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§1 Problem

U —-AU+VO =F, divU =0 in Qx (0, ),
SU,0)n=G" on I’ x (0, ),
(SP) [U = dnyUlian = [G lian on Iy x (0, ),
Uy=0 on Iy x (0, ),

Ulo=0 in Q.
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§1 Problem

oU - AU + VO = F, divU =0 in Qx(0,c),
SU,0)n =G" on T x (0, ),
(SP) [U - aN U]tan = [G_]tan On FO X (O, OO),
Uyv=0 on Ipx (O, OO),
Ul=o =0 in Q.
h: height T'y: upper boundary
2: domain %
o) T'p: bottom
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oU - AU + VO =F, divU =0 in Qx (0, ),
SU,0)n=G" on I’ x (0, ),
(SP) [U = 9nUlkan = [G Jan on Tox (0, e0),
Uyv=0 on Iy x (0, ),

Ulo=0 in Q.

F,G*, G : given functions.

h: height T'y: upper boundary
: domain %
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§1 Problem

U —-AU+VO =F, divU =0 in Qx (0, ),
SU,0)n=G" on I’ x (0, ),
(SP) [U — Ul tan = [G Tean on Tox (0, co),
Uyv=0 on Iy x (0, ),

Ul =0 in Q.

F,G*, G : given functions. U: velocity, ®: pressure: unknown.
SU,0) = -6l +[VU + (VU)T]: stress tensor, |: N x N identity
matrix. n is unit outer normal to I'},.

h: height T'y: upper boundary
: domain %
o) T'p: bottom
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§2 Main results

Theorem (Lp-Lq maximal regularity)

Letl<p,g< coandyy>0.
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§2 Main results

Theorem (Lp-Lq maximal regularity)

Letl < p,g< oo andyy> 0. Then, for any
F € Lpyoo(R. Ly(@)", G* € (Lpyoo(R, WS(€) N H2 (R, Lo @),

P.y0,0
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§2 Main results
Theorem (Lp-Lq maximal regularity)

Letl < p,g< oo andyy> 0. Then, for any

F € Lpyoo(R, L), G* € (Lpyoo(R, Wa(Q) NH2 (R, Ly(@))",

Functional spaces
Loyoo(R. X) = {f: R — X | e (t) € Ly(R, X), f(t) = 0 (t < O)},
HY2 J(R.X) = { f € Lpyoo(R. X) | (€7FAY)(1) € Lp(R. X)),

(€™ AN = 7105 + )T (91D

|

H.Saito (Waseda University) The Stokes problem in an infinite layer 2012/11/7 3/8



§2 Main results
Theorem (Lp-Lq maximal regularity)

Letl < p,g< oo andyy> 0. Then, for any

F € Lpyoo(R, L), G* € (Lpyoo(R, Wa(Q) NH2 (R, Ly(@))",

(SP) admits a unique solution (U, ®) in
Ue (Lp,yo,O(R,Wg(Q)) N W&YO,O(R, () ANCRS Lp,yo,o(R,W;(Q)).

Functional spaces
Loyoo(R. X) = {f: R — X | e (t) € Ly(R, X), f(t) = 0 (t < O)},
HY2 J(R.X) = { f € Lpyoo(R. X) | (€7FAY)(1) € Lp(R. X)),

(€™ AN = 7105 + )T (91D
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§2 Main results
Theorem (Lp-Lq maximal regularity)

Letl < p,g< oo andyy> 0. Then, for any
F € Lpyoo(R, L), G* € (Lpyoo(R, Wa(Q) NH2 (R, Ly(@))",
(SP) admits a unique solution (U, ®) in
U € (Lpyoo(R, WA(Q)) N WL o(R, La(@))N, © € Lp,00(R, Wi(Q)).
Moreover, (U, ®) satisfies the estimate:
e (6;U, U, A%ZVU, V2U, 0, VO)IlL,(R.Ly(@)

< C(Na P, 4, Yo, h)”e_YOt(F, A;C/)ZGi’ VGi)”Lp(R,Lq(Q))-

Functional spaces
Loyoo(R. X) = {f: R — X | e (t) € Ly(R, X), f(t) = 0 (t < O)},
HY2 J(R.X) = { f € Lpyoo(R. X) | (€7FAY)(1) € Lp(R. X)),

