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§1. Helmholtz decomposition and weak solutions

Helmholtz observed that smooth vector field can be decom-
posed of gradient field and solenoidal field. His observation has
influenced a great impact on science and mathematics. In fluid
mechanics Helmholtz decomposition appears in the formulation
of incompressibility due to volume preserving deformation.



To be more specific, we consider a smooth vector field
uw: R — R’

satisfying
1
u(z) = o(—).

]

Define Newtonian potential N(f) for f = o(—%3) as |z| — oo

]
by

N(p) = -2 @) = = [

dr S |r —yl

dy.

From the integration by parts and vector identity
Au= -V x V x u+ V(div(u))

we have

u=—-Vo+V xXv
6 = N(div(w)
v=N((V X u)

and the decomposition is unique.



In view of analysis, we need more general framework to con-
sider various function spaces. For notational simplicity we do
not separate vectors and scalars and omit domains in symbols.

We let Q C R? be an open set and introduce the Lebesgue
measurable function spaces LP(Q) = { [, |f[Pdz < oo}, 1 <
p < oo and C§°(€2) that is the set of smooth function with
compact support in €.

Cg 1s a subset of solenoidal vectors in Cg® and L7 is the
closure of Cgy, in LP.

Since L? is Hilbert space, we have Helmholtz decomposition
so that

L}(Q) = L;(Q) @ G*(Q),
G*(Q) ={Vp e L*(Q);p € L;,.(Q)}.

Sometimes, there needs deeper understanding about domains.
For example, we let {) be Lipscitz.

Definition 1.1. We call D C R", n > 2 is Lipschitz if
for every Q € S(= 0D), there is a ball B(r,Q) = {P €
R"||P — Q| <1} and a coordinate system such that

B(Tv Q)ﬂD - B<T7 Q)ﬂ{(aj’,xn) ’ Tp > qb(:l:/), vabHLoo < M}7

where M and r are independent of Q).



For 1 < p < oo and —oo < s < 0o Sobolev space LE(R") is
defined by

L?={(I - A)_S/2u cu e LP(R")}
with the norm
ull e = |11 — A)*%u| 1ogpm)

and define for s > 0 LP2(Q)) by the space of the restrictions of
functions in LE(R") to €2 L, is the subspace of functions with
support in  of LP(R"). We denote H* = L?.

Define Besov space BZ(0f2) as the collection of all measurable
function f on €2 such that

p
gy = Wl ([ [ V=L o pao )

The case p = oo corresponds to the non-homogeneous version

of the space of Holder continuous functions on 9€2. We also
define B” ,(092) as the dual of BP(0N2) satisfying ]13 + % =1,0<
s<1,1<p< oo

=



Theorem 1.2. Suppose thatu € LP(Q) and divu € L ().
Thenu-N € BY [(052), where N is the outward unit normal

p
vector.

Proof
(1) We begin by noting that the pairing of Lq_8+ 1 () and L*

s—1+1
is well defined forany 0 < s < 1,1 < p,q < oéwith }9+% = 1p.
(2) In fact, since C3°(€2) is dense in LL(2) for 0 < a < %, it is
not difficult to see that L{ ;(€2) = LE(€2) for 0 < a < é.
(3) In particular,

’ 1
Lq_3+1(9) = (L§1+1(Q)> if 5 <s
p

(2)

and

(4) For

p’

re(mym) =m0

the distribution div f € (C§°(Q))", we denote by f - N the
normal component of f and define it by the linear functional in

BL,(092) by
< f-N,¢>=<divf,¢6 >+ < .V >
for all ¢ € B2(0S2), where = L§+l(Q) is an extension of ¢ in

p
the trace sense.

(5) In particular, when s = é, b € LP().
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(6) It remains to show that Vo e Li ;. But this follows from

extension lemma by [25] and duality lemma by [18].
Remark 1
From the proof, we can deduce

- Nl ooy < e, p) (|ull ooy + lldiv ull o)

p

Remark 2
If w € LP(2) has divu = 0, then u - N as a functional in

(Bf l(@Q)) . annihilates all functions of the form Yo with
q

(Y connected component of 2. We denote the collection of all

such functionals by B” (092). We have

p

LP(Q) :={ue Q) :divu=0and u- N =0}

grad L{(Q)) .= {Vu:u e L{(Q)}.

They are easily seen to be closed subspaces of LF(§2) and , for

p = 2, we denote P, D the corresponding orthogonal projections
from L*(Q) onto L2(Q2) and G*(Q) respectively. P is called

Helmholtz projection.

Theorem 1.3. For each Lipschitz domain ) in R"™, with
arbitrary topology, there exists a positive number € depend-
ing on ) such that P, D extend to bounded operators from
LP(QY) onto LE(Q) and onto grad L}(Q), respectively, for
each % — e < p<3+e. Hence in this range

LP(Q) = gradLf () & LE(Q)
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where the sum s topological. In the class of Lipschitz do-
main the result is sharp. If however 0X) € C! then we may
take 1 < p < 0.



For unbounded domain like infinite cylinder and various func-
tion spaces with weight, there are results by Farwig, Specovius-
Neugebauer, Fujiwara-Morimoto, Miyakawa, Sohr, Simader, Wieg-

ner. For Lipschitz domain, there results by Kenig-Jerison, Fabes-
Mitrea-Mendez.
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The Helmhotz decomposition depends essentially on Neu-
mann problem:

Ap=0 in
0¢

AN (u — V(div(N(u)))) - N on 09
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In the whole domain R? or periodic domain 7° = R /(27 Z)?
Riesz operator is useful to apply Navier-Stokes equations. In
R3, we define for u € L?(R?)

52
|€|
and for u(x) = >, 3 upe™ in L*(T?)

Z—uke i=1,23

keZ3

Ri(u) = F Y(2=4),i=1,2,3

The Helmholtz projection will be
Pu)=(I—-R® R)u
in L*(R?) and

in L*(T°).
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First, we consider a Cauchy problem in Qp = R3 x (0,T) for
a fixed time T of the Navier-Stokes equations

%u— vAu +diviu ® u) + Vp =0, (1.1)

divu = 0

with an initial data
u(z,0) = up(x),

where the velocity fields u and ug are three dimensional solenoidal
vector fields and the pressure p is a scalar field. We let the vis-
cosity v = 1.

Definition 1.4. We say u € L: (Q7) is a weak solution if

loc

for Q an open subset of QO and ¢ € C2(Q)
/u - Vodz =0
and for ¢ € C§5(Q)
/u-(¢t+Aw)+u®u:V®wdz=O,

where z = (x,t).
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We construct Galerkin solution when the initial data ug is in
LA(T?) for the periodic domain. Certainly our construction can
be modified for more general domain like Lipschitz domain. We
follow the idea of Hopf. For each n we let P, the projection to
the finite dimensional space (span{e’**,|k| < n}), such that

Pn(z ube ") = Z(I—W@)m)ukek :
kez3 |k|<n

The n-th Galerkin approximation solution w,, is the solution to

gun = Au, + Pn(div<u” ® u”»

ot
un(0) = Py (up)

with P,u, = u,. Applying u, as a test function to Galerkin
equation, we have an approximation energy estimate.

