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Introduction

The problem (NS)

Consider

Ou+(u-Viu =f+divT(u)—Vr inJxQ,

divu =0 inJ x €,
u =0, onJ x 09,
u(0) =u in €,

Here:
@ u velocity of the fluid, = pressure of the fluid,
@ uj initial velocity of the fluid, f extra body force,
@ J=(0,T), 2 C R*domain.
@ T(u) extra stress tensor.



Introduction

Viscoelastic Fluids (OBF)

We set
T(u) := E(u) + 7,
where
ot + (u-V)r+~7 =0Du+ ¢g(Vu, 1) inJ x Q,
7(0) =79 in €.
Here:

® Eu=1 (Vu+ (Vu)T),
@ 7: elastic part of the stress,
@ Oldroyd-B fluids:

g(Vu,7) = —7Wu + Wut + a(Dut + 7Du)

for720,5>0,—1§a§lanqu:%(Vu—VuT),
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The Helmholtz decomposition

The Helmholtz projection

@ Letl < g < oo, Q) CR"be adomain.
@ We say that the Helmholtz decomposition exists if

L1(Q)" = L1(Q) & G4(),
where

G,(Q) : = {g € LY(Q)" : 3n € H"(Q) such that g = Vh},
LL(Q):={p e CX(Q)" :divp = ()}H'HM(Q)

In this case there exists the Helmholtz projection

P LUQ)" — L1(9).
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The Stokes operator

The Stokes operator

Let 1 < ¢ < oo and Q C R"” be a domain such that the
Helmholtz projection exists. Set

D(As;) = H*(Q) N Hy () N LL()
and define the Stokes operator

Ae - D(As) — LE(Q),
St u — PAu.



Approach 1: Eulerian Coordinates

Basic ldea

Rewrite as fixed point problem:

Oou—Au+Vr =f—(a-Va)+divt

divu =0
o+ (u-V)r+~1 =06Du+g(Vi, 7)
u =0,
u(0) =uy
7(0) =19

and consider

S (u,7) — (u,7).

inJ x €,
inJ x Q,
inJ x €,
onJ x 99,
in Q,

in €.



Approach 1: Eulerian Coordinates

Global Solutions for small data

) @ ) &) &) =)

L2, 8 small,n = 2,3, v > 0, bounded [1], exterior [2].
L?,8 >0,n=3,~ >0, bounded [3], exterior [4].
L2,5>0,'y>0,n:3,R3 [5].
L2,§>0,v=0,n=2,R> a=1][6].
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Approach 2: Lagrangian Coordinates

Lagrangian coordinates

We set

JxQy — JxQ
O :

(t,x) = (,X(t,6) =€+ [yv(s,X(s,)) ds)

and
v(t,x) := (©*)(t,x) == u(©~1(1,x)),
0(t,x (©0)(t,x) :=m o! t,x)),
n(t,x) == (©*n)(t,x) :== 7(0(z,x)).



Approach 2: Lagrangian Coordinates

Lagrangian coordinates

We set

and
v(t,x) := (©*)(t,x) == u(©~1(1,x)),
0(t,x (©0)(t,x) :=m o! t,x)),
n(t,x) == (©*n)(t,x) :== 7(0(z,x)).

Note: (0,7 + u.V1)(t,X(1,£)) = Om(t,§)



Approach 2: Lagrangian Coordinates

The Problem in Lagrangian Coordinates

Oov—Av+VO—-Divyp = F(v,0,n7) in(0,00) x €,
divv = F4(v) in (0,00) x Q,
om+yn—0Ev = G(v,n) in (0,00) x €,
v = 0 on (0,00) x 09,
V(O) = U in Q,
77(0) = T in Q?

Here:
® F(v,0,m) = Div [Vi(I(Vv))Vv+ Vo(I(Vv)n + V3(I(Vv))6],
@ Fu(v) = Va(I(Vv))Vv =div V5(I(Vv))v,
® G(v,n) = Ve(I(Vv))Vv+g(Vv,n) +g(V7(1(Vv))Vv,n),
@ I(Vv)(1) = fot Vv(s)ds,
@ V; are smooth functions with V;(0) = 0.



