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Ou— Au~+Qesxu+ (u-V)u+Vp=0 t>0,zcR3
(NSC)<div u =0 t>0,z € R3,
u(0) = ug z € R3,

where 2 € R is the speed of the rotation, ez =
(0,0,1).

Aim. Global solutions for ug € H5(R3)3 with s > 1/2.

Known Results (Global solutions).

e 2 = 0. Fujita-Kato (1964), T. Kato (1984),
Kozono-Yamazaki (1994), Koch-Tataru (2001).
ug € H%(H@) : small.
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Babin-Mahalov-Nikolaenko (2001)

Chemin-Desjardins-Gallagher-Grenier (2006)

Vug € H%(R3)3, Jwp > 0 s.t. 2] > wp.
Giga-Inui-Mahalov-Saal (2008),

45 > 0 : independent of Q € R s.t.
Hieber-Shibata (2010),
Konieczny-Yoneda (2011), 1 < p < oo,
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Problem. Characterize the sufficient speed of rota-

tion wp for global existence.



Theorem 1. Let s,p, 0 satisy
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Then, 7C > 0 such that if |jugl/ ;. < C|Q227 4, there
exists a unique solution u € C([0,00), H5(R3))3 N
L9(0, 00; H3(R3))3 to (NSC).

Remark.
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(1) 192 > wo = (C Huoll s )2




2 3 1
(2) - +—<1+s since s> —.
6 p 2

Solutions in Theorem 1 is more regular than func-

tions in scaling invariant spaces.

(3) Let uy = du(N\2t, Az), Q) = \2Q.

_ 1 s_1 _ 1
Jurx(O)l f7s = A7 2llugll s, 123272 = A7 2[Q2].
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Theorem 2. Let s = 5 For any precompact set

.1
K C H2(R3)3, Fwg = wo(K) > 0 s.t. if ug € K and
12| > wg, there exists a unique solution
.1 L
u € C([0,00), H2(R3))3 N L*(0, oo; H%(]R?’))?’ to (NSQ).
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Remark. s> 1/2, |2 > cllug|l ;.-

s=1/2, || > w(K).



Proof.

To()f=F1

where R(&) =

_cos (53 2t
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To(t)f = F1|cos (I?\Qt) e_t|§|2f-|—s

Coriolis force : cos (%Qt), Sin <f3|

Heat equation : ¢ tl¢°

Fourier multiplier : ¢l
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Lemma 1. Let 2<p<o0, —4+— =

p p
g i35t log(e + |Q[t) (1)
Hf [6 . f”'B]g{Q = C{ 1+ |Qt } ”f“Bsu—%)

Proof. p = 2, isometric estimate.

;€3
Px T [e e 7

(qu . Littlewood-Paley’s decomposition)

P = ]HLOO

41 i3
< |F T N i1 ety | o 165 % £l

-~

Jlog(e +12t) |7, . -
< 237 .- integration by parts.
< { 1+ ( g Y P )

Interpolation of the two cases. L]



Proposition 2. Let 2<p<oo, 1 <¢g< L.

p—1
1 2
2U=5) _3(1_1y
t 2 P fllLa

ITa() fll < c{'09<6 + Qt)}

1+ [Qft

Proposition 3. Let 2 <60 < o0, 2 < p< 6 satisfy

Let o :=1/0 — (3/4 —3/2p).
1T () fll 160 00: Lrr3)y < CI21 I fll 2

Remark. o« > 0. For a =0,

im (| T f1l L6(0.00: Lrw3) = 0 fOr f € L2(R3)3.

[€2[ =00
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Proof of Theorem 1. For s,p,0 in Theorem 1, let

W(u)(t) = Ta(tuo — | "To(t — PV - (u® w)dr,
X = {u € L7(0, 00; HY(®®)) | lul yog5 < €12 Juoll g

where o :=1/0 — (3/4 — 3/2p).

- _ _ _(s_1
Claim. [[W(u)| oz < C1Quoll s+C12I 7|9 =) |ugl|2,.
for any u € X.

~(5-2) . i . —5+%
Remark. |Q|™274) |lug|| zs < 8 ifF [Jug]| s < 5|92
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Proof of Claim. Let 1/q:=2/p—s/3, v(2t) := 0g(e+[S2]t)

1FIS2[t
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1434321 2
< 01T EET )2y
141,31 1
< c|Q a2l |0 20y 2, (- ueX)

_ _(s_1
= C|Q|7Q~ G2 ||ug .. 0
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Proposition 4. Let 2 <0 <00, 2<p<6, Z_—__'

2p 0
For any f € L2(R3)3, there exists C > 0 such that

limsup  sup HTQ(t)gHLQO w3y < Ce
Q|00 [lg—fl, 2<e (0,00, LP(R)

for any ¢ > 0.
Proof. If ||g — f||;2 <&, we have

||TQ(t)g||L9(O,ooO;Lp(R3)

< [[Ta()(g = lLoco,000;Lr®3) T 1T Fll 160,000, L (R3):

(%) (%)
(x) < Cllg — fll;2 < Ck,

(¥x) — 0 as || — oo. []
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