Theorem 1.5. Suppose ug € L2(T°), then the Galerkin ap-
proximation solution satisfies that for all T > 0

T
/]un(T)\2dx+2/ /\Vun(t)\2dxdt:/\Pnuo|2dx
0

and

lim/|un(T)|2dx:/|Pnu0]2dx.

T—0
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By taking ¢ € C°(T') we have

/ un(T) - dd + /O ' / Vu, : Vodrdt

T
+/ /un R Uy, : P,Vodxdt = /Pnuo - ¢pdx
0

and from the a priori estimate of u,, and Vu,,, we have

T
//Vun:v¢dxdt—>0 as 1T — 0
0

T
//un@)un:PnVcbdxdt—)O as T — 0.
0

Since ¢ is arbitrary periodic smooth function, u, (T") converges
up weakly in L? as T goes to zero.Therefore the norm conver-
gence and weak convergence in L? imply the strong convergence.

Theorem 1.6.

/ lun(T) — Pyugl*de — 0 as T — 0.
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The norm convergence of u,, to P,uy as t goes to zero By

Sobolev embedding and compactness if necessary choosing a
subsequence thereisu € L>(0,T : L2(T%)NL*(0, T : H(T?))
such that

w, — w  weakly* in  L>®(0,T : L*(T°))
w, — u weakly in  L*(0,T : H (T?))

10
u, — u strongly in  LP(Qr),1 < p < 3

We denote the existence space by

V= L®(0,T : LA(T?) N L20,T : HY(T?)).
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From the completeness of L2 we have P,uy converges to
Pug = ug strongly in L? and we have the following theorem.

Theorem 1.7. u € V' is a weak solution and satisfies

T
/yu<T)\2dx+/ /\vu\%dtg/\uoﬁdx
0

/ |u(T) — ug|?de — 0 as T — 0.

and

Theorem 1.8. u is in C(0,T : L? ), namely, for all v €
L*(T°)

/ ult) - vdr — / u(s) - vdz

as t goes to s.
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Here is a question of energy inequality. If we the weak so-
lution satisfies strict inequality, we call it turbulent solution
referring to Kolmogorov energy spectrum structure. It means
a certain portion of energy dissipates through heat conduction
from viscous friction.

But, as far as I know, there has never been constructed tur-
bulent solution in Navier-Stokes flow.

To get equality, it is enough to construct solutions in C*(0, T :
L?) for some a > 0.

In case of inviscid Euler flow, Onsager conjectured that if
the flow is C* o > 1/3 then the energy identity holds and
if a < 1/3, the equality fails. The positive answer for a >
1/3 has already been answered by Constantin-Titi [8] in 1994.
Remarkably enough, when o < 1/5, De Lellis-Szekelyhidi [13]
constructed solutiions satisfies strict inequality recently.
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The Galerkin approximation solution doesn’t involved with
the pressure. However by defining the approximation pressure
as the solution to the Poisson equation

0% .

j
Bridgl mn

we can recover n-th Galerkin pressure, where the double indices

Apn —

mean summation up to 3. Introducing the residual projection
Q, = P — P,, we write the Galerkin equation as

%U/n — Auy, + div(u, ® uy) + Vp, — Qn(div(u, ® uy,)) = 0.

Thus if the projection residual converges in appropriate sense,
we may say the Galerkin solution is associated with pressure.
Question:

lim/Qnungbdz —0 7
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Definition 1.9. We say (u,p) € V x L¥?(Qp) is suitable
weak solution to the initial value problem if for all ¢ € CF°

/u-qbtdz—l—/Vu ; V¢dz—|—/u®u ; V¢dz—/pd7jvqbdz =0

(1.2)
and u s weakly divergence free for almost all time, satisfies
the localized energy inequality for almost all t

t
/\u(as,t)]2¢dx—|—2/ /\vu\%dms (1.3)
< /t/rulz(@—i—A@da:der/t/(u\2—|—2p)u-¢dxds
—Jo 0

for all nonnegative ¢ € C(R* x Ry) and
/ lu(x,t) — uo(x)|*de =0 as t—0,

where the initial data ug is weakly divergence free in L*(R3.).
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Here is a lemma due to Bryuk-Craig-Ibrahim:

Lemma 1.10. If for any constant ¢ > 0

T
: 21k 2 _
7}520/0 > kPl (t)Pdt =0,

n—c<|k|<n

then the Galerkin solution satisfies local energy inequality
in suitable sense.

Remark.If the Galerkin approximation has bi-Laplacian, then
it is suitable. Also recently, Guermond [23] showed that Finite
Element Solution (u", p™) in discrete space satisfying LBB con-
dition converges to a suitable weak solution.
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The existence theorem of suitable weak solutioon is due to
Scheffer and Caffarelli-Kohn-Nirenberg( [36] and [3]).

We introduce suitable approximation scheme: There exists
a sequence {(u,,pn)} of smooth functions and a sequence of
positive numbers €,, such that

u, — u  weakly* in  L>(0,T : L*(T?))
u, — w weakly in  L*(0,T : HY(T?))
w, — u  strongly in  L3(Qg),

P, — p  strongly in L3/2(QT),

with (u,, p,) satisfying

0
Byln Ay + (0 * uy - V)u, + Vp, =0
divu,, = 0

Un(0) = ny * ug.

Here 7 is a smooth nonnegative cutoff function and n,(z) =

()
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Theorem 1.11. Let (u, p) be a limit of suitable approxima-
tion solutions of the Navier-Stokes system on the periodic
domain Qp , then (u, p) is a suitable weak solution in Q.

Proof. Denote by {(u,,p,)} a sequence of solutions of ap-
proximate equation which converges in the suitable sense to
(u,p), a suitable weak solution. Using Sobolev embedding
HY(T?) — L5(T°) we deduce that {u,} is a bounded sequence
in L?(0,T : L% (where we are using the norm convention
that v € LY0,7T : L”) means that fOT(f v(z, t)|Pdx)i/Pdt <
1). From Holder inequality we have u, € L'/3 with uniform
bound. By the compact embedding we get( if necessary subse-
quence)

(Un, pn) = (u,p)  strongly in  L* x L*2.

Now we want to prove that the limit (u, p) satisfies the local
energy inequality in Q7. Let ¢ be a non-negative smooth cutoff
function with support in Qp (in particular ¢ vanishes near t =
0). Multiplying the equation by ¢u, and integrating by parts,
and using the integral identity

1
/(77” * Up - V)t - uppde = i/ﬁn * Up|uy|® - Voda
we have

2/\Vun\2¢dz:/]un]2(¢t+Agb)dz

+/ ([N * U - Vb + 2ppuy, - Vodz
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and the strong convergence (u,,p,) in L? x L3? implies the
local energy inequality (3.4)

u(z, t)|*pdr + 2 Vu|“ddxds
[ lute.0pPo / JAZE:
g/o /yu! (¢t+A¢)dxds+/Ot/(]u\2+2p)u-qbd:cds.
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Here is a brief argument of L3/ integrability of pressure:

i) pn = R'R((n, * u,)'u) for the Riesz operator R'.

ii) R"is bounded operator in LP,p € (1, 00).

iii) For almost all ¢, m, * u, ® wu,(t) converges strongly to
w® u(t) in L32(T).