Approach 2: Lagrangian Coordinates

The associated linear problem (ALP)

Consider
Ov—Av+VO—-Divyp = f in (0,00) x Q,
divv = f in (0,00) x €,
on+yn—0Ev = g n (0,00) x Q,
v = 0 n (0, 00) x 012,
v(0) = u InQ,
n0) = 7o in .
for

fELL(0,00,Ly(Q)), g€ LL(0,00;H (),
Ja € HYP(0,00; Hy "9(92)) N LE(0, 00 H(Q)),
v € (D(Ast, L§()) 1,070 € H,(9).
Here:

o feLi(Ry;X) & e hf € I'(Ry; X)



Approach 2: Lagrangian Coordinates

The associated linear problem
Reduction to ug, n9,f; = 0

Oov—Av+VO—-Divyp = f  in(0,00) x €,
dive = 0 in(0,00) x €,
on+~ym—Ev = g in (0,00) x €,
v = 0 on(0,00) x 09,
v(0) = 0 inQ,
n0) = 0 inQ.

Idea:
@ Use Stokes semigroup: e*s’uy,
@ Use e 7r,
@ Use Bogovksii's operator.



Approach 2: Lagrangian Coordinates

Oldroyd-B Operator A,

This is equivalent to

C?)/ 0= Ay (;) () =G(1), >0,

where
_ (Ass PDiv
a (E il ) ’

in X = LL(Q) x H"(Q) with D(A,) = D(As;) x H9(1).



Approach 2: Lagrangian Coordinates

Maximal Lf, Regularity of A,

Theorem
Letp € (1,00). Then:
(a) It holds

s(Ay) <0, >0,

(b) A, has maximal LY, regularity for i1 > s(A,).

The theorem above yields maximal reqularity estimates for
(ALP)




Approach 2: Lagrangian Coordinates

Idea of proof: Maximal regularity

@ Note that Ag;, and —~ are R-sectorial.
@ Show

_ (As; PDiv
A= < 0 = )
is R-sectorial.
@ Show E is small perturbation.



Approach 2: Lagrangian Coordinates

Spectrum of the Oldroyd Operator

Fix g € (1,00). Then, the spectrum of A, is independent of q
and

o(-A,)) ={AeC:k(\) €ed(As)} U{—,—-1 -1~}
op(=Ay) = o(=A) \{-1-~}.

All eigenvalues of — A, are isolated and their limit points are
—1 —~ and —cc.

Here:

K(A) == A1+ m)_l.



Approach 2: Lagrangian Coordinates

Nonlinear Terms

We define

N(V’Hﬂl) = (F(Vﬂean)aFd(V)ﬂ G(Vv 77))

Recall:
@ F(v,0,n) = Div [Vi(I(Vv))Vv+ Vo(I(Vv)n + V3(I(Vv))],
@ Fu(v) = Va(I(Vv))Vyv =div V5(I(Vv))v,
® G(v,n) = Ve(I(Vv))Vv+g(Vv,n) +g(V7(I(Vv))Vv,n),

Letp € (1,00), g € (n,00), u < 0. Then

N e C!

Moreover, N(0) = 0 as well as DN(0) = 0.




Approach 2: Lagrangian Coordinates

Global Solutions (v > 0)

Lety>0,p e (1,00), q € (n,00).
(a) Then there exists a unique, global strong (u, m, ) of the
Oldroyd-B
u €L (Ry; H2(Q)) N HLP (R L4(9))
m €Ll (Ry; ()
7 €Ll (Ry; HY(Q)) N HP (Ry; LI9))
of problem (OBF) for initial data small w.r.t.
(D(Ay), X),_1 ,-norm and some . < 0.
p’

(b) (u,7) = 0 firt — oo in (D(A,), X), 1 ,.




Approach 2: Lagrangian Coordinates

Idea of Proof

@ Fixed point iteration.
@ Lete #v e H'"(0,00; L4(Q)) N LF(0, 00; D(As;)). Then,

e *ue H"(0,00;L1(Q)) N LP(0, 00; D(Ag,))
— BUC([Ov OO); (D(ASI)7Lq)1—%,p>'

(o

u converges exponetially fast to 0in (D(Ag), L)1 -
p7

o Lete 5 € H'(0,00; H'9(1)). Then,

7 € H'(0,00;L9(Q)) N L7(0, 003 H'4(Q))
e "1 € BUC([0, 00); H™(Q)).

T converges exponetially fast to 0 in 7 (€2).



Approach 2: Lagrangian Coordinates

Spectrum of Ay

Recall:

As; PDiv
a= (7o)

(a) 0 is isolated eigenvalue Aj.
(b) X =N(Ap) ® R(Ao).




