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The problem (NS)

Consider

∂tu + (u · ∇)u = f + div T(u)−∇π in J × Ω,
div u = 0 in J × Ω,

u = 0, on J × ∂Ω,
u(0) = u0 in Ω,

Here:
u velocity of the fluid, π pressure of the fluid,
u0 initial velocity of the fluid, f extra body force,
J = (0,T), Ω ⊂ Rn domain.
T(u) extra stress tensor.
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Viscoelastic Fluids (OBF)

We set

T(u) := E(u) + τ ,

where

∂tτ + (u · ∇)τ + γτ = δDu + g(∇u, τ) in J × Ω,

τ(0) = τ0 in Ω.

Here:
Eu = 1

2

(
∇u + (∇u)T

)
,

τ : elastic part of the stress,
Oldroyd-B fluids:

g(∇u, τ) = −τWu + Wuτ + a(Duτ + τDu)

for γ ≥ 0, δ > 0, −1 ≤ a ≤ 1 and Wu = 1
2(∇u−∇uT),
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The Helmholtz decomposition

The Helmholtz projection

Let 1 < q <∞, Ω ⊂ Rn be a domain.
We say that the Helmholtz decomposition exists if

Lq(Ω)n = Lq
σ(Ω)⊕ Gq(Ω),

where

Gq(Ω) : = {g ∈ Lq(Ω)n : ∃h ∈ Ĥ1,q(Ω) such that g = ∇h},
Lq
σ(Ω) : = {ϕ ∈ C∞c (Ω)n : divϕ = 0}‖·‖Lq(Ω)

In this case there exists the Helmholtz projection

P : Lq(Ω)n → Lq
σ(Ω).
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The Stokes operator

The Stokes operator

Let 1 < q <∞ and Ω ⊂ Rn be a domain such that the
Helmholtz projection exists. Set

D(ASt) = H2,q(Ω) ∩ H1,q
0 (Ω) ∩ Lq

σ(Ω)

and define the Stokes operator

ASt :

{
D(ASt) → Lq

σ(Ω),
u 7→ P∆u.
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Basic Idea

Rewrite as fixed point problem:

∂tu−∆u +∇π = f − (ũ · ∇)ũ) + div τ̃ in J × Ω,
div u = 0 in J × Ω,

∂tτ + (ũ · ∇)τ + γτ = δDu + g(∇ũ, τ̃) in J × Ω,
u = 0, on J × ∂Ω,

u(0) = u0 in Ω,
τ(0) = τ0 in Ω.

and consider

Φ : (ũ, τ̃) 7→ (u, τ).
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Global Solutions for small data

L2, δ small, n = 2, 3, γ > 0, bounded [1], exterior [2].
L2, δ > 0, n = 3, γ > 0, bounded [3], exterior [4].
L2, δ > 0, γ > 0, n = 3, R3 [5].
L2, δ > 0, γ = 0, n = 2, R2, a = 1 [6].
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Lagrangian coordinates

We set

Θ :

{
J × Ω0 → J × Ω

(t, x) 7→ (t,X(t, ξ) = ξ +
∫ t

0 v(s,X(s, ξ)) ds)

and

v(t, x) := (Θ∗v)(t, x) := u(Θ−1(t, x)),

θ(t, x) := (Θ∗θ)(t, x) := π(Θ−1(t, x)),

η(t, x) := (Θ∗η)(t, x) := τ(Θ−1(t, x)).

Note: (∂tτ + u.∇τ)(t,X(t, ξ)) = ∂tη(t, ξ)
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The Problem in Lagrangian Coordinates

∂tv−∆v +∇θ − Div η = F(v, θ, η) in (0,∞)× Ω,
div v = Fd(v) in (0,∞)× Ω,

∂tη + γη − δEv = G(v, η) in (0,∞)× Ω,
v = 0 on (0,∞)× ∂Ω,

v(0) = u0 in Ω,
η(0) = τ0 in Ω,

Here:
F(v, θ, η) = Div

[
V1(I(∇v))∇v + V2(I(∇v))η + V3(I(∇v))θ

]
,

Fd(v) = V4(I(∇v))∇v = div V5(I(∇v))v,
G(v, η) = V6(I(∇v))∇v + g(∇v, η) + g(V7(I(∇v))∇v, η),

I(∇v)(t) =
∫ t

0 ∇v(s)ds,
Vj are smooth functions with Vj(0) = 0.
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The associated linear problem (ALP)

Consider
∂tv−∆v +∇θ − Div η = f in (0,∞)× Ω,

div v = fd in (0,∞)× Ω,
∂tη + γη − δEv = g in (0,∞)× Ω,

v = 0 on (0,∞)× ∂Ω,
v(0) = u0 in Ω,
η(0) = τ0 in Ω.

for

f ∈ Lp
µ(0,∞; Lq(Ω)), g ∈ Lp

µ(0,∞; H1,q(Ω)),

fd ∈ H1,p
µ (0,∞; Ĥ−1,q

0 (Ω)) ∩ Lp
µ(0,∞; H1,q(Ω)),

v0 ∈ (D(ASt,Lq
σ(Ω))1− 1

p ,p
, τ0 ∈ H1

q(Ω).