iv) We let p = R'R/(u'u’), then p,(t) converges to p(t) in
L??(T?) for almost all t.

v) From the L32(0,T : L*?(T?)) convergence of u, ® u, to
u ® u, we get p € L3%(Qr).
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Kato and Giga-Miyakawa proved that for the initial data
uy € L3 there exist T' > 0 and at least one solution u in

C([0,7); L) n C((0,T); L)

such that u solves Navier-Stokes equations in the sense of the
following integral equation:

t
u(t) = ey — / e Pdiv(u @ u)(s)ds,
0

where e denotes the heat semigroup and P denotes the Helmholtz
projection. Such u is called a mild solution.
Weak-Strong uniqueness implies uniqueness.
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§2. Partial regularity

§2..1 Introduction

In this section, we study partial regularity of the incompressible
Navier-Stokes equations for the weak solution in the sense of
Leray [31] and Hopf [24]. After Scheffer [36] introduced the idea
of suitable weak solution, Caffarelli, Kohn and Nirenberg [3]
established a criterion of € regularity and Lin [32] simplified
the proof greatly. Choe and Lewis [7] improved the parabolic
Hausdorff dimension by logarithmic factor.
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All the previous results rely on the localized energy inequality
and higher integrability of pressure like L?/2 of the suitable weak
solutions. From the definition of the suitable weak solution,
the pressure satisfies Poisson equation and is represented by
Newtonian potential with density that is a quadratic function
of velocity gradient.

Meanwhile, Leray-Hopf solution is constructed by Galerkin
process with orthonormal basis of the parabolic solution space
and from the weak convergence, we have global energy inequal-
ity. Here, it is found a localized energy inequality from the
vorticity equation and Biot Savart law. In fact, for the Stokes
equations, a localized energy inequality is proved by Jin [26].
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We say u € L>®(0,T : L*(R*))NL*0,T : H'(R?)) is Leray-
Hopf solution to the Cauchy problem if for a fixed v € L*(R?)
[ w-vdz(t) is continuous in ¢, for all ¢ € CF°(R? x (0,T')) with
divp = 0

/u-gbtdz—/Vu:V¢dz+/u®u:ngdz:(), (2.1)

for almost all ¢

1 fo 1
§/u(az,to)\2daj+/ /]Vu\Zda:dtg éf\uo(x)\zdaz
0
and

/ lu(x,t) — up(x)|*de — 0 as t—0,

where the initial data ug is weakly divergence free in L?(R%).
The following existence theorem is due to Leray [31].

Theorem 2.1. There is a Leray-Hopf solution to the Cauchy
problem.
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We define a ball B,(xg) = {z : |t — x| < r} and a parabolic
cylinder Q. (o, to) = B,(zg) X (tg — %, to+13), and we always
assume that the cylinders are in 2. Our main theorem is the
following:

Theorem 2.2. There 1s an absolute constant €y such that
1
limsup—/ Vul|?dz < ¢

r—07T

implies that for an r

sup  |u(z)| <

C
ZGQTO 0
2

for an absolute constant c
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Let h be an increasing function on (0, 1] with lim, o A(r) = 0.
For fixed § > 0 and £ C R? x R we let L(d) be the family of
all coverings {Q,.(z;), 7 < d} of E. We define

Us(E, h) = %f) Z h(r;) (2.2)

and set the corresponding Hausdorftf measure
ANE h) =1limVs(E, h).
0—0
In particular we denote Agx(E) = A(E, %),

The singular set S is the set of point z in 27 such that in
any neighborhood of z u is unbounded.

Theorem 2.3. There i1s 0 > 0 such that
A(S, t(log(1/t))7) = 0.
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8§2..2 Partial regularity

In this section we assume zj is origin, omit z( in various expres-
sions if obvious. The compactness of solution space is due to

Leray [31] and Lin [32]. Suppose v, € L®(=1,1: L*(By)) N
L*(—=1,1: HY(By)) is a localized solution to (2.1) in @ with
the uniform bound
1
ess  sup v, |2z +/ Vo, |*dzdt < c
te(—1,1) J By -1JB;

for all n. The localized solution in ()1 means that the inte-
gral identity (2.1) holds for all test function ¢ € C5°(Q1) with
divgp = 0. Then there is a subsequence v,, by rewriting index
and v € L>®(—1,1: L*(By))) N L*(—1,1: HY(By)) such that

weakly in L?(—1,1 : H'(B;)) and weakly-* in L>®(—1,1 :
L*(B1))), and the limit v is a solution to (2.1). Furthermore,
from Sobolev embedding,

strongly in L3(Q1).
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One of the important step for e-regularity is the localized
energy inequality which is essentially due to Jin [26]. We define
a bilinear form

< f,g>n —/ da:dy
R3 JR3 \x—y[

and the corresponding norm
1/2
Ifllx =< f.f >3
Define the vorticity w by
w=V Xw.

Since we do not know w € L*(—1,1 : L*(By)), we need an
indirect definition of < w,w >y (t) from v € L*(—1,1 :
L*(By). To define < w,w >y (t) for almost all £, we let ¢ €
C§¢ and we note that

wp =V X (ugp) +u x Vo
and from the definition
<wiwp >y 0= [ [ (T (ug) +ux Voo 1)

(V X (ug) +u x Vo)(y, )dzdy
and the righthand side is well defined after integration by parts

almost all time ¢.
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Theorem 2.4. Supposev € L>(—1,1: L*(By)))NL*(—1,1:
HY(By)) is a solution to (2.1). Then, there is a constant c
such that for almost all ty € (—1,1)

1wl 3 (t0) + V061 220,y < cllolPaoy + ellvl gy (23

for a cutoff function ¢ € C§°(Q1), and if we take ¢ €
Ce°(B1) and ¢ =1 in By, ro € (0,3), then we have

olBags, ) < 2llwdl3 + 2010 x VolB.  (24)
Proof. The vorticity w = V X v satisfies

0

Eroe Aw+ (u-V)w+ (w-V)v=0. (2.5)

We let ¢ € C*°(Q1) and ¢ = 0 on the boundary 0@+, |V¢| <
c and |¢s] < c¢. We recall Newtonian potential N(f)(z) =
1 f fw) d
47 JR3 |z —y| Y-

At least formally, we take ¢ N (w¢) as a test function to (2.5)
and after integration by parts and observing the inverse relation

between Newtonian potential and Laplace operator, we have for
almost all ¢

1 o
— < wo,wd >y (ty) + / |wo|*dxdt (2.6)
2 1

B
to 1 to
< / / w N (w)dzxdt + ¢ / v |*dxdt
—1 JB; -1 JBy

N / tlo /B 1@ VoV x (6N (V x vo))dwdt.

34



We can justify the computations by taking the test function
V X (N(wg)p) to (2.1). Indeed, it is solenoidal and in L>°(0, T :
L*(R®)) N L0, T : Hy(R?)).

Note that, forall 1 < p < oo, ||N(fx,)||r5) < || fllrB)):

IVN( X)) < clfll) and (VAN (fxs)lm) <
c||f||zr(B,), where x4 is the characteristic function of A.