Approach 2: Lagrangian Coordinates

Kernel and Range of the Oldroyd Operator

Let~y = 0. Kernel N(Ay) and range R(Ay) of Ay are

N(Ap) = {0} x {n € H"(Q): PDivy = 0},
R(Ap) =LL(Q) x {n=Ew: w e D(As;) }.

The corresponding projections
P': X = R(A)) and P°: X — N(A)
are given by

Pi(f,g) = (f, —EAS_thDivg), (f,g) € &,
P(f,g) = (0,g + EA;'PDivg), (f,g) € X.




Approach 2: Lagrangian Coordinates

The Problem in Lagrangian Coordinates (y = 0)

Recall:
pOyv —Av+VO —Divy = F(v,0,n) in(0,00) x Q,
divv = Fy(v) in (0,00) x Q,
om—Ev = G(v,n) n (0,00) x Q,
v = 0 on (0, 00) x 012,
v(0) = u in Q,
n(0) = 7o in Q,

Here:
@ F(v,0,m) = Div [Vi(I(Vv))Vv+ Va(I(Vv)n + V3(I(Vv))b],
@ Fu(v) = Va(I(Vv))Vyv =div V5(I(Vv))v,
@ G(v,1) = Vs(I(V¥))Vv + g(Vv,n) + g(V2(I(V¥)) Vv, 1),



Approach 2: Lagrangian Coordinates

Maximal f, Regularity: v = 0 (LOBF)

Consider

Ou—Au+Vr+Divr=f+DivF  in(0,00) x £,

divu =0 in (0,00) x €,
T —Eu=g in (0,00) x €,
u=20 auf (0, 00) x 992,
u(0,-) =0 in Q,
7(0,-) =0 in €.

for
f el =L Ry L1Q),
F € Fy := {F € BUC([0,00); H"(Q)): &;F € L,(Ry; HY())}
g€ G =L (R ; HY(Q)).



Approach 2: Lagrangian Coordinates

Maximal L, Regularity of (LOBF))

Theorem

Letp,q € (1,00), v =0, Then, there exists u < 0, s.t. forf € Fy,
F € F, and g € G there exists a unique solution (u, w, ) of
(LOBF),) satisfying
u €L, (Ry; H>(Q))
n €L (Ry; H'(Q)
+ {6 € BUC([0,00); H(Q)): 8,0 € LE,(R H"(Q))}
7 €{n € BUC([0, 00); H(9)): O € Li,(R; H(2))}

AHLP (R L9(Q)




Approach 2: Lagrangian Coordinates

Global Solutions (v = 0)

Lety=0.pe (l,0),q € (n,0).

(a) Then, there exists a global solution (u,, T)
u €LL,(Ry; H(Q))
™ €L (Ry; HY())

+ {r € BUC([0,00); H"(Q)): 8w € LL,(R4LI()) }
T €{r € BUC([0,00); H"(Q)): O,7 € L (R ;L)) }

Q) NHY? (R 45 L9())
Q

of (OBF) for small data w.r.t. (D(Ao), X),_. ,-norm and
some p < 0. ’

(b) (u,7) = (0,70) fort — oo in (D(Ao), X),_1 .




Approach 2: Lagrangian Coordinates

Idea of Proof

@ Fixed point iteration.
@ Lete #v e H'"(0,00;L(Q)) N LP(0, 00; D(As;)). Then,

e u € H'(0,00; L(9)) N L7(0, 00; D(As.))
— BUC([0, 00); (D(Ast), LE) 1 ).
u converges exponetially fast to 0 in (D(As;), L), 1 .
pi
@ Letn € BUC(]0,00); H(Q)), e #0im € LP(0, 00; H-9(1Q)).
Then,

N =

T € BUC([0,00); H(Q)), 67“'%7 € L1(0,00; L1(Q)).

Moreover, there exists 7>° € H'4(Q) such that 7 converges
to 7°° in H'“9(Q).



Approach 2: Lagrangian Coordinates

Equilibria (7 symmetric)

Assume that~ = 0. Then (u,n, ) is an equilibrium of (OBF) if
and only if

u=0 and Divrt = V.

Furthermore, the energy

E— %fg\u!”%fg\ﬂz ifa =0,
gfﬂ\u|2+21faf9tr7 ifa#0
is a strict Ljapunov functional, i.e. for every solution (u,w, ) of

(OBF) the energy satisfies 4E < 0 and 4E = 0 if only if (u,,T)
is an equilibrium.
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