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INTRODUCTION (Korn's Inequality)

Q = R"™: bounded Lipschitz domain, [|-[| := [|-[|z2(q)
e(u) := (gi5(n)), eij(w) := 3(05u; + du;) for u = (u;) € HY(RQ)

Korn’s Inequality

le()I* + [u* > *C |Vul*  Yue H'(Q) = H (2 C")

For u € L?() (even for u € D'(2)), it holds
eij(u) e L2(Q) 1<i<j<n) = dju;€L*(Q) (1<i,j<n)

only %n(n + 1) linear combinations n? partial derivatives of u
of partial derivatives of u

“This implication is definitely unexpected” by Ciarlet (1986)

Long History

Korn (1906, ...), Friedrichs (1947), Gobert (1962), Nedas (1967), Duvaut-Lions (1972),
Nitsche (1981), Kondrat'ev-Oleinik (1988), Horgan (1995), Ciarlet (2005....), . ... ..
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Energy Functional

Elu] = J W(Vu)dr foru = (u,) € H(Q) := H(Q;C™)
Q
with W(Vu) = > (A90u,0) ., (A9)T = A7 € M, (R)

4,5=1 (1<i,j<n)

Case of linear elasticity (m =n)

W(Vu) = W(a(u)) _ Z aijkhgkh(u)m (aijkh — gFhii — ajikh)

.5,k,h
=Y (AY05u, du) with AV = (a™")_y
i h=1=n

strong convexity :

S at*sysi =30 Y si2 V(sij) s real sym. = Elu] = cole(u)]?
i,7,k,h ,J

isotropic elasticity :
A =)e;Qe; + plej@e; + 1), Elu] = \|tre(u)]]® + 2ulle(w)|?
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Variety of Coerciveness

Lu Nu
Elu] = JQ(—ZA”@-&J-M u)dw + L (21/i(x)Aijaju, u)dS
irj

Q /L)J
E[u] <«— Neumann-type B.V.P. {£, N}

@ strongly elliptic Elu] = 3¢1||Vul? Yu e H)(Q)
@ coercive Elu] + “collu)? = 3e1]|Vul|? Vue HY(Q)
@ Korn-type ineq. [E[u] + Veol|ul|? = Fer || Vu|? Vu e Hl(Q)j
@ strongly coercive  E[u] = %c1||Vul? Yue H'(Q)

REMARK

@ Generally, @ = Q@ =@ = @. Ifm=1(orn=1), all are equivalent.
@ Condition for M, @ (09 € C*) to hold is well known.

o @ < (BEu]>0& Efu]+|ul®>a|Vul vVueHY(Q)]
Eu] =20 (Vu) = Efu]=|P@)ul> CP(): homog. in £ of deg. 1)
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Condition for D, @ to Hold

)= Y AgE; N, ( ZAZ vi€j, €= (&), v = () eR"

1,
o O = L) >0 veeS™!  (L(D) is strongly elliptic)

e When L(D) is strongly elliptic, let Z,(n) (n Lv) Q. ={z-v <0}
be the symbol of Dirichlet-Neumann map for .
B.V.P. {L(D),N,(D)} on Q,={z | z-v <0} T

174

If Qe Cl,
@ < LE>0VeesS™ 1 Z,(n) >0 VYy,neS*Lwithn Lv
L(D) : strongly elliptic {L(D), N, (D)} : strongly complementing

(e E[u]=7C|Vul* Yue H(Q,), Yves" )

Hiroya ITO (UEC) Generalized Korn's inequalities June 20, 2013 5/16



Example (isotropic elasticity)

AV =Xe;Qej+u(0yl +e;Qe;) 1<i,j<n(=m=>2),
Elu] =\ ||divu||2 +2u HE(U)H2 (A, p : Lamé constants).

L(€) = plePT+ (A + w)E®E  with eigenvalues plé]?,..., ulé]2, (A + 2p)[¢)?
1
N(€) = V=T1{ v @&+ p((€ - v) + @)} "

Thus, @D = pu>0 & A+2u>0

Under this condition,

Atp(m _m v _ v 2 n
Z =T+ — (@ +—®—>+\/ }
() M{ A+3u Nl ~ Inl v X+ 3uln " i
w4+ p)

with eigenvalues  pln||v|,. .., pulnllv|, 2uln(|v], W

Inllv|

n—2
Hence, @ < u>0 & A+pu>0
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Nonnegative Energy

quad. form of Z (Cm PN alur)

——

= 2 Aijcj.ci >0 VZ:(C1"'Cn)€Mm,n(R)
¢;i=(Gi)eR™1<i<n.

BEL
Ly m n ) 2
Z (Z Z Hazr Cm) (L1 : positive index of the form)
{=1 “M=1li=1
. Ly o
Al — (g}la;rags) r—1im
Hence, B s=lmm
L1 m n ' 9 L1 m 9
Elu] = 3|2 D ah dan] = 2| Y per(@ | = |IP@)ul?,
(=1 r=1i=1 l=1 r=1

per(©) =Y aj & P&) = (pur(€))e=1,1,
iz1

r=1l-m
determined uniquely
up to its row space

and @ < L;=mn
June 20, 2013 7 /16
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PROBLEM (Generalized Korn's Inequality)

We consider inequality Q) for
L m
Elu] = [|P@ul? = Y] | Y per(@) ur
(=1 r=1

p11(&) p12(§) -+ P1m(§)
p21(§) p22(§) -+ pam(§)

2

(Remark: Ly < L)

P(¢) = . per(€) = ) ap &
i=1

pra(€) pra(€) - prm(©)

Generalized Korn’s inequality
(K) 1P@ul?+ |lul? = C||Vul*  VYue HY(Q) = H'(Q;C™)

Our Problems
easy to check

@ Find a necessary and sufficient condition of P(¢) for (K) to hold.