On the other hand, since v is solenoidal, namely, V X w =
—Av, we have for almost all ¢,

to to to
/ |Vvo|*drdt < / wo|*drdt+c / v |*dzdt.
-1 JB -1 JB -1 JB
Combining these estimates, we have

to

< wowd >3 (to) + / Vvo|*dxdt

-1JB

to to
< c/ / wo N (we)dxdt + c/ v |*dxdt
~1.JB

1B
to
+ /1 /Bl(v - V)oV X (¢N(V X v¢))dxdt.

From the integration by parts and the potential estimates, we

have
to to
/ / wo N (we)dxdt < c / lv|*dadt.
—1 J By -1 J By
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In the potential expression, we have
V X (¢N(V xvp)) =V x N(V X (vd) —Vox NV xv)
+¢V x N(V X v¢)

and

IV(Vo X N(V x (v9)) = Vo X N(V¢ x 0))|[s < cl[v]]s.

The last term can be treated as

OV X N(V xvp) = =N (Vo x (Vx0v))—oN(V X (VX))
= pN(Vop x (V xv)) —dN(V x (V x v)o)

and after integration by parts we have ||V(¢N (V¢ x (V X
V))|Is < ¢||v||ps. Since dive = 0, we have

V X (V xv)p=—Avp =—=2V - (Vo) +vAd+ Av)
and
ON(V x (V x v)p) = —20N(V - (vV@)) + ¢ N (vAQ) + vg?.
We also have || V(=20 N (V- (0V))+dN (vAQ))||1s < c||v]| 13-

Therefore we have

‘ / tlo /B (T X (ON(T X vgb))dazdt‘

to to
/ / v® v VFdxdt| + c/ | dxdt
-1JB

-1JB
for some F with [[F|[3 < ¢f|v]|35,)- Applying Holder in-
equality on F with L? norm, we obtain the localized energy
estimate (2.3).

<c
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From integration by parts, the previous potential estimate
and the relation w¢p =V x (vp) — v X Vo, we have

< VX (v9), Vx(vp) >N< 2 < wo,wp >N +2 < uxVo,vxVeo >y

and, from vector calculus, we have that

< Vx(ve), Vx(vp) >ny=< div(ve), div(vep) >y +/ lvo|*de.

This proves (2.4).
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Theorem 2.5. Suppose that v is a Leray-Hopf solution to
(2.1) in Q1. Then, there is a constant € such that

3
( sup HvalHN(t)> +/ wfPdz < e (2.7)
te(—1,1) Q1

)< ¢

implies

||U\\Ca(cgl
2

for a < % and some c.

For the proof, since the pressure estimate is unnecessary, our
argument is much simple. Define the averages in cylinder and

ball by (v)q, |fQ vdz and (v)p yB|fB x,t)dx.

Lemma 2.6. Thefre 18 an € such that

sup [|uxa,|[§(t) /]v?’dz<e
te(=1,1)

1

implies that for a constant v € (0, 3),

1
Q| Jao,

1
< 5( sup. oxan 5(0) + | \vr3dz> .
te(—1,1) Q@1

Proof. If the lemma is false, we would have a sequence of

[v—(v)q, |*dz

(2.8)

172 3
ap (Tl = (@0 lv0) +

te(—r

Leray-Hopf solution v; with

ei= sup |lvixp |y + [ |vlfdz—0
te(—1,1) @1
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but (2.8) is not valid. We let u; = 5 and ¢; = -5, they satisfy
9
ot
Then u; is bounded in L®(—1,1: L*(By))NL*(—1,1: HY(By))

and a subsequence converges to w in L? strongly. By lower

— Au; + 61/3(’&2’ -V)u; + q; = 0.

semicontinuity of norms, we have

sup |[wxg [3¥(t) + [ |wPdz < 1.
te(—1,1) Q1

Furthermore w is a solution to the Stokes equations in ()1 and

satisfies

1 t) — t)|?

p jw(z, 1) Q(W)Br( W
te(—3.3) ) 1Bl g r
1 _ 3

[ e (wel,

@l o, T
for all 7 € (0,1) and a constant ¢. Therefore we have for all
t€ (=3 3)

[[(w = (w)p, () xs, |8 (1) < er'?|B,].

There is rg such that for r < r

172 3
(Tl = () ) ()

te(—

L
Q| Jo,

lw — (w)g,|>dz < /3.
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Since u;, after rearranging indices, converges to w strongly in
L3, we have for sufficiently large ¢

172 3

sup (Tl = (O (1))
te(—r,r) | 7“‘
1

’Qr’ Qr

and this contradicts to our assumption.

_I_

u; — (wi)g,[’dz < r'’?
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We prove Theorem 2.2.
Proof. Suppose v is Leray-Hopf solution satisfying

sup [lox[%(0) + / of*dz < e
te(—1,1) Q1

for € appearing in Lemma 2.3. We let

v —(v)g,
176

where r is the scale in Lemma 2.6. So v is a Leray-Hopf solution

vi(z,t) = (re, r2t), pi(z,t) = 7“5/6]9(7“:1:, 7’275)

to (2.1) in ;. Moreover, from Lemma 2.6, vy satisfies the
energy estimate

DN

s [[ores 4 () + / jorffdz <
te(—1,1) @1

We follow the argument of Lemma 2.3 except the constant con-
vection term

0
51}1 — Avy + (b . V)Ul +p =0,
b = lim; r(v;)g, is constant vector with |b| < 1.

Therefore, after iteration, we prove that for all @), C @) !

1

12l Jo,
for all p < 5 and v € 01/3(62%). This ends the proof.

v~ (0)g,Pdz < ep
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First we note that ||wxs, ||5% () < [|wo||5(t) if ¢ =1 in B,.
We define several scale invariant quantities:

1 1
Ao(r) = sup  —flwxgl[y(t), Ailr)== [ [Vul'dz,
—r2<t<r? " JQr
1 2 1 3
As(r)= sup — | |u|*dz, As(r)=— [ |u|’d=z.
—r2<t<y2 " JB, 72 Qr

We have a lemma from Choe and Lewis [7].

Lemma 2.7. Suppose (), C Qr and r < p and % <b<2.
we have that

As(r) < elp/r)*Ai(p)Az(p)'? + cmin{(r/p)* As(p)*?, (r/p) As(p)}
As(r) < elp/r)*Ai(p)** As(p)*'* + cminf{(r/p)*A2(p)*?, (r/p) As(p)}

As(r) < CT_2p2b_3A2(p)(3_b)/2 \Vu]bdz
Qp

+ cmin{(r/p)®As(p)*?, (r/p) As(p)}.

IA |
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Theorem 2.8. There 1s an absolute constant €y such that

1
limsup—/ Vul*dz < €

r—07T

implies that for an ry > 0

C
sup |u(z)| < —
ZEQTO o

for an absolute constant c.

