Very Weak Solutions of the Stationary Stokes
Equations in Unbounded Domains of Half Space
Type

Jonas Sauer

Department of Mathematics
Darmstadt University of Technology

TECHNISCHE
UNIVERSITAT
DARMSTADT

Nov 6, 2012 | Jonas Sauer | 1



Unbounded Domains of Half Space Type

TECHNISCHE
UNIVERSITAT
DARMSTADT

> R7 = {(x1,...,xp) € R": x, > 0} is the (upper) half space

Nov 6, 2012 | Jonas Sauer | 2



Unbounded Domains of Half Space Type

TECHNISCHE
UNIVERSITAT
DARMSTADT

> R7 = {(x1,...,xp) € R": x, > 0} is the (upper) half space
» a bent half space is a domain of the form

={x=(,x) €R": x, > w(x")},

where w : R"~' — R is a Lipschitz continuous function in W2 (R"~), such
that the gradient V'w = (01, ..., Oy—1)w is bounded in R"~"

Nov 6, 2012 | Jonas Sauer | 2



Unbounded Domains of Half Space Type

TECHNISCHE
UNIVERSITAT
~ DARMSTADT

> R7 = {(x1,...,xp) € R": x, > 0} is the (upper) half space
» a bent half space is a domain of the form

={x=(,x) €R": x, > w(x")},

where w : R"~' — R is a Lipschitz continuous function in W2 (R"~), such
that the gradient V'w = (01, ..., Oy—1)w is bounded in R"~"

» a perturbed half space is domain of class C'' such that Q\B = R"\B for
some open ball B

Nov 6, 2012 | Jonas Sauer | 2



Unbounded Domains of Half Space Type

TECHNISCHE
UNIVERSITAT
DARMSTADT

> R7 = {(x1,...,xp) € R": x, > 0} is the (upper) half space
» a bent half space is a domain of the form

={x=(,x) €R": x, > w(x")},

where w : R"~' — R is a Lipschitz continuous function in W2 (R"~), such
that the gradient V'w = (01, ..., Oy—1)w is bounded in R"~"

» a perturbed half space is domain of class C'' such that Q\B = R"\B for
some open ball B

» an aperture domain is a domain of class C'' such that QU B=R"UR" UB
for some open ball B = Bg(0) C R” of radius R and center 0, where

R” ={xeR":x, < —d}

forsome d > 0

Nov 6, 2012 | Jonas Sauer | 2



The Concept of Very Weak Solutions
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Definition
Let n > 2 and let Q C R" be an unbounded domain of half space type. Moreover,
let1 < r < g < oosuchthat 1 + 16 = 1. Then for given data

Fel'(Q)kel(Q),ge W a90Q), (1)

we call a vector field u € L9(2) a very weak solution to the Stokes system if it
satisfies the following conditions:

—(u,Aw) = —(F,Vw)—(g,n-Vw)sq, we G, (), 2
—(u, V) (k,) — (g, ¥n)aq, Y e G,

where CZ (Q) = {w € C3(Q) : div w = 0, supp w compact in Q, w|sq = 0}.
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Remark
For n < g < oo and given data F, k and g as in the foregoing definition, F and K
defined via

(Fow) = —(F,Vw) —(g,N-Vw),q, we ¥29(Q), @)
Kby = (k) = (9, ¥N)oq » P e W (Q)

yield elements in ¥;29(Q) and W~"9(Q), respectively. Moreover, it holds
[F g2y + 1Kl w-1ay < CUIF I+ [lKllr + 19l w-1/0000)- (4)
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Definition

Let n> 2,1 < g < o0, 2 an unbounded domain of half space type and let
F € Y;29Q),K € W=9(Q) be given. Then u € L9(Q) is called a very weak
solution of the Stokes problem with data F, IC, if

—(u,Aw) = (F,w), we ¥29(Q), )
—(u, V) = (K), ¢eW'9(Q),
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Definition

Let n> 2,1 < g < o0, 2 an unbounded domain of half space type and let
F € Y;29Q),K € W=9(Q) be given. Then u € L9(Q) is called a very weak
solution of the Stokes problem with data F, IC, if