(€™ AN = 7105 + )T (91D
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§2 Main results

We also consider the resolvent problem as follows:
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§2 Main results

We also consider the resolvent problem as follows:

Au—Au+0=f divu=0 in Q,

uén=g* on T,

(RP) Su, 6) g i h
[U— OnUltan = [0 ]tan on I,

uy =0 on Ty.
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§2 Main results

We also consider the resolvent problem as follows:

‘//,/,////////
5 Yo

Yo
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§2 Main results

We also consider the resolvent problem as follows:

AU-—Au+6=fF divu=0 in Q,

uén=g* on T,

(RP) Su, 6) g i h
[U— OnUltan = [0 ]tan on I,

uy =0 on Ty.
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§2 Main results

We also consider the resolvent problem as follows:

AU-—Au+6=fF divu=0 in Q,

uén=g* on T,

(RP) Su, 6) g i h
[U— OnUltan = [0 ]tan on I,

uy =0 on Ty.

By using Shibata-Shimizu approach, we obtain the resolvent
estimate as corollary of the previous theorem.
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§2 Main results

We also consider the resolvent problem as follows:

AU—Au+6=f» divu=0 in Q,

udn=g" on I,

(RP) Su, 6) g i h
[U - 8Nu]tan = [g ]tan on I,

uy=0 on Iy.

Corollary (Resolvent estimate)

Letl<qg<oo,0<e<n/2andyo>0. Forany 1€ X, ,,, f € L(QN
and g* € W;(Q)", (RP) has a unique solution
(u, 6) € WE(Q)N x W3(€2). Moreover, the solution (u, 6) satisfies the
estimate:

(AU, 1412V, V2U)lly0) + 16llwgey < CIICE, 1412G*, VE)lILy@)
for some positive constant C = C(N, g, &, yo, h).
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§3 Outline of proof

Essentially, it is sufficient to consider the equations:
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uy=0 on TIo.
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§3 Outline of proof

Essentially, it is sufficient to consider the equations:

AU—-Au+6=0 dvu=0 in Q,
Su,0)n =0 on I,

[U — OnUltan = [ Ttan on Ty,
uy =0 on To.

By the partial Fourier transform, we have the following ODEs:
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§3 Outline of proof

Essentially, it is sufficient to consider the equations:

AU—-Au+6=0 dvu=0 in Q,
Su,0)n =0 on I},

[U - aN u]tan = [g_]tan on FO,
uy =0 on TIo.

By the partial Fourier transform, we have the following ODEs:
(@~ A+ 1EPNT0) ~ i60x) =0 (1<j<N-1) in (Oh),

(8% = (A + €' P)Un(xn) — Onb(xn) = O in (0,h),
Z i£T (%) + ONTn (%) = O in (0,h),

=1
igtn(h) + OnTGi(h) =0 (1<j<N-1), 20yWn(h)-6(h) =0,
T(0)-wG(0)=g (0) (1<j<N-1), Tu(0)=0.
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§3 Outline of proof

Especially, Un(£’, Xy) is given by
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§3 Outline of proof

Especially, Un(£’, Xy) is given by

- Lse AN g e e Bhom) g 49_8)“] . =

Un(Xn) = [ : + — + — + — i&9(0),
detL detL detL detL ; !

where A = |£'], B = 41+ |£?, delL is Lopatinski determinant and

Lk is (j, k) cofactor of L.
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§3 Outline of proof

Especially, Un(£’, Xy) is given by

L e B-)

L5,4e_ B

- Lge7 A0 | e
uN (XN) = de.L

detL

det.

detL

N-1

D.i5g(0),

h

where A = |£'], B = 44+ |&?, delL is Lopatinski determinant and
Lix is (j, k) cofactor of L. L is given by

[ (B*- A7)
0
2A2
2A

e—Ad

H.Saito (Waseda University)

0
(82 - )
2A2e—Ad
_ 2Ae—Ad

1

The Stokes problem in an infinite layer

0
0

A? + B?
2B

(A-1Ae? (A+1A (B-1)Be®d

e—Bd

0
0
(A2 + B?)eBd
—2BeBd
(B+1)B
1

A 0
0O -A
0 0
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0 0
0 0 |
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§3 Outline of proof