Proof.
We note that
1
sup Sl f(s) < eAulr)
s€(t—r2,t4r?)
and from Lemma 2.4, we have

r\’ 2%

-AAT)§<f[<—) Aol + () AauﬁwﬁAxpf“] (29)

P r

for 0 < r < §. From the localized energy inequality (2.3) and
(2.4) with scaling, it follows that

antr)+ i) < | 243700+ (2) )| 210

r r

for a c. Note that, for the cutoff function ¢ supported in B,
U=V x Nwop)+V X NuxV¢)+ VN(u-Vo)

and thus
/\M%xSS/\VXNW@PM%?/\VXNWXV@WM
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+3 | |VN(u-Vo)|*dx.
By

From the definition of bilinear form, we have for » < £

; [V x N(w¢)[dz < cllwxs,|[y-

On the other hand
IVxN(ux Vo)[’de + | |VN(u-Ve)|dr

BT Br

2
1 1
<cf (-] Ju(w)ldy | de
r \P JB)\B, s [z —y|
3
r 2
<c(L) Il

and for r < £

Aor) < L Ap) + ¢ (;) Ap). @1

Combining (3.9), (2.10) and (2.11), we find that there is a large
integer ngy depending only on € such that

Aol /o) + Aofr/mo) < o (Aalr) + As(r)) +e

and after iteration with Theorem 2.2 under scaling we complete
the proof.
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§2..3 Logarithmic dimension of singular set

In this section, we improve one dimensional Hausdorff mea-
sure estimate of singular set by logarithmic factor. Choe and
Lewis [7] proved the same theorem for the suitable weak solu-
tion and we follow a similar path to improve Hausdorff measure.
Nonetheless, we do not need to consider the pressure and the ar-
gument becomes much simpler. We adopt the same definition
of Ag(r;x,t), A1(r;z,t), As(r; x,t) and As(r;x,t) of Lemma
2.7 and we define

Fi(M)={z € Qp:limsup A;(r;2) < M}, i=0,1,23.

r—0

To treat Ay, we need an intrinsic behavior of lim sup of func-
tions(see (2.16) in [7]). If g is a real valued function on (0, r]
which is bounded on any closed subinterval of (0,7 and if
limsup,_,, g(r) = oo, then there is a decreasing sequence (sy)
converging to zero in (0, ro] with

g(sg) — 00, as k— o0 (2.12)
29(sk) = sup g(s).

s€[sk,70]
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Theorem 2.8 implies the following theorem:

Theorem 2.9. The Hausdorff dimension of the singular
set S 1s less than or equal to one and

A(S) = 0.
We need an equivalence lemma for F;(M).

Lemma 2.10. Suppose z € F;(M) for i = 0,...,3, then
there is an absolute constant ¢ such that for all j =0, ..., 3,
z € Fi(e(M? +1)).

Proof. We start with ¢ = 3. We assume M > 1 and ry so
small that

for r € (0,79). From (2.10), we have that with p = kr < ry for
a large k
Ao(r) + As(r) < c | A3 (kr) + As(kr)| < c(M + 1)

whenever (0o, C {7 and this proves the cases 2 = 0, 1. Suppose
limsup Ay = oo. From (2.11) and (2.12), if k is sufficiently
large, then

As(sy) < ck(M +1) + %Ag(sn)

so that As(s,) < 2ck(M + 1) and letting n — oo we get
contradiction. Once lim sup A, is bounded, it follows that

limsup As(r) < (M + 1)

r—0

and z € Fy(c(M + 1)).
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Next we prove the case for ¢ = 2. From (3.9), we have for
r<Tg
Ayr) < ¢ [M?’/Q + A1(2r)3/4M3/4]

and (2.10) implies
Al(T> S C |:]\43/2 + A1(2T)3/4M3/4] .

Then, as in the proof of the case i = 3, we have lim sup A;(r)
is bounded and
lim sup A, (r) < cM?

and thus As estimate follows too. The estimate (2.10) implies
lim sup Ag(r) < e¢M?.
We consider the case ¢ = 1. First we prove that

limsup As(r) < oo.
r—0

Let sx be in (2.12) for g = Ay and from Sobolev embedding
like (3.9)(also see (2.6a) in [7]) we have that if 5 is small and
s < 1 < p, then

1
As(r) < CMA;/Q(S]{;) + 5143(,0).

[terating this inequality, for sufficiently large enough k, we have
that for s, < r
As(r) < eMAY(sy)

and (2.10) implies that sp <7
Ao(r) < eMAY(sy).
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From (2.11), it follows that for s, < r < p

r

As(r) < chA;/%sk) +e (;) 2 As(p)

and replacing r = 2s; and p = 4cs; and iterating we prove that
As(2sp) < eMAY?(sp)

and this contradicts to (2.12). Therefore, setting n; = limsup,_,5 A;(r),

we have
N3 < CMU;/2 + %773
2 < cnp + %772
M < 077:?/ + Cn3
and we find

To, 12, 13 S CMg-

Finally we assume that limsup,_,, Ag(r) = M. Like the
other cases, from (2.11) we can show that lim sup A, is bounded
and if lim Ay(sy) = M and lim Ay(ry) = 19, then for 4er, <
S < with

1
Ay(ry) < 4c®Ag(4ery,) + §A2(4crn)
and taking limit we have
ne < cM

and 7y and n3 are estimated in the same way. This ends proof.
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For a given b satisfying % < b < 2, we put a scale invariant
quantity

Jy(r) = J(r,2,b) = 7’%5/ (Vul’dz.
Qr(z)

Lemma 2.11. Suppose that z € F;(M)NS,i=1,2,3. Then
there 1s 0 > 0 depending on M such that

lim inf Jy(r) > 4.
r—0

Proof. Let N = ¢(M?3+1) and assume all cylinders considered
is contained in 7. We suppose that r; so small that As(r) <
2N for r < r; and Lemma 2.7 implies that for r < p < rq

As(r) < clp/r2 () + cmin{(r/p) As(p)¥, (/) As(p)}
Hence if Jy(p) < 6 for a small §, then

2
As(r) <c (B) 0+ c(r/p)3N3/2
r
and hence for given €5 > 0 there are § and r; small enough so
that for r < rq

Ag(?“) S €9.

Indeed, we choose small r initially and then choose ¢ to make
c (5)2 o small. Also from (2.10), for r < rq

™ ™ 2
Ap(r)+ Ai(r) < c [763/3 + (?) 62]

for a ¢ and from (2.11), we have r < £

As(r) < Cng(p) te (%)2 As(p).

49



Combining these two estimates, we find that there is a large
integer ny depending only on € such that

Ao /o) + Aglr ) < 5(Ag(r) + Afr)) + e}

and after iteration we have for sufficiently small r

1 2/3
sup — < UXB,, VXB, >n< cey' .
t T

Therefore if €5 is small enough, then the condition of Theorem
2.2 is satisfied and z is regular point. This contradicts z € S if
0 is small. This ends the proof.
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Define the parabolic distance dist by
dist(z, A) = inf{|x —y| + /|t —s| : 2 = (z,1),(y,s) € A}
and denote S;(M) = F;(M)NS.

Proposition 2.12. There is a > 0 depending only on M
such that

/ dist(z, S;(M))"“|Vu|*dz < oo
Qr

fori=1,2,3.

