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Linearized problem

We consider the linearized problem in general domain with
slip boundary condition.

(;—f+ydivu:f inQ, t>0,
%—aAu—,BVdivu+pr:g inQ, t>0,
P
P) S, p)Vlan = hlian onI, t>0,
u-v=0 onl, t>0,
(p’ u)|t=0 = (O’ 0)
@ U= (Uy,...,uy) :unknown velocity field (N > 2),

p :unknown density
@ «,B,v:constant. o,y >0, + 5 > 0.

@ Su,p) = 2aD(u) + [(B— @) divu —yp]l : stress tensor
@ v : unit outer normal field on I
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Definition (general domain)

Let 1 <r < oo and let Q be a domain in RN with boundary I'. We call
Q a uniform W>'" domain if there exist positive constants «, S and
K such that for any Xo = (Xo1, . . . , Xon) € I' there exist a coordinate
number j and h e W& (B,(x)) (X = (o1, - - - » Koj» - - - Xon)) @nd
||h||W§_1/r(B; ) < K satisfying

QN By(Xo) = {x € RV | % > h(X) (X € B,,(x)))} N Bs(Xo),
I' N Bs(%o) = {x € R [ x = h(X) (X € B,(X,)} N Bs(Xo).
where B (xp) = {X € RN | X — x| < a},

Bs(Xo) = {x € RN | [x — %o| < B8} and WY~/ (B),(x,)) denotes the set of
all functions h € W3(B,,(x;)) such that

D.D/h(xX) — DD;h b T
< DkDih >1-1/rr 8y 00)= {ff IDDIh(x) ~ DDin(y)l d)(dy}< 00
Bf, (%0)xBy,

%0) |X’ _ y/lN—2+r
for k, | # j with DD;h = 6%h/dx0x;.

1=
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Nl g, o) < K

QN By(xo) = {x € RN [ x> h(X) (X' € B,(x)))} N By(Xo)

I N By(xo) = {xe RY | x = h(X) (X € B, (xp))} N By(Xo)
(X =X, %, .. XN))
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IRl g, gy < K
QN By(x) = {x € RN [ % > h(X) (X € B,,(X))} N Bs(Xo)
I N By(x) = {x e R" [ x = h(X) (X € B(Xy))} N Bs(%o)
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Example of general domain

e boundary : bounded =bounded domain, exterior domain
e boundary : unbounded =half space, tube, layer
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Example of general domain

e boundary : bounded =bounded domain, exterior domain
e boundary : unbounded =half space, tube, layer

T={Xx=(X,xn)|X €D,xy €R}, ! !
D : WY bounded . N

X = (Xg,...XN-1)
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Example of general domain

e boundary : bounded =bounded domain, exterior domain
e boundary : unbounded =half space, tube, layer

={x=X,xn) | X € D,xy € R},
D : WY bounded

X = (Xg,...XN-1)

asymptotically flat layer

222227 /,l////// 7,

//

,) ( /) ,///////// oy 0L, 7

L= X:(X'X)a(x <Xy < 1+b(x), S v, Ve Y
N ax) < b(x) A s Y

— Il s, ///// ////// //;/

—— oz z—=—"=
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Known result and motivation

Enomoto and Shibata (2012, submitted)=

- the generation of analytic semigroup and the maximal regularity by
the R-boundedness of Stokes operator

The difference between “result of Enomoto and Shibata” and “our
result” is the following:
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Known result and motivation

Enomoto and Shibata (2012, submitted)=
- the generation of analytic semigroup and the maximal regularity by
the R-boundedness of Stokes operator

The difference between “result of Enomoto and Shibata” and “our
result” is the following:

e Enomoto and Shibata

= boundary condition (Dirichlet) : homogeneous

e our result

= boundary condition (slip) : derivative term, non-homogeneous
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Resolvent problem

The corresponding resolvent problem:

Ao +ydivu=f in Q,
AUu—aAu—-pBVdivu+yVp =g in Q,
S, p)vlan = hlan ON T,

u-v=0 onT.

(RP)
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Resolvent problem

The corresponding resolvent problem:

Ao +ydivu=f in Q,
AUu—aAu—-pBVdivu+yVp =g in Q,
S, p)vlan = hlan ON T,

u-v=0 onT.

