpVi,
=AY+ =p—p,
p(0,%) = po(x), u(0,x) = to(x),

pO X : Lamé constant, > 00 A+ > 0,
p > 0 : Constant,

P(p) = p*, a > 1: pressure

(t,x) € R* xRV,

(t,x) € R* xRV,
(t,x) e RT x RV,
x e RV,

Physical model for the general barotropic compressible flow.
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Known results for compressible N-S
p >0 : a positive constant.

o (p—p,u) € H3(R3?) x H?(R®), Matsumura-Nishida, 1980.
e Scaling invariant Sobolev space :
(p—p,u) € HZ (RN) x HZ~L(RN), No result.
e (p—,u) € BI(RY) x B, '(RN), N> 2 Danchin, 2001,
Remark 1 o
B71(RV) c HZ(RN) and B7|(R) C L*(RV)

Known result for compressible NSY

e Derivation of the system, global weak sol. for the model of 1-D
nuclear slab, Ducomet, 2001
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Definition 2 (Chemin-Lerner space L%(B;,))

1
gy = ([ 1w wlfa)t 4 {3220 [ oyl

j>1



a:=p~t—1: specific volume, ay := Po 11

«O>r «F»r <

DA™



Problem

a:=p ! —1: specific volume, ag := po_l -1

Ora+ u-Va=(1+ a)div u,
(NSY2) Oru—(1+a)Lu

= —u-Vu—V(Q@)-V(ld —A) "5 ;

+a

(A+2)™)

t /
. _ [P
L:=pA+ (A4 p)Vdiv, Q(a) :== /0 (13272 dz.



Problem

a:=p ! —1: specific volume, ag := po_l -1

Ora+ u-Va=(1+ a)div u,
(NSYQ) Oru — (1 + a)/.Zu

= —u-Vu—V(Qa)-V(ld - A) 12

1+a

P+ 2) )
wdz.

Definition 3 (Inhomogeneous cr|t|cal space)
ae =0, T; B”l) ue L=, T; B" Y.

L= pA+ (M+ p)Vdiv, Q(a) := —/
0



Problem

a:=p ! —1: specific volume, ag := po_l -1

Ora+ u-Va=(1+ a)div u,
(NSYQ) Oru — (1 + a)/.Zu
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Definition 3 (Inhomogeneous cr|t|cal space)
ae L0, T; B”l) ue L=, T; B" Y.

L= pA+ (M+ p)Vdiv, Q(a) := —/
0

Aim :
To find a local-in-time solution to (NSY2) in the critical space and
show the corresponding blow-up criterion.
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Theorem 1
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The proof is based on a standard approximation scheme. See for details
papers such as Danchin(2001, 2006).




Blow-up criterion for (NSY)

-

Theorem 2
Let 1 < p < N. If the solution of (NSY2)

a LW (K
(3, Uﬂ/’) € C([07 T)' Bp,l X (Bp,l ) x Bp,l )

satisfies
N
(i) ae L>~(0,T;B;,), 1+a>3a>0,
(ii) [Vullgo log(e+[[Vullg )€ L}0,T),

then (a, u,v) may be continued beyond T.

Remark 2
Danchin (2007) obtained a blow-up criterion of the same type with a
condition Vu € L*(0, T;L>*). L> c BMO C BY, .



Key a priori estimate for the blow-up criterion

Oru— (1 + a)(uAu+ (A + p)Vdivu) = —u - Vu+ h,
(LPV) { u(0, x) = wuo(x).

-

Proposition 3

—_~— N
N>21<p<oo, ¥>5>0 Letacl=(0,T;B},) with
1+ a > b, and u be the solution of (LPV).

=7 some constant C* (depending on N, s, p, 1,
T
hllio .y and/ IVullgy _log(e+ [ Vullz )de ) such that

p,1’

we have for all t € [0, T],

l|lull < C*.

L°°BS)*
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[T Qupaye] =] [ v olupax| < 96l lul.



Sketch of proof of Proposition 3
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Splitting frequencies of u as follows

u= Z uy + Z uk—i—Zuk::uL—i—uM—i—uH,

j<—K k| <K k>K

we may estimate |Vug |~ and ||[Vupl||i~ by logarithmic Sobolev
interpolation ineq. (Kozono-Ogawa-Taniuchi.) without problem.

On the other hand, we have problem bounding the high-frequency part
Vuy since it can only be controlled as follows:

IVupllise <D NIVullw =D 27929Vl < C275|[ Vg,
>K i>K
where € > 0 is arbitrary. We don’t want the extra regularity e.
If we could replace ||Vuy||r~ by [[V|V| €upl|Le, then we could get rid
of the extra regularity: ||V|V|Sup||1= < C27°K||Vul|5z, . This can be
done by some trick. o



Sketch of proof of Proposition 3

In order to complete the proof, we have to establish following lemma

Lemma 4
Letl1 <p,o<ococand0<e <1l Ifs>0 we have

{2711 - V6% JulluoYye | s,y < Cllullegsz V91~

The same estimate holds for [u -V, ®x Ju as well.

The above Lemma is known for ¢ = 0.
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In order to complete the proof, we have to establish following lemma

Lemma 4
Letl1 <p,o<ococand0<e <1l Ifs>0 we have

{2711 - V6% JulluoYye | s,y < Cllullegsz V91~

The same estimate holds for [u -V, ®x Ju as well.

The above Lemma is known for € = 0. After estimating low frequency,
we obtain

X(t) < €1+ O){lluolles, + IAllo.es,)

N 2m 2
+c/0 {Y(t)+2 (1+||a||B%)}X(T)dT},

p,1
where X(t) := [Jul|, =z | + lull 0,685
L(B;,) (0,68;7)

and Y(t) := [Vull gy log(e+ [ Vull g _)log(e+ u
estimate follows by using Gronwall's lemma twice.

gs,). The final



Details

Interpolation by differentiability:

‘/R;N(“ V) - (\uj\’”*zuj)dx)

1 1 "
‘f/ uL~V|uj|de‘+’7/ uM-V|uj|”dx‘+/ lup - V| |u;|P~ dx
b Jrn P Jrn RN

1 . 1 . _
7/ |uj|P|div u,_|dx+f/ |uj|P|div uM|dXJr||uH-Vuj||1_p||l.tj||’z,,1
P Jrn P Jrw

IN

IN

(IVucll= + I umll=) el + Cllumlli=2 ]2,
C{IVullgy _(1+log(e+llulls;,)) + KIVullss _Hiulh
+C2 K| Vulg 2yl

IN A

< C[[Vullgy _log(e+ [[Vullsy _)log(e+ lulls,)lujlf
+ e |u2,,

where we used Brezis-Gallauet-Wainger type ineq. and K is taken large
enough so that C27%||[Vu||z < & (for small enough ).