Proof. For a fixed i, we let r(z) be the generic radius of z in
S;(M) such that for 0 < r < r(z2)

Jy(r) >6/2 and  A(r) < 2c(M?+1) (2.13)

and since we can assume that S;(M) is compact, we have a
finite covering such that

Hence we need only to prove the proposition in a neighborhood
E(rg) = {2z : dist(z, S;(M)) < ro} with rg < min{r(z;)/100}.
Our condition (3.12) implies that if z € S;(M), then

Aq(r) < 4N5_1Jb(7“2) for all 7,19 < 1yp.
We let £ = (36/100)"/* and

Ky =Ki(p,2) ={(y,s) € Q,(2) : [Vuly,s)| < rp*}
Ky = Ks(p,2) = Qu(2) \ Ki,

o1



then for p < 7y, we have

5p5%§/ ]Vu]bdz:/ ---dz+/ edz
QP(Z) Kl KQ

§5p5%/4+/ - dz.

Ky

From Hoélder inequality and (3.12) we have
Ji(p) < cAi(p)'? < NP

and combining this with the previous two inequalities we see
that

Jy(p) < eNY257 1275 [ |Vulldz.
Ko

Given 0 < r < ry we have a covering {Q@s,(z;)} of E(r) such
that

zi € H{(M)
E(r) C U;Qs.(2)
Qr(z) N Qr(z) =0 if i+ 7.
We define E1(r) = {z : [Vu(z)| > kr~2} N E(r), then

/ Vul|?dz < Z/ Vul|?dz

T Qsr (%)
< eN§ - 42/ Vu|’dz
< eN§1r?” 42/ Vul’dz

Ko(r,z;)

< eN§ - 4/ Vul’dz.
Eq(r)
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Let v be a positive constant specified later and denote d,,(2) =
min{dist(z, S;(M)),+}. For a large n with = < r(, we have
that, after changing the order of integration,

0
/ poie (/ ]Vu]%lz) dr (2.14)
7 E(r)

1
:/ —(dp(2)" " — T()_a)‘vu|2dz
E(ro)

0%

ro

SCN(2+b)/252/ poie </ \Vu]bdz) dr
1
- Eq(r)

! / min{d,(2) 72, |Vu|/k}|Vu|’dz
E(ro)

<eN2Hh)/25-2
- 44+ o —2b

and clearly
min{d,(z) "2, |Vu|/&}|Vu|’ < d *|Vul?

and hence if we choose
K204 — b)o?
c N(@+b)/2 7
the righthand side of (2.14) can be absorbed into the lefthand
side and

o =

/ d,(2)"*|Vul|*dz < cro_o‘/ Vuldz.
E(ro) E(ro)

Sending n to infinity, we prove the proposition.
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Setting h(t) = 7% in (2.2) and reminding the singularity
condition in (3.12) with b = 2, we have

U5, (S;(M)) < gZTo‘/r \Vu|2dz

c
< = / dist™*|Vu|*dz.
0 ; E(ro)

Letting r goes to zero, we have Ay_(F;(M)N.S) = 0.

Corollary 2.13. We fixt M. Forb = % and k= (36/100)"/?,
we have

Mo(F(M)NS) =0, for i=1,23

where

B K204 — b)o?
&= c(M3 + 1)(2+b)/2’

54



We start to improve Hausdorft dimension by log factor.
We let m : (0,1) — R"' be positive monotone decreasing
function such that

lim m(r) = oo
r—0T

and set

F(m)=A{z: limii% 1;1;((:; <1},

In fact, we need only

m(r) = log(1/r).
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Lemma 2.14. If z € F(m), then there is ¢ such that

A
lim sup 22<T> <c.
r—0 m*(r)
Proof. We prove by contradiction. We let A1(rg) < 2m(ry).
Set g(r) = ;{l%((:,)) and assume that lim g(r) = oco. Then there is
a sequence 1y, in (2.12) such that 2g(r,) > sup,¢,, 1 9(r) and
r, — 0. If 0 <r < pand r/p= X is small enough, then from

the first inequality of Lemma 2.7 we deduce

Ay(r) < em(r,) AY%(r,) + 2 As( ).

[terating this inequality we deduce that for large n and 0 <
T < 1T <70
As(r) < em(ra) Ay ()

and from (2.12)
2/3 1/2
Ap(r) < cA37(2r) + cAs(2r) < em(ry) Ay ().

From (2.11), we have for r, <r < 2

1
As(r) < em(ra) A (1) + 5Aa(p)
and iterating again we have for sufficiently large n
As(ry) < em(rp) AY 2 (ry).

This implies that
As(ry)

m?(ry)

<c

and we conclude the proof.
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Lemma 2.15. Suppose 9/5 < b < 2. There is ¢ such that
forz€ Fim)N S

lim inf J,(r)m(r)*~" > ¢

Proof. There is r; such that Ai(r) < em(r) and As(r) <
cm?(r) for 0 < 7 < 7. From the third inequality in Lemma
2.7,

As(r) < elp/r)? As(p)* "2 Jy(p)+emin{(r/p)* As(p)*?, (r/ p) As(p)}
and for r < r; we have

As(r) < e(ri/r)*m(r)> Jy(r1) + ¢ /r)2m(r)?.
As in the proof of local estimate of localized energy estimate

r

As(r) < c%Ao(m) +e (_)2m(r1)2

1
and by Theorem 2.5 and the assumption that z € S
€ < Ao(r)? P As(r) < e(ri/r)2m(r)> P Jy(r)+c(r /1) >m(r)?.
After choosing r so small that ¢(r/r)*m(r1)* < §, we have

g < c(ri/r)*m(r)> = Jy(ry).

and since r; can be arbitrarily small and € is an absolute con-
stant, we conclude that

lim inf J,(r)m(r)*~" > c.

This ends the proof.
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Now we are ready to prove Theorem 2.3.
Proof of Theorem 2.3 We let m(t) = log(1/t)? where o
will be specified later. We follow the proof of Proposition 3.4.

Let Gy, k = 1,2, ..., the set of all z € F(m) NS such that for
0<r< %

c<mr)?*Iy(r) and Ai(r) < 2m(r) (2.15)

and then F(m)NS = UG}, Let d(z,t) = inf{|z—y|+|t—s|/2 -
(y,s) € Gp} and we define E(r) = {z : d(z) < r}. Since
Hausdorff measure is countably subadditive, we fix ry = % and
for z € E(ry),

Aqy(r) < cm(rl)m(m)?’_be(rg) for 0<ry,r <.

Also if ¢; is large enough and

Ky = Ki(p, 2,b) = {z1 € Q,(2) : |[Vu(z)| < m(p)“‘?’)/”%}

C1p
Ky = Qp(2) \ K1,
then for p < ry we get
P m(p) i < e | |Vul|'dz (2.16)

From Holder inequality, we have

Jo(p) < cAi(p)"? < em(p)”. (2.17)
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Combining (3.15) and (3.16), we obtain that
T(p) < cp™ "m(p)* =" / Vul'dz.
Ko

Choose the covering {@s,(2;)} of E(r) satisfying the conditions
of Proposition 3.4 with Hy, d, E replaced by Gy, d, E. If we set

El(r) ={z: 07”1’L(7“)(b_3>/b7“_2 < |[Vu(z)|} N E(r)
then

/ (Vul?dz < Z/ Vul*dz (2.18)
El Qsr(2;)
<c 14 3b) /22/ \Vu\bdz

K2 r,2;,b

< CTQb_4m(T)(14_3b)/2/ \Vu\bdz
Ey(r)

As in [7] we multiply (3.17) by % and integrate from n~! to g,
and if we set d,, = max{d,n"}, we have

0 1 N
/ - (/ ]Vu\de) dr = / log(ro/dn)\VuFdz
n-tT E(r) E(ro)

(2.19)

o
c/ P25 () 14302 (/ ]Vu\bdz) dr
n-t Eq(r)

c/ min {’Vu‘Q_bm(‘VU|)(14—35)/2+(3—b)/b7
E(ro)

Czib—4m<d;1>(14—3b)/2} Vul'dz.