@ Given m and n, find the minimum of L over all P(§) for which (K)
holds.
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Main Results

THEOREM

Each of the following is necessary and sufficient for (K) to hold.
rank P(§) =m VEe C™ )\ {0}.
JkeN: Vija| =k (ceNy") 3Q4(§) (homog. of deg. k—1) s.t.

Qa(§) P(§) =&
—— ——

mxL Lxm

Np :={ue H._(R") | P()u = 0} is finite dimensional.

loc

All m x m minors of P(§) spans the space of homogeneous
polynomials of & of degree m.

REMARK
o (1J, [2) ([3)) are already known to be necessary and sufficient (Ne&as (1967))

° is a new condition, which has some advantages over the others.
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Outline of Proof

rank P(§) =m V€ #0

] Hilbert's Nullstellensatz - - - less information about k& and Q,(&)
FkeN: (V|a| =k 3Qa(§) : Qu(§)P(E) =&°T)
[} Lions's lemma (or Sobolev’s representation formula & sing. integral)

(K) [[1P@)ul® + [[ul® = *C||Vul® Yue H'(Q)
@ Lions’s Lemma
‘ue H1(Q),Vue H ()" implies u € L?(Q) and
ullz: < C(llull -1 + Vullg-1).
Accordingly, for any p e Ny and ¢ € N,

lullg—» < C Z 0%l zr—p—a-

lal<q
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Outline of Proof (continued)

=1 3&: rank P(&) <m @ If a # 0 solves P(§p)a =0,
J constructive u(z) = Re(e0a)

—~@ dimNp = belongs to Mp for all A € R.
[} fundamental @ If (K) holds, then

|ul? = C||Vu|? VueNp.

easy || Eagon-Northcott complex
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Advantage of New Condition

@ In general situation, is the easiest to check.
(algorithmically checked)

e If [4] holds, we can explicitly construct Q, (&) in (2] for k = m.

@ (4] leads us to the following interesting corollary.

COROLLARY

Let any one of the conditions in THEOREM be satisfied.

@ The number L of rows of P(£) must be > m +n — 1.

(® We can take k appearing in (2) above so that k& < m.

Hence, we have dim Np < (m+:_1) a priori.
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Example 1 (optimal case)

&1
&2 &1
; &2
m—+n
Z Z a iUy P(f) gn—l . 51
(=2 {za;<rl; gn gn—l T 52
1<r<m . 5
) ) 5
Z ETIC) En—1
=2 i+j=~L fn
1<i,j<n
Then,
rank P({) =m V&e C"\ {0};
dimNp = (mt:“l), L=m+n—-1
Ifn=m

> 3, this gives an inequality strictly stronger than Korn's ineq.
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Example 2 (isotropic elasticity)

Elu] = A ||divu|® + 24 HE( | (2 min{nA + 2y, 2/} ||€(U)H2)
1 i
e Hgs“ [ + 2 o s —esmm o +4u1§||sm(u>||2
A+2 2
= ot "HZ ()| + + 5 L et =l + 4u X i)
i<j
= w Htre(u)” + 2p [e(u) (tre IH
3 Korn-type ineq.
nA+2u>0 (n=2) Li=3n(ntl)
= =0k {n/\+2u—0(n>3) Ly = n(n+1) -1

Applications
nA+ 2 > 0 : isotropic elasticity, Navier-Stokes eq., Killing eq. (A = 0)
nA+2u =0 (n>3): conformal Killing eq. (Dain 2006)
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Case 1: >0, nA+214>0 (n>2)

o Elu] = |e(u)|?,

Ly = %n(n +1) (optimal if n = 2)
° ajﬁkui = @-eki(u) + 8k52-j(u) + 8,-8jk(u) (Vi,j, k)

u : Kiling vector field
——
o N={u(x)| &(u)=0}

n . n(n+1
={Sxz +c|Seso(n),ceR"}, dimN = (2+)‘
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Case 2: >0, nA+2u=0 (n>=3)

o Elu] =2pue(u) — L(tre(u I||
= Z (||Cz‘j(u)||2+ lecj (@)1) - (Gij(w) = eiilu) —ej5(w)),

Ly = %n(n +1)—1 (optimalif n=3)

8j6kui = ajEki<’u,) — 8i5jk(u) + 6;@-]- (u),

8§’u’ = 28?—61‘]' (’LL) — &@Cjk(u) — 8k(6i8juk),
éfaju’ = 261-25”- (u) — 8f’uj,

8fu’ = &f’(w (u) + 6](65’1#) (Vi,j, k- distinct)

wu : conformal Killing vector field
A

o N = {u(@)| (u) — (tre(w)I = O }
={2(a,x)z — |z[*a+ (b] + S)z +c|a,ce R",be R, S € s0(n)},

1)(n+2
dim N = (l(n2),
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