(RP)
In order to show the generation of analytic semigroup, we define a
linear operator A by

Ao, u) = (—ydivu,aAu + BV divu — yVp) for (o, u) € D(A),

D(A) = {(p, u) € Wg*(€) | S(U p)han=0,u-v =0 on T},

where we set Wi™(Q) = {(f,0) | f € WJ(Q), g € W,(Q)N}.
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LetO< e <n/2, 40> 0. we set

AS,/lo = 28,/10 N Ka- J

2. ,and K, is the set defined by 7

28,/102{AEC\{OH|arg/l|S7T—8,|/l|2/lo},
2 2

2 2
ng{/le(c| (Re/1+ 7;,84-8) +(Im/l)22(07;18+s) }

(07
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LetO< e <n/2, 40> 0. we set

As,/lo = Za,/lo N Ke. J

2. ,and K, is the set defined by 7

S0 = [1€C\ {0} | |argAl < 7 &, 12 > Ao},
K, = /leC| Red+ —— +&| +(Im2)?> (2= +¢ |.
a+f a+p

The solution formula in RN:

N 2 N
i 1| Ok = &iéilél” 1 i
- Z [ Tt T NELILL L ] (x)+—a pw ZT

&1
(@ +m) A+ |17

fk](x).
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Aim and key point

@ A generates an analytic semigroup {T(t)}=0 on Wy °(Q).
@ the maximal Ly-Lq regularity for (P).
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Aim and key point

aim
@ A generates an analytic semigroup {T(t)}=0 on Wy °(Q).
@ the maximal Ly-Lq regularity for (P).

| A

key point

The key of the proof is R-boundedness of the solution operator to
(RP).

A
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R-boundedness

Definition (R-boundedness)

A family of operators 7~ c £(X,Y) is called R-bounded on £(X,Y), if
there exist constants C > 0 and p € [1, o) such that for each

meN, T eT, fie X(=1,...,m)forall sequences {rj(u)}j":‘1 of
independent, symmetric, {—1, 1}-valued random variables on [0, 1],
there holds the inequality :

1,.m 0 1 m .
[ 1> mwmilausc [0
=1 j=1

The smallest such C is called R-bound of 7~ on £L(X,Y), which is
denoted by R ;x.v)(7).

For any Banach spaces X and Y, £(X, Y) denotes the set of all
bounded linear operators from X into Y. £(X) = L(X, X).
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Main theorem

Letl<g<o,0<ée<n/2 Then, there exist a 1o > 1 depending
on &, g, N and an operator R(1) € LIWF2(Q) x La(Q)N*N, Wi%(Q))
such that the following two assertions hold :
(i) For any (f,g) € Wy(Q), he WHQ)N and A € A, 4,
(0, U) = R(A)(f, g, Vh, 1%2h) € W;?(Q) solves the problem (RP)
uniquely.

(il) There exist yo > 0 such that
RL(W&’O(Q)qu(Q)NZ’fN, W&,O(Q))({/lR(/l) | e Ag’/lo}) < %0,
AM2VPR() | A € Agao)) < 0,

R pnizoitq@nen, Lo
V2P,R(A) | A € Ag i) < Yo,

R onio@tq@nen, Lo

where we set P,R(1)(f, g, Vh, ¥/2h) = u.

M. Murata (Waseda University) sectorial R-boundedness 2012/11/5



The generation of analytic semigroup

Since the definition of R-boundedness with m = 1 implies the usual
boundedness, it follows from that

(o, Wllnzoy + IAY2IVUllLy@) + VUl
< C(”(f’ g)”w&’o(g) + ”(/ll/zh’ Vh)”Lq(Q))-

Let 1 < g < .Then, the operator A generates an analytic
semigroup {T(t)}=0 on W;°(Q).
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Theorem(the maximal Ly-Lq regularity)
Let 1 < p,g < co. Then, there exists a constant y; > 0 satisfying
(i) For any f € Ly, o(R, W3()), g € Lp,, o(R, Lo(Q)") and
h € Lpy,o(R, WH(QN) N H2 (R, Lo(@)N), the problem (P)
admits a unique solution (p, U) satisfying
p €W, o(R, W;(Q)),

ueLp,oR, Wg(Q)N) N W;%O(R, Ly(@M)

(ii) e (ox YOl i) + e (U, yu, AY VU, VAUl I,k Lo
1
< Clle”(f,Vf,Azh, Vh, 9l Lo@) (V¥ = 7).
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Theorem(the maximal Ly-Lq regularity)

Let 1 < p,g < co. Then, there exists a constant y; > 0 satisfying
(i) For any f € Ly, o(R, W3()), g € Lp,, o(R, Lo(Q)") and
h € Lpy,o(R, WH(QN) N H2 (R, Lo(@)N), the problem (P)
admits a unique solution (p, U) satisfying
pE Wg:h,O(R’ W(E.]L(Q))’

U € Lpy, o R, WE(QY) N W, o(R, Lg(Q)Y)
(ii) e (ox YOl i) + e (U, yu, AY VU, VAUl I,k Lo
1
< Clle”'(f, Vi, AZh, Vh, g)liL g (VY = 7).