Especially, Un(£’, Xy) is given by

— Ls €A Lpe™ Lgae B g 49_8)“] <.,
Un (Xn) = [ : + = + = + — 1§19 (0),
detL detL detL detL ; !
where A = |£'], B = 41+ |£?, delL is Lopatinski determinant and
Lix is (j, k) cofactor of L.  We can show
L1, Ls2, Lsa, Lsa ~ IE'1(141"% +1€')*.
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§3 Outline of proof

Especially, Un(£’, Xy) is given by
. Lg,e A0 | e | e B | e B ] N
) =| 2 plee b +Ls 66 (0)
det. det. det. det. ; J

where A = |£'], B = 41+ |£?, delL is Lopatinski determinant and
Lix is (j, k) cofactor of L.  We can show

L1, Ls2, Lsa, Lsa ~ IE'1(141"% +1€')*.
And also, detL is given by
del =A(B? — A2)[(B* + 2A%B? + AY)(1 + e ") (1 - e
— AA%B(1 - e AN (1 + e28M)]
+ A[(B® + 2A%B® + 5A*B)(1 + e ")(1 + e 28N
— (16A%B® + 16A*B)eANe BN
— (AB* + 6A%B? + A%)(1 — e AN)(1 — e 2BN)]

~ €117 + 1€'1)°
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det. det. det. det. ; J

where A = |£'], B = 41+ |£?, delL is Lopatinski determinant and
Lix is (j, k) cofactor of L.  We can show

Ls1, Ls2, Lsa, Lea ~ |€'](121"% +1£'))*.
And also, detL is given by
del =A(B? — A2)[(B* + 2A%B? + AY)(1 + e ") (1 - e
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§3 Outline of proof

Therefore,

Alsy ALsp Alsg ALss  AEI(AM +1€P)*

N0~ ot > det” det” det ~ JeI(AR2 + € P
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§3 Outline of proof

Therefore,

Alsy ALsp Alsg ALss  AEI(AM +1€P)*

N0~ ot > det” det” det ~ JeI(AR2 + € P

By using this fact, we can show {(10,:)°AR(1) |1 € Z,,,} (=0, 1,
A =y + it and R(A) is the solution operator from |1|¥?g~ and Vg~ to
uy) are R-bounded families in £(Lq(Q)V1, Ly(R)).
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§3 Outline of proof

Therefore,

Alsy Alsy Alsz Alsa _ AE (M2 + €1

EXN) ~ ot > det” deL” et ~ Je1(AR + EPP

By using this fact, we can show {(10,:)°AR(1) |1 € Z,,,} (=0, 1,

A =y + it and R(A) is the solution operator from |1|¥?g~ and Vg~ to
uy) are R-bounded families in £(Lq(Q)V1, Ly(R)).
Therefore, by the R-boundedness and the Weis’s operator-valued
Fourier multiplier theorem, we obtain the following estimates:
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§3 Outline of proof

Therefore,

Alsy Alsy Alsz Alsa _ AE (M2 + €1

EXN) ~ ot > det” deL” et ~ Je1(AR + EPP

By using this fact, we can show {(10,:)°AR(1) |1 € Z,,,} (=0, 1,

A =y + it and R(A) is the solution operator from |1|¥?g~ and Vg~ to
uy) are R-bounded families in £(Lq(Q)V1, Ly(R)).
Therefore, by the R-boundedness and the Weis’s operator-valued
Fourier multiplier theorem, we obtain the following estimates:

AU < Call(AY%g7, VI)llLy@)
€7 O UnlIL,RoL(@) < C2||e_y°t(A%ZG_, VG)IILR Ly©)

for some positive constants C; and C,.
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§4 Further results

AU—Au+ Vo =1, divu=0 in Q,

) Su,0)n =g* on Ty,
[au — BOnU]tan = [T ]tan on I,

uy=0 on T

Theorem
letl<g<oo,0<e<n/2,v9>0,aB>0anda+p =1 Then,
the unique solution (u, #) to problem (1) satisfies the estimate:

lI(Au, |41Y?V, VZU)HLq(Q) + [16llwz o)

< ClI(F, 141729, VgL + B HI(A2g7, VG ) llLye)
for some positive constant C independent of @ and 3.

V.

This result related to Giga (1982) in bounded domains, Saal (2006)
in RY, Shibata and Shimada (2007) in bounded or exterior domains,
Shimada (2007) ...
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