Here:
f ∈ Lp

µ(R+; X)⇔ e−µ·f ∈ Lp(R+; X)
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The associated linear problem
Reduction to u0, η0, fd = 0

∂tv−∆v +∇θ − Div η = f in (0,∞)× Ω,
div v = 0 in (0,∞)× Ω,

∂tη + γη − Ev = g in (0,∞)× Ω,
v = 0 on (0,∞)× ∂Ω,

v(0) = 0 in Ω,
η(0) = 0 in Ω.

Idea:
Use Stokes semigroup: eASttu0,
Use e−γtτ0,
Use Bogovksii’s operator.
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Oldroyd-B Operator Aγ

This is equivalent to(
v
η

)′
(t)−Aγ

(
v
η

)
(t) = G(t), t > 0,(

v
η

)
(0) = 0,

where

Aγ =

(
ASt P Div
E −γ

)
,

in X = Lq
σ(Ω)× H1,q(Ω) with D(Aγ) = D(ASt)× H1,q(Ω).
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Maximal Lp
µ Regularity of Aγ

Theorem
Let p ∈ (1,∞). Then:
(a) It holds

s(Aγ) < 0, γ > 0,

s(A0) = 0.

(b) Aγ has maximal Lp
µ regularity for µ > s(Aγ).

Remark
The theorem above yields maximal regularity estimates for
(ALP)
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Idea of proof: Maximal regularity

Note that ASt and −γ are R-sectorial.
Show

Aγ =

(
ASt P Div
0 −γ

)
is R-sectorial.
Show E is small perturbation.
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Spectrum of the Oldroyd Operator

Proposition

Fix q ∈ (1,∞). Then, the spectrum of Aγ is independent of q
and

σ(−Aγ) = {λ ∈ C : κ(λ) ∈ σ(ASt)} ∪ {−γ,−1− γ}
σp(−Aγ) = σ(−Aγ) \ {−1− γ}.

All eigenvalues of −Aγ are isolated and their limit points are
−1− γ and −∞.

Here:

κ(λ) := λ(1 +
δ

λ+ γ
)−1.
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Nonlinear Terms

We define

N(v, θ, η) := (F(v, θ, η),Fd(v),G(v, η)).

Recall:
F(v, θ, η) = Div

[
V1(I(∇v))∇v + V2(I(∇v))η + V3(I(∇v))θ

]
,

Fd(v) = V4(I(∇v))∇v = div V5(I(∇v))v,

G(v, η) = V6(I(∇v))∇v + g(∇v, η) + g(V7(I(∇v))∇v, η),

Lemma
Let p ∈ (1,∞), q ∈ (n,∞), µ < 0. Then

N ∈ C1

Moreover, N(0) = 0 as well as DN(0) = 0.
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Global Solutions (γ > 0)

Theorem
Let γ > 0, p ∈ (1,∞), q ∈ (n,∞).
(a) Then there exists a unique, global strong (u, π, τ) of the

Oldroyd-B

u ∈Lp
µ(R+; H2,q(Ω)) ∩ H1,p

µ (R+; Lq(Ω))

π ∈Lp
µ(R+; Ĥ1,q(Ω))

τ ∈Lp
µ(R+; H1,q(Ω)) ∩ H1,p

µ (R+; LqΩ))

of problem (OBF) for initial data small w.r.t.
(D(Aγ),X )1− 1

p ,p
-norm and some µ < 0.

(b) (u, τ)→ 0 für t→∞ in (D(Aγ),X )1− 1
p ,p

.
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Idea of Proof

Fixed point iteration.
Let e−µ·v ∈ H1,p(0,∞; Lq(Ω)) ∩ Lp(0,∞; D(ASt)). Then,

e−µ·u ∈ H1,p(0,∞; Lq(Ω)) ∩ Lp(0,∞; D(ASt))

↪→ BUC([0,∞); (D(ASt),Lq
σ)1− 1

p ,p
).

u converges exponetially fast to 0 in (D(Aq),Lq,σ)1− 1
p ,p

.

Let e−µ·η ∈ H1,p(0,∞; H1,q(Ω)). Then,

e−µ·τ ∈ H1,p(0,∞; Lq(Ω)) ∩ Lp(0,∞; H1,q(Ω))

e−µ·τ ∈ BUC([0,∞); H1,q(Ω)).

τ converges exponetially fast to 0 in H1
q(Ω).
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Spectrum of A0

Recall:

Aγ =

(
ASt P Div
E 0

)
.

Theorem
(a) 0 is isolated eigenvalue A0.
(b) X = N(A0)⊕ R(A0).
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Kernel and Range of the Oldroyd Operator

Lemma

Let γ = 0. Kernel N(A0) and range R(A0) of A0 are

N(A0) = {0} × {η ∈ H1,q(Ω): P Div η = 0},
R(A0) = Lq

σ(Ω)× {η = Ew : w ∈ D(ASt)}.