Lpﬁ’l(R’ X) = { f(t) € Lp,lOC(R’ X) | e—Yltf (t) E LD(R’ X)},
Lp,0(R, X) = { f(t) € Lp,, (R, X) | f(t) =0, t <O},
HY2 (R, X) = { f € Lp(R, X) | €' AY?[f](1) € Lp(R, X), Vy = y1}.
ASPIEI() = L A2 LIFI()I().
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Thank you for your attention !
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Sketch of proof
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@ whole-space and half-space
=calculate solution formula
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Sketch of proof

@ whole-space and half-space
=calculate solution formula

@ bent half-space
=perturbation method

@ general domain

= by unit decomposition, connect solution operator in RN and
bent half-space
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Sketch of proof in general domain

Ao +ydivu=f in Q,
Au—aAu—-pBVdivu+yVp =g in Q,
S, p)Vltan = hlan ON T,

u-v=0 onT.

(RP)
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Sketch of proof in general domain

Ao +ydivu=f in Q,
Au—aAu—-pBVdivu+yVp =g in Q,
S, p)Vltan = hlan ON T,

u-v=0 onT.

(RP)

Setting p = A71(f — ydivu) and 1, = 8 + y?17%,

Au—aAu—-mVdivu=g—ya Vi = f in Q. )

AU —aAu—n,Vdivu=f in Q,

RP) 4o, _ [ZaD(u)v+(Zﬁ—a)divuv]han]:h:[hhan] on L.
"V
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Theorem (general domain)

Letl<g<oo,N<r<ooandO< e <n/2 LetQ be a uniform
W2 ™" domain in RN. Assume that max(q, g) < r. Then, there exist
a constant 1o > 1 and an operator Uj(1) € L(Ly()", W5(Q)V)

(A€ Aerp, ] =0,...,N + 1) satisfying the following assertions:

(i) For any f € Ly(@)" and h e W3 ()",

N
u=U() f + > UA)D;h) + 1Az Uy, a(Dh
ji=1

solves the equations (RP’) uniquely.

(il) There exist y; > 0 such that
Rra@W (AU (D) | A € Agap}) < y1,
R o, Loy (AP VL) | A € Aryg)) < 7,
R rL@M, Lq(Q)Na)({VZfL(j(/l) €A ) <v1-(j=0,...,N+1)
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Main theorem
Letl<g<co,0<e<n/2 Then, there exist a 1o > 0 depending
on &, g, N and an operator R(1) € L(WF%(Q) x La(Q)N*N, Wi%(Q))
such that the following two assertions hold :
(i) For any (f,g) € Wy°(Q), he WHQ)N and A € A, 4,
(0, u) = RQ)(f, g, Vh,|112h) € WH?(Q) solves the equations (RP)
uniquely.
(il) There exist yo > 0 such that
R ront@xLa@?n, wioay (AR | 4 € Ay o)) < 0,
1
RL(W&’O(Q)XLq(Q)Nz"N, Lq(Q)NZ)({lﬂPVPVR(/l) S As,/lo}) < Yo,
RL(W&’O(Q)XLQ(Q)NZJrN, Lq(Q)N3)({V2PVR(/l) | A€ As,/lo}) < Yo,
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Theorem (operator-valued Fourier multiplier theorem)

Let X and Y be two UMD Banach spacesand 1 < p < co. Let M be
a function in CY(R \ {0}, £(X, Y)) such that

RL(xy)( M(T)lTER\ )—K0<OO
Rexny({TM'(7) | T € R\ {0}}) = k1 < 0.

If we define the operator Ty : F 1D(R, X) — S’'(R,Y) by the
formula:
Tug = F U{MF 4], (FI¢] € DR, X)).
Then, the operator Ty, is extended to a bounded linear operator
from Lp(R, X) into Ly(R, Y). Moreover, denoting this extension by
Twm, we have
MMl cp@ex) Le@Y) < Clko + k1)

for some constant C > 0 depending on p, X and Y.
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