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1. Jeffery-Hamel’s flow

a € (0,7).
w={(r,0);r>0—a<0<a}CR.
¢ ={(r0)ir=L,—a<0<a} (VL>DO0).

L1

o= -7 = w = the half space.



Navier-Stokes equations

—vAu—+ (u-V)u+Vp =0
divu =0

u =20

u —0

with the flux condition

/ u - erdo = .
)Y

-
L
u : velocity
p : pressure
v : kinematic viscosity

~ : Hlux constant
er = (cos 0,sin 0)

r — OO
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Jeffery-Hamel’s flow is found in the form

. v9(0)

r
g = g(0) : unknown scalar function

er, e = (cos,sin0).

ODE.
A
" +4g+2¢> =" on (—a,a),
v vy
g(ta) =0,
(87
| gt)as =1
— X
g(0) = g(—0).

A : arbitrary constant



2. Known result (L. Rosenhead, 1940)

_Nhl
| 4

v <0, a €(0,5).

R

: Reynolds number

For VR > 0,

U

79(0) <0
vg(0) is symmetric.
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v>0, a€(0,%).

dRmax such that R < Rmax

U

vg(0) > 0
~vg(0) is symmetric.
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v>0, a€(0,%).

R > Rqhax : unsteady flow

\
~g(0) is not always positive.

~vg(0) is not symmetric.




v>0, a€(0,%).

R > Rqhax : unsteady flow
|

~g(0) is not always positive.

~vg(0) is symmetric.
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a € [5,T).

),
(—a,
VR > 0, 0 €

For
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Proposition (G. P. Galdi, M. Padula, V. A. Solonnikov(1996))

1 1%
Let « = —m and |v| < —.
2 I 36

1 solution of (N-S) in the half space of the form

0 2V 0) +C
79 )er, p= 79(r2) L+ Cy (C1,0;3 €R)

r
with
1

1 1 1 1 27
g c COS[_ETU 57"] N C>(—cm, 57")7 / ) g(0)do =1,

2 _ln
g(0)] < 6,

m, 7] = {g € Ol _xllg(6) = 9(~6), g(&,7) = 0}.

Moreover the function g is unique in the above class.
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3. Today’s result
Theorem

Let a € (O,ﬂ')\{%ﬂ',ao(zao = tan 20&0),%7‘1’} and |v| < vo-

J
1 solution of (N-S) in w of the form
79(0) 2vyg(0) + Cy
p— . €rs, P = ’)”‘2 _|_ CZ (Clv CZ S IR)
with
g (84
g € Cfl—a,alnC®(~a,a), [ g(B)ae =1.
—
2(1 — cos 2a)
0) < = M).
9(0)] < |tan2a—2a||cos2a|( )
Moreover the function g is unique in the above class.
VT 1
Y0 (o = -m).
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7 (o € (0 477)),
Yo =14 72 (a € (431779 477))9
73 (a € (37, 7)).

v(tan 2a — 2a) cos 2«

= . 2a(1 — cos 2ax)
(1 — cos 2 + sin 2a tan 2ax) 1) (1 — cos2a)
(tan 2a — 2a) cos 2a
B v|2a — tan 2a|| cos 2|
2= 2 — sin 2« 2a(1 — cos 2a)
1 — cos2a + 1) (1 — cos2a)
| cos 2| |I2a — tan 2a|| cos 2|
B V(2 — tan 2a) cos 2«x
RERa 4 + sin 2« 2a(1 — cos 2a) '
3 + cos2a + 1) (1 — cos2a)
cos 2« (2 — tan 2a) cos 2

9

Y



5. The linear problem

For any o € (O,ﬂ')\{%ﬂ', %71'},

h"” +4h =b(0) on (—a,a) (11)

with
h(6)= h(—0), (12)
h(+a)= 0, (13)

where b € CS[_aaa] — {g € C[_%ﬂ'a %ﬂ'“g(e) — g(—@)}.

The function
1 (814
h(0)= 5/ sin 2(s — 0)b(s)ds
[,

1 (87
— / cos 2sb(s)ds - sin 2(a — 0)
0

2 cos2a
is a unique solution of (11) with (12) and (13).



h' +4h = b(@) on (0,%m) (14)

with
h(3m) = 0, (15)
h'(0) = 0, (16)

where b € C°[—a, a.

The function
1 (87
h(0) = 5/ sin2(s — 0)b(s)ds + C1sin 20 + C3 cos 26
0

is a general solution of (14).

(8 ;) (S;) = (2) rank(A) = 1, rank(A, f) = 2.



5. The formulation

We define an operator L such as

Lbl=h (be C°[—a,da]).

A

9" +4g+ 1g* = =

v vy

A
Clg" +49+—g° = —]
% 12"

v
g=——L[] - —Llg’]



(81 A (87 (87
/ gdo = = | c[1]de — / T £1g?)do
1 4

— VY J—«o —
A /1 1 «
1= — (—a — —tan 2a> — / Z[,[gz]dH
vy \ 2 4 —aV
(814
A= (142 [ cigtio)a)
500 — Ztan 2 V.J)—«
1 vy [ Y
g=r—1 (142 ] cigl@)do) £ii] - Lcig?
500 — Ztan 20 — v

(g € Cg[_ava])'



For any o € (0, 71')\{%71', ag(2ag = tan 2a), %Tt’}, we set

gl =1 ——— (142 [ cigf@)a0) e - Leig?

2 — 3 vi-a
(g S C(?[_aaa])‘

Lemma

Let [v] < ~o.

U
Then J is a contraction from B(0, M) to B(0, M),

where B(0, M) = {¢ € C§[—a, al; |lellc < M},

B 2(1 — cos 2a)

| tan 2a — 2al| cos 2a|’