The corresponding projections

Ps : X → R(A0) and Pc : X → N(A0)

are given by

Ps(f , g) = (f ,−EA−1
St P Div g), (f , g) ∈ X ,

Pc(f , g) = (0, g + EA−1
St P Div g), (f , g) ∈ X .
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The Problem in Lagrangian Coordinates (γ = 0)

Recall:

ρ∂tv−∆v +∇θ − Div η = F(v, θ, η) in (0,∞)× Ω,
div v = Fd(v) in (0,∞)× Ω,

∂tη − Ev = G(v, η) in (0,∞)× Ω,
v = 0 on (0,∞)× ∂Ω,

v(0) = u0 in Ω,
η(0) = τ0 in Ω,

Here:
F(v, θ, η) = Div

[
V1(I(∇v))∇v + V2(I(∇v))η + V3(I(∇v))θ

]
,

Fd(v) = V4(I(∇v))∇v = div V5(I(∇v))v,

G(v, η) = V6(I(∇v))∇v + g(∇v, η) + g(V7(I(∇v))∇v, η),
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Maximal Lp
µ Regularity: γ = 0 (LOBF0)

Consider

∂tu−∆u +∇π + Div τ = f + Div F in (0,∞)× Ω,

div u = 0 in (0,∞)× Ω,

∂tτ − Eu = g in (0,∞)× Ω,

u = 0 auf (0,∞)× ∂Ω,

u(0, ·) = 0 in Ω,

τ(0, ·) = 0 in Ω.

for

f ∈ F1 := Lp
µ(R+; Lq(Ω),

F ∈ F2 := {F ∈ BUC([0,∞); H1,q(Ω)) : ∂tF ∈ Lp
µ(R+; H1,q(Ω))

}
g ∈ G := Lp

µ(R+; H1,q(Ω)).
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Maximal Lp
µ Regularity of (LOBF0)

Theorem
Let p, q ∈ (1,∞), γ = 0, Then, there exists µ < 0, s.t. for f ∈ F1,
F ∈ F2 and g ∈ G there exists a unique solution (u, π, τ) of
(LOBF0) satisfying

u ∈Lp
µ(R+; H2,q(Ω)) ∩ H1,p

µ (R+; Lq(Ω))

π ∈Lp
µ(R+; Ĥ1,q(Ω))

+
{
θ ∈ BUC([0,∞); Ĥ1,q(Ω)) : ∂tθ ∈ Lp

µ(R+Ĥ1,q(Ω))
}

τ ∈
{
η ∈ BUC([0,∞); H1,q(Ω)) : ∂tη ∈ Lp

µ(R+; H1,q(Ω))
}



tud-logo

Introduction Preliminaries Approach 1: Eulerian Coordinates Approach 2: Lagrangian Coordinates

Global Solutions (γ = 0)

Theorem
Let γ = 0. p ∈ (1,∞), q ∈ (n,∞).
(a) Then, there exists a global solution (u, π, τ)

u ∈Lp
µ(R+; H2,q(Ω)) ∩ H1,p

µ (R+; Lq(Ω))

π ∈Lp
µ(R+; Ĥ1,q(Ω))

+
{
τ ∈ BUC([0,∞); Ĥ1,q(Ω)) : ∂tπ ∈ Lp

µ(R+Lq(Ω))
}

τ ∈
{
τ ∈ BUC([0,∞); H1,q(Ω)) : ∂tτ ∈ Lp

µ(R+; Lq(Ω))
}

of (OBF) for small data w.r.t. (D(A0),X )1− 1
p ,p

-norm and
some µ < 0.

(b) (u, τ)→ (0, τ0) for t→∞ in (D(A0),X )1− 1
p ,p

.
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Idea of Proof

Fixed point iteration.
Let e−µ·v ∈ H1,p(0,∞; Lq(Ω)) ∩ Lp(0,∞; D(ASt)). Then,

e−µ·u ∈ H1,p(0,∞; Lq(Ω)) ∩ Lp(0,∞; D(ASt))

↪→ BUC([0,∞); (D(ASt),Lq
σ)1− 1

p ,p
).

u converges exponetially fast to 0 in (D(ASt),L
q
σ)1− 1

p ,p
.

Let η ∈ BUC([0,∞); H1,q(Ω)), e−µ·∂tη ∈ Lp(0,∞; H1,q(Ω)).
Then,

τ ∈ BUC([0,∞); H1,q(Ω)), e−µ·
d
dt
τ ∈ Lq(0,∞; Lq(Ω)).

Moreover, there exists τ∞ ∈ H1,q(Ω) such that τ converges
to τ∞ in H1,q(Ω).
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Equilibria (τ symmetric)

Proposition

Assume that γ = 0. Then (u, π, τ) is an equilibrium of (OBF) if
and only if

u = 0 and Div τ = ∇π.

Furthermore, the energy

E =

{
ρ
2

∫
Ω |u|

2 + 1
2δ

∫
Ω |τ |

2 if a = 0,
ρ
2

∫
Ω |u|

2 + 1
2a

∫
Ω tr τ if a 6= 0

is a strict Ljapunov functional, i.e. for every solution (u, π, τ) of
(OBF) the energy satisfies d

dt E ≤ 0 and d
dt E = 0 if only if (u, π, τ)

is an equilibrium.
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