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INTRODUCTION (Korn’s Inequality)

Ω Ă Rn : bounded Lipschitz domain, ‖¨‖ :“ ‖¨‖L2pΩq

εpuq :“
`

εijpuq
˘

, εijpuq :“
1
2pBjui ` Biujq for u “ puiq PH

1pΩq

.

Korn’s Inequality

.

.

.

‖εpuq‖2 ` ‖u‖2 ě DC ‖∇u‖2 @u PH1pΩq :“ H1pΩ;Cnq

For u P L2pΩq (even for u P D1
pΩq), it holds

εijpuq P L
2pΩq p1 ď i ď j ď nq

only 1
2
npn ` 1q linear combinations

of partial derivatives of u

ñ Bjui P L
2pΩq p1 ď i, j ď nq

n2 partial derivatives of u

“This implication is definitely unexpected ” by Ciarlet (1986)

.

Long History

.

.

.

Korn (1906,...), Friedrichs (1947), Gobert (1962), Nečas (1967), Duvaut-Lions (1972),
Nitsche (1981), Kondrat’ev-Oleinik (1988), Horgan (1995), Ciarlet (2005,...), . . . . . .
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Energy Functional

.

.

Erus “

ż

Ω
W p∇uq dx for u “ purq PH

1pΩq :“ H1pΩ;Cmq

with W p∇uq “
n
ÿ

i,j“1

pAijBju, BiuqCm , pA
ijqT “ Aji PMmpRq

p1 ď i, j ď nq

Case of linear elasticity pm “ nq

W p∇uq “ W̃ pεpuqq “
ÿ

i,j,k,h

aijkhεkhpuqεijpuq paijkh “ akhij “ ajikhq

“
ÿ

i,j

pAijBju, Biuq with Aij “
`

aikjh
˘

k“1 Ó n
h“1Ñn

　 strong convexity :
ř

i,j,k,h

aijkhskhsij ě Dc0
ř

i,j

sij
2 @psijq : real sym. ñ Erus ě c0‖εpuq‖2 　

　 isotropic elasticity :

Aij “ λ ei b ej ` µpej b ei ` Inq, Erus “ λ‖tr εpuq‖2 ` 2µ‖εpuq‖2 　
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Variety of Coerciveness

Erus “

ż

Ω

´

Lu
hkkkkkkkikkkkkkkj

´
ÿ

i,j

AijBiBju, u
¯

dx `

ż

BΩ

´

Nu
hkkkkkkkkikkkkkkkkj

ÿ

i,j

νipxqAijBju, u
¯

dS

Erus ÐÑ Neumann-type B.V.P. tL,N u

.

.

① strongly elliptic Erus ě Dc1‖∇u‖2 @u PH1
0pΩq

② coercive Erus ` Dc0‖u‖2 ě Dc1‖∇u‖2 @u PH1pΩq

③ Korn-type ineq.
�� ��Erus ` @c0‖u‖2 ě Dc1‖∇u‖2 @u PH1pΩq

④ strongly coercive Erus ě Dc1‖∇u‖2 @u PH1pΩq

.

Remark

.

.

.

Generally, ④ ñ ③ ñ ② ñ ①. If m “ 1 por n “ 1q, all are equivalent.

Condition for ①, ② pBΩ P C1q to hold is well known.

③ ô

�� ��Erus ě 0 & Erus ` ‖u‖2 ě c1‖∇u‖2 @u P H1pΩq

Erus ě 0 p@uq ô Erus “ ‖P pBqu‖2 （DP pξq : homog. in ξ of deg. 1）
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Condition for ①, ② to Hold

Lpξq :“
ÿ

i,j

Aijξiξj , Nνpξq :“
?
´1

ÿ

i,j

Aijνiξj , ξ “ pξiq, ν “ pνiq P Rn.

.

.

① ô Lpξq ą O @ξ P Sn´1 (LpDq is strongly elliptic)

When LpDq is strongly elliptic, let Zνpηq pη K νq
be the symbol of Dirichlet-Neumann map for
B.V.P. tLpDq, NνpDqu on Ων“ tx | x ¨ ν ă 0u

η

ν

ν = {x · ν < 0}Ω

If BΩ P C1,

.

.

② ô Lpξq ą O @ξ P Sn´1, Zνpηq ą O @ν, η P Sn´1 with η K ν

LpDq : strongly elliptic tLpDq, NνpDqu : strongly complementing

`

ô Erus ě DCν‖∇u‖2 @u PH1pΩνq, @ν P Sn´1
˘
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Example (isotropic elasticity)

.

.

Aij “ λ ei b ej ` µ pδijI ` ej b eiq 1 ď i, j ď n p“ m ě 2q,

Erus “ λ ‖divu‖2 ` 2µ ‖εpuq‖2 pλ, µ : Lamé constantsq.

.

.

Lpξq “ µ|ξ|2I ` pλ` µqξ b ξ with eigenvalues µ|ξ|2, . . . , µ|ξ|2
loooooooomoooooooon

n´1

, pλ ` 2µq|ξ|2

Nνpξq “
?
´1 tλν b ξ ` µppξ ¨ νqI ` ξ b νqu

Thus, ① ô µ ą 0 & λ` 2µ ą 0

Under this condition,

.