IA

IA
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We take o so small that
o((14—-3b)/24+(3-0)/b) < 1
then
in {|vu|2—bm(’vu‘)(14—3b)/2+(3—b)/b, Ciib—élm(d;l)(M—Sb)/Z} Wu|b

[ o(14-30)/2
< clog <dT> Vul?.

The righthand side of (3.18) can be absorbed by the lefthand
side and we have

/ log(l/cin)]Vu\de < ¢(o,b,19)
E(ro)
and letting n — oo with monotone convergence theorem
/ log(1/d)|Vul2dz < oo. (2.20)
E(ro)
Letting b = 2 in (3.14), we have

Vs, (G, tm(t)) < clog(1/r) Z/ Vu|?dz

< c/ log(1/d)|Vul|?dz
E(ro)

and letting 7 — 0 we have A(Gy, tm(t)) = 0 for all k. Arguing
like [7], we also have A(S \ F(m),tm(t)) = 0. This ends the

proof.
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[s there an isolated singular point

ze F(M)?
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§3. Boundary regularity for the suitable solutions

§3..1 Introduction

In this section, we prove boundary partial regularity of Navier-
Stokes equations for the suitable weak solution. After Scheffer
36] considered the boundary partial regularity of the suitable
weak solution, Seregin [37] established a criterion of € regularity
similar to [3] on the boundary.

All the previous results rely on the boundary localized en-
ergy inequality and higher integrability of pressure like L3/? of
the suitable weak solutions. From the definition of the suitable
weak solution, the pressure satisfies Poisson equation and is rep-
resented by Newtonian potential with density made of velocity.
Therefore, we need complicated estimates of pressure in vari-
ous forms. However, we obtain boundary localized estimates
of velocity and pressure from the representation of solution by
Green potential for the inhomogeneous Stokes equations due to
Solonnikov [40)].
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Following [3] we introduce the suitable weak solution. Al-
though general boundary geometric conditions are important,
we consider merely an initial boundary value problem in the
half space Qr = (0,T) x R% of Navier-Stokes equations:

%u — Au+diviu @ u) + Vp = 0, (3.1)

divy = 0
in (0,7) x R with an initial data
u(z,0) = uo(),

where the velocity fields u and ug are three dimension solenoidal
vector fields and the pressure p is a scalar field.

The terminal time 7' is not important in our argument. Due
to viscosity, u satisfies no slip condition

u(z',0,t) =0 for o' = (z',2%) € R*,t > 0. (3.2)

Denote 2z = (x,t) and V(Qr) = L>(0,T : L*(R)) N
L*(0,T : Hy(RY)).
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We say (u,p) € V x L3%(Qr) is suitable weak solution to
the initial boundary value problem if for all ¢ € C§°

/u-@dz—i—/Vu ; V¢dz—|—/u®u ; V¢dz—/pdivqbdz =0

(3.3)
and u is weakly divergence free for almost all time, satisfies the
localized energy inequality for almost all ¢

t
/ u(x, t)|*pdz + 2 / / \Vul|*pdxds (3.4)
< /t/Fu!2(¢t—|—A¢)daﬁd8+/t/(]u\Q—i—Zp)u-¢dxds
—Jo 0

for all nonnegative ¢ € C°(R* x R, ) and
/ lu(x,t) — up(x)|*de =0 as t—0,

where the initial data g is weakly divergence free in L*(R3).
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For a boundary point zp = (xf,0) we define a half ball
B (z¢) = {x : |x — 9| < r,2®> > 0} and a half parabolic
cylinder Q. (zg, to) = B, (zo) X (tg — r*,tg + 17).

The following boundary e regularity theorem is due to Sere-
gin(see Theorem 2.3 in [37]):

Theorem 3.1. There 1s an absolute constant €y such that

1
1imsup—/ Vul|?dz < ¢
Qi

r—0T

implies that for an r

sup Ju(z)] < —

ZGQT—% To
for an absolute constant c.
The boundary singular set S is the set of point z in {3 =
0} x (0,7T) such that u is unbounded in any neighborhood of z.
Here, from the countably subadditivity of Hausdorff measure we

consider the case when time is greater than a positive constant
7 > 0 to avoid initial boundary which is 2 dimensional set.
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Theorem 3.2. For each 7 > 0, define d(z) = inf{|x — y| +
VIt—s|:(y,s) € S;s > 71} and d = min{d, 1}. Then, there
15 ¢ depending only on T such that

/10g(e/cz)|Vu]2dz
and the boundary singular set S satisfies

A(S,tlog(e/t)) = 0.
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83..2 Hausdorff measure of boundary singular set

In this section we assume the center of cylinder z is origin, and
delete z( if obvious. We define several scale invariant quantities:

1 1
Ay(r) = —/Q+ IVul|?dz, Ay(r)= sup —/B+ |u|*de,

r —T2§t§T2 r

1 1
a) = [ lds ) =5 [ = G

where (p),(s) = ﬁ [+ p(,8)dx.
The localized energy inequality is written by the scale invari-
ant terms.

Lemma 3.3. Suppose Q;r € Qp, then there is an absolute
constant ¢ such that for 0 <r < p

Aulr)+ As(r) < 2 (A7) + Aslp) + AT (0) AT () )
(3.5)
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For the estimate of pressure near the boundary, we follows
essentially the theory for the inhomogeneous Stokes equations
established by Solonnikov [40]. We consider a cutoff function
¢ in (01 and write the localized Navier-Stokes equations as an
inhomogeneous Stokes equations

(ug)e — Alug) + V(po) = f + g,

where f and g are defined as
f =u¢p; — ulAp+2V(uVo) + pdivg + u @ u : Vo
g=—V-(u®ugp)

and if we let ¢ = 1in @34, f =0 in Q;/4-
Thus if (u1,p1) is a solution to the inhomogeneous Stokes
equations in QF

(u1)y — Auy +Vpy = f

with zero initial boundary condition, the corresponding pressure
p1 expressed by the Green potential in the half space satisfies
for r < %

1/2
1— (P1)r 3/2_67“5 ul3dz .
/@\p (o), (1)¥2 < </QI+H ) (36)

+cr® /Q+ u|*dz + cr® /Q+ p — (p)1(t)[>?dz
1 1

and (uz,p2) = (u — uy, p — p1) satisfies the inhomogeneous
Stokes equations in QF

(u2)t — Aug + Vpa = V- (u @ ug)
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with zero initial boundary condition and v ® u¢ € L*?(Q7).
Hence, by Calderon-Zygmund type Stokes estimate of the Green
potential in half space(see [40]), we also have

/ py — (o)1 ()22 < c / wPde. (37)
Qf Qf
Therefore from (3.6) and (3.7), we have for r < %

1/2
p— (D)0 < o’ / ufdz
Qf Q7

+cr5/ \p—(p)l(t)IB/deJrc/ u|?dz
QF T

Q

and after scaling a localized pressure estimate follows:

Lemma 3.4. Suppose that Q;j € Qprand 0 <r < p. Then
there 1s an absolute constant ¢ such that

Adr) < c (5)3A§/2<p> e (5)3A4<p> FeAylp)  (38)

P P
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We have a proposition for the regularity criterion(see Propo-
sition 2.4 in [37]).