—(u,Aw) = (F,w), we ¥29(Q), )
—(u, V) = (K), ¢eW'9(Q),

or, equivalently,

(u,—Aw — V) = (F,w) + (K, ¢) . (6)
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Observation
If for every v € L9 (Q) there exists a unique solution w € Y29 (Q), ¢ € W9 (Q) to
the problem

—Aw—-V¢=v, divw=0in2, w=00nodN (7)
depending linearly on v and satisfying the estimate
IVEwllg + IVellg < clvig
then u € L9(Q) defined via the relation
(u,v) = (Fw) + (K,9)  ¥vel9(Q)

is the unique very weak solution of the Stokes system with data F and K.
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Definition
For a domain Q2 C R", we call
—Aw—-Vy =v in Q
Vdivw = Vy in Q *
w=0 on 99,

the system (*) corresponding to 2.
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Theorem (Farwig, Sohr 1994)
Letn > 2,1 < g < ooandlet Q=R]. Then to each

veliQ), ~yeWw' Q) nw9Q),
there is a solution (w, ¥)) € Y29(Q) x W"9(Q) of the system (*) and it holds
[VEwllg + [Vllg < e (Ivllg + [VAlq) (8)

with a constant ¢ = ¢(n, q) > 0.
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Theorem (Farwig, Sohr 1994; Farwig, S. 2012)
Letn > 2,1 < g < ooandlet Q=R]. Then to each

velLliQ), yeWH(Q),
there is a solution (w, ¢)) € Y29(Q) x W'9(Q) of the system (*) and it holds

HVZW”q +[[VYlg<c (||V||q + HV’YHq) (8)

with a constant ¢ = ¢(n, q) > 0.
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Strong Solutions in the Bent Half Space
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Theorem

Letn> 3,1 < g< n—1andlet H, be a bent half space. Then there is a constant
K = K(n, q) > 0 such that if || V'wl||oc < K and if || V"2w][n-1ge-1) < K oF

|- |V"2wl||oo < K, then for all v € LI(H,) and v € W"9(H,,) there exists a solution

(w,v) € Y?9(H,,) x W"9(H,,) of the system (*) satisfying the estimate
V2wl + [V¥llg < e ([IVIig +V7lq) )

with a constant ¢ = c(w, n,q) > 0.
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Theorem

Letn>3,1< g < n/2.thenforall v e L9Q) and v € W'"9(Q) there exists a
solution (w, ) € Y29(Q) x W'9(Q) of the system (*) with || V2w||, < oo satisfying
the estimate

IVEwllq + IV¥llq < ¢ (Ivlig + V71lq) (10)

with a constant ¢ = ¢(€2, n, q) > 0.
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Lemma
Let Q C R", n > 2 be an aperture domain. Suppose 1 < g < nand let r be defined
vial+l= 15' Then for every ¢ € W'9(Q) there are constants 1. € C such that

% = Vil + 1Y = V- llr@y + [ — 9| < cl| Vg
Furthermore, the sum
W9(Q) = WI(Q) @ {K¢® : K € C}

is direct. Here, ©° € C>(Q) is a function satisfying

oy J 1 for xeQ, 0 qu
@(X)_{O for xeQ_\B and p ax=0.

BNQ_
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Theorem
Let Q C R”, n > 3, be an aperture domain and let v € L9(Q), v=0,1 < g < 3.
Furthermore let r, p be defined via  + 7 = ¢ and % + 1 = 7, respectively. Then for

every o € C there is a unique solution (w, ) € Y29(Q) x W'9(Q) of the system
(*) such that ¢(w) = «. It holds

IVEwllg + [V¥llq < c(l[vllq +lal)

for some ¢ = ¢(n, q, Q2).
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Thank you very much for your attention!

Questions?

Nov 6, 2012 | Jonas Sauer | 13



	Introduction
	Duality Correspondence with Strong Solutions
	Generalized Definition
	Solution for General Data

	Strong Solutions
	Strong Solutions in the Half Space
	Strong Solutions in the Bent Half Space
	Strong Solutions in the Perturbed Half Space
	Strong Solutions in the Aperture Domain