.

Zνpηq “ µ

"

I `
λ ` µ

λ ` 3µ

´

η

|η|
b

η

|η|
`

ν

|ν|
b

ν

|ν|

¯

`
?
´1

2µ

λ ` 3µ

η

|η|
^

ν

|ν|

*

|η||ν|

with eigenvalues µ|η||ν|, . . . , µ|η||ν|
loooooooooomoooooooooon

n´2

, 2µ|η||ν|, 2µpλ ` µq

λ ` 3µ
|η||ν|

Hence, ② ô µ ą 0 & λ` µ ą 0
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Nonnegative Energy

pζri Ø Biurq
�

�

�

�
Erus ě 0

pW p∇uq ě 0q

@u P H1pΩq

ô

quad. form of Z
hkkkkkkkikkkkkkkj

n
ÿ

i,j“1

Aijζj ¨ ζi ě 0 @Z “ pζ1 ¨ ¨ ¨ ζnq P Mm,npRq

“

ζi “ pζriq P Rm, 1 ď i ď n.

L1
ÿ

`“1

ˆ m
ÿ

r“1

n
ÿ

i“1

Dai`r ζri

˙2

(L1 : positive index of the form)

Aij “

´ L1
ř

`“1

ai`ra
j
`s

¯

r“1 Óm
s“1ÑmHence,

Erus “
L1
ÿ

`“1

›

›

›

m
ÿ

r“1

n
ÿ

i“1

ai`r Biur

›

›

›

2
“

L1
ÿ

`“1

›

›

›

m
ÿ

r“1

p`rpBqur

›

›

›

2
“ }P pBqu}2,

p`rpξq :“
n
ÿ

i“1

ai`r ξi, P pξq :“
`

p`rpξq
˘

`“1 ÓL1
r“1Ñm

determined uniquely
up to its row space

and

.

.

④ ô L1 “ mn
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PROBLEM (Generalized Korn’s Inequality)

We consider inequality ③ for

Erus ” ‖P pBqu‖2 “
L
ÿ

`“1

›

›

›

m
ÿ

r“1

p`rpBqur

›

›

›

2
(Remark: L1 ď L)

P pξq “

¨

˚

˚

˚

˝

p11pξq p12pξq ¨ ¨ ¨ p1mpξq

p21pξq p22pξq ¨ ¨ ¨ p2mpξq
...

...
...

pL1pξq pL2pξq ¨ ¨ ¨ pLmpξq

˛

‹

‹

‹

‚

, p`rpξq “
n
ÿ

i“1

ai`r ξi.

.

Generalized Korn’s inequality

.

.

.

(K) ‖P pBqu‖2 ` ‖u‖2 ě DC ‖∇u‖2 @u PH1pΩq “ H1pΩ;Cmq

.

Our Problems

.

.

.

.

.

.

1 Find a necessary and
easy to check

sufficient condition of P pξq for (K) to hold.

.

.

.

2 Given m and n, find the minimum of L over all P pξq for which (K)
holds.
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Main Results

.

Theorem

.

.

.

Each of the following is necessary and sufficient for (K) to hold.

1 rankP pξq “ m @ξ P Cn z t0u.

2 Dk P N : @|α| “ k pα P N0
n

q DQαpξq phomog. of deg. k ´ 1q s.t.

Qαpξq
loomoon

mˆL

P pξq
loomoon

Lˆm

“ ξαIm.

3 NP :“ tu PH1
locpRnq | P pBqu “ 0u is finite dimensional.

4 All mˆm minors of P pξq spans the space of homogeneous
polynomials of ξ of degree m.

.

Remark

.

.

.

1, 2 p3 q are already known to be necessary and sufficient (Nečas (1967))

4 is a new condition, which has some advantages over the others.
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Outline of Proof

.

.

1 rankP pξq “ m @ξ ‰ 0

ó Hilbert’s Nullstellensatz ¨ ¨ ¨ less information about k and Qαpξq

2 Dk P N : p @|α| “ k DQαpξq : QαpξqP pξq “ ξαI q

ó Lions’s lemma (or Sobolev’s representation formula & sing. integral)

(K) ‖P pBqu‖2 ` ‖u‖2 ě DC‖∇u‖2 @u PH1pΩq

Lions’s Lemma

“u P H´1pΩq,∇u P H´1pΩq” implies u P L2pΩq and

‖u‖L2 ď Cp‖u‖H´1 ` ‖∇u‖H´1q.

Accordingly, for any p P N0 and q P N,

‖u‖H´p ď C
ÿ

|α|ďq

‖Bαu‖H´p´q .

Hiroya ITO (UEC) Generalized Korn’s inequalities June 20, 2013 10 / 16



Outline of Proof (continued)

.

.

 1 Dξ0 : rankP pξ0q ă m

ó constructive

 3 dimNP “ 8

ó fundamental

 (K)

If a ‰ 0 solves P pξ0qa “ 0,

upxq “ Repeλξ0¨xaq

belongs to NP for all λ P R.

If (K) holds, then

‖u‖2 ě C‖∇u‖2 @u P NP .

.

.

1

easy òó Eagon-Northcott complex

4
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Advantage of New Condition

In general situation, 4 is the easiest to check.
(algorithmically checked)

If 4 holds, we can explicitly construct Qαpξq in 2 for k “ m.

4 leads us to the following interesting corollary.

.

Corollary

.

.

.

Let any one of the conditions in Theorem be satisfied.

ⓐ The number L of rows of P pξq must be ě m` n´ 1.

ⓑ We can take k appearing in 2 above so that k ď m.

Hence, we have dim NP ď
`

m`n´1
n

˘

a priori.
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Example 1 (optimal case)

.

.

Erus “

m`n
ÿ

`“2

›

›

›

›

›

ÿ

i`r“`
1ďiďn
1ďrďm

Biur

›

›

›

›

›

2

if m“n
“

2n
ÿ

`“2

›

›

›

›

›

ÿ

i`j“`
1ďi,jďn

εijpuq

›

›

›

›

›

2

ÐÑ P pξq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

ξ1

ξ2 ξ1
... ξ2

. . .

ξn´1
. . .

. . . ξ1

ξn ξn´1
. . . ξ2

ξn
. . .

...
. . . ξn´1

ξn

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Then,
rankP pξq “ m @ξ P Cn z t0u ;

dimNP “
`

m`n´1
n

˘

, L “ m` n´ 1.

If n “ m ě 3, this gives an inequality strictly stronger than Korn’s ineq.
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Example 2 (isotropic elasticity)

.

.

Erus “ λ ‖divu‖2 ` 2µ ‖εpuq‖2
´

ě mintnλ` 2µ, 2µu ‖εpuq‖2
¯

“
nλ` 2µ

n

›

›

›

n
ÿ

i“1

εiipuq

›

›

›

2
`

n´1
ÿ

j“1

2µ

jpj ` 1q

›

›

›

j
ÿ

i“1

εiipuq ´ εj`1,j`1puq

›

›

›

2
` 4µ

ÿ

iăj

‖εijpuq‖2

“
nλ` 2µ

n

›

›

›

n
ÿ

i“1

εiipuq

›

›

›

2

`
2µ

n

ÿ

iăj

‖εiipuq ´ εjjpuq‖2 ` 4µ
ÿ

iăj

‖εijpuq‖2

“
nλ` 2µ

n

›

›tr εpuq
›

›

2
` 2µ

›

›εpuq ´
1

n
ptr εpuqqI

›

›

2
.

.

.

③ Korn-type ineq.

ô µ ą 0 &

"

nλ ` 2µ ą 0 pn ě 2q L1 “ 1
2
npn`1q

nλ ` 2µ “ 0 pn ě 3q L1 “ 1
2
npn`1q ´ 1

.

Applications

.

.

.

nλ` 2µ ą 0 : isotropic elasticity, Navier-Stokes eq., Killing eq. pλ “ 0q

nλ` 2µ “ 0 pn ě 3q : conformal Killing eq. (Dain 2006)
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Case 1: µ ą 0, nλ ` 2µ ą 0 pn ě 2q

Erus – ‖εpuq‖2,

L1 “
1
2npn` 1q (optimal if n “ 2)

BjBkui “ Bjεkipuq ` Bkεijpuq ` Biεjkpuq p@i, j, kq

N “ tupxq |

u : Kiling vector field
hkkkkikkkkj

εpuq “ O u

“ tSx` c | S P sopnq, c P Rnu, dimN “
npn`1q

2 .
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Case 2: µ ą 0, nλ ` 2µ “ 0 pn ě 3q

Erus “ 2µ
›

›εpuq ´ 1
nptr εpuqqI

›

›

2

–
ÿ

1ďiăjďn

p‖ζijpuq‖2 ` ‖εijpuq‖2q pζijpuq :“ εiipuq ´ εjjpuqq,

L1 “
1
2npn` 1q ´ 1 (optimal if n “ 3)

$

’

’

’

’

&

’

’

’

’

%

BjBku
i “ Bjεkipuq ´ Biεjkpuq ` Bkεijpuq,

B3
ju

i “ 2B2
j εijpuq ´ BiBjζjkpuq ´ BkpBiBju

kq,

B2
i Bju

i “ 2B2
i εijpuq ´ B3

i u
j ,

B4
i u

i “ B3
i ζijpuq ` BjpB3

i u
jq p@i, j, k : distinctq

N “ tupxq |

u : conformal Killing vector field
hkkkkkkkkkkkkkkikkkkkkkkkkkkkkj

εpuq ´ 1
nptr εpuqqI “ O u

“
 

2pa,xqx´ |x|2a` pbI ` Sqx` c
ˇ

ˇ a, c P Rn, b P R, S P sopnq
(

,

dimN “
pn`1qpn`2q

2 .
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