Proposition 3.5. There is an absolute constant €y such
that if
As(r) + Ayu(r) < e,

then there 1s a constant ¢ such that

c
esssup |u| < —.

G
We have an interpolation lemma for Az from Choe-Lewis [7].
Since the cylinder touches the boundary and v = 0 on the

boundary, we do not need to worry of the average of u and we
have even simpler inequalities. Compare with (2.6) in [7].

Lemma 3.6. Suppose Q; C Qr and r < p and 2<bh<2.
we have that

As(r) < clp/r)*Ai(p)Az(p)'? (3.9)
As(r) < clp/r)*Ai(p)** As(p)*

Aglr) < e 2P S )00 [ (Tl
Qp

<
<

We improve one dimensional Hausdorff measure estimate of
boundary singular set by logarithmic factor. Choe-Lewis |[7]
proved the interior theorem and we follow a similar path to
improve Hausdorff measure. We define the intermediate sets by
F,(M)={z € 0Qrn{x3 =0} : limsup A;(r;2) < M}, i=1,2,3.

r—0
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To treat Ao, we need an intrinsic behavior of lim sup of func-
tions(see (2.16) in [7]). If ¢ is a real valued function on (0, r]
which is bounded on any closed subinterval of (0,7 and if
lim sup,_,, g(r) = oo, then there is a decreasing sequence (sy)
converging to zero in (0, ro] with

g(sg) — 00, as k — oo (3.10)
2g9(sy) = sup g(s).
S€[sk70]

Theorem 1.2 implies the following theorem:

Theorem 3.7. The Hausdorff dimension of the boundary
singular set S 1s less than or equal to one and

A(S) = 0.
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We need an equivalence lemma among F;(M)’s.

Lemma 3.8. Suppose z € F;(M) for i =1,2,3, then there
15 an absolute constant ¢ such that for all j =1, 2,3,

z € Fi(e(M?+1)).

Proof. We start with ¢ = 3. We assume M > 1 and ry so
small that
Ag(”l“) S 2M

for r € (0,79). From (3.8), we have that with 0 < r < p < rg

Ayfr) <o (g)gAé/%p) b (g)gw) +eAs(p)

and we can argue like [7] to get the boundedness of A4. Then,
after choosing r small, we get

limsup A4 < c¢M.
If we take p = 2r, then (3.5) implies that for all r
Ai(r)+ As(r) <c <A§/3(27“) + As(2r) + Aé/3(2r)Ai/3(27“))
and with the estimate of Ay
lim sup Ay + lim sup Ay < cM.

Next we prove the case for ¢ = 2. From (3.9), we have for

r<Tg
As(r) < cA(2r)P A MPA, (3.11)

If Ay is not bounded, then from (2.12) and (3.8) there is a
sequence s — 0 and

Ay(sr) < (14 As(p))
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and this contradicts to the unboundedness of A;. Hence Ay is
bounded and again (3.8) implies for all p < rg

limsup A4(r) < cAs(p).

If A3 is not bounded, we have a sequence {s; } satisfying (2.12)
for ¢ = As. From the localized energy inequality (3.5) in
Lemma 2.1, we have

S S
AiG) + Ax(F) < e 1+ Ag(s1))
and (3.11) implies
As(sp) < cAY (sp) M.

This contradicts to the unboundedness of Az. If Asis bounded,
we let {7} be
1il£n As(ry) = limsup Az

and we assume limsup A3 > 1. Then, again, the localized
energy inequality implies that
Al(g) + Ag(g) < c(1+ As(r)) <c(1+ limsup A3)
for all sufficiently small r and (3.11) implies that
As(ry) < cM 3
and considering small 7 in (3.5) we conclude that

limsup A; + limsup Ay < cM?.

Finally, we consider the case 1 = 1. If A4 is not bounded,
then from (2.12) and (3.8) there is a sequence s, — 0 for g = Ay
such that

Ay(si) < {1+ As(p))
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and this contradicts to the unboundedness of A;. Hence Ay is
bounded and again (3.8) implies for all p < rg

limsup Ay < cAs(p).
Now we prove that

lim sup As(r) < oo.
r—0

We let {si} be the sequence in (2.12) for ¢ = As. By Lemma
2.4, we have that for r < r

As(r) < eMAY?(2r).
From (3.5) and the estimate for lim sup A4 by As, it follows that
for ). <r <p

As(r) < cg (1 + MA;/Q(Sk)>

and replacing r = s, and p = c¢s; and iterating we prove that
As(sy) < cMAé/Q(sk)

and this implies that lim sup A, is bounded. Hence lim sup A,
and lim sup A4 are bounded and again (3.8) implies for all p <
To

limsup Ay4(r) < cAs(p).

we have
lim sup Ay < eM?.

With these estimates and Lemma 2.4, we have
lim sup A < eM?.
This ends the proof.
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For a given b satisfying % < b < 2, we put a scale invariant
quantity

Jy(r) = J(r,2,b) = 7’%5/ (Vul'dz.
Qi (2)

Set S, =SN{ze€dp:t>r}

Lemma 3.9. Suppose that 7o > 0 and z € F;(M)NS;,, i =
1,2,3. Then there is 6 > 0 depending on M such that

lim inf Jy(r) > 4.

r—0

Proof. Let N = ¢(M? + 1) and assume all cylinders QF
considered is contained in {27. As in the proof of Lemma 2.6,
we have

limsup Ay < N.

We suppose that 71 so small that As(r) < 2N for r < 7y
and Lemma 2.4 implies that for r < p < rq

Az(r) < clp/r)*To(p).
Hence if Jy(p) < 6 for a small §, then

As(r) <c (8)25

r

and hence for given ¢; > 0 there are d and ry small enough so
that
Ag(?“g) S €1.

Indeed, we choose small r9 initially and then choose ¢ to make
2
c (%) 0 smaller than €;. From (3.8), we have that with 0 <
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r<<Te

3 3
Ay(r) <c <L> 6}/2 +c (L) N + ce;
) )

and if rg is small enough, then
A4(?”3) S cer.

Finally, from the definition of Ag,
o\ 2 o\ 2
Az(rs) < <—1) Az(r1) < (-1) €1
T3 T3

2
As(rs) + Ay(rs) < cep + (E) €1.

r3

and we have

Therefore if €; 1s so small that

2
1
cei+ | — | e < €,
r3

then z is regular point from Proposition 2.3 and we obtain con-
tradiction.
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Define the parabolic distance dist by

dist(z, A) = inf{|x — y|+ /|t — 8| : z = (z, 1), (y,s) € A}
and denote S;(M) = F;(M) NSy, for 75 > 0. Since the Haus-

dorff measure is countably subadditive, we need only to consider
the case 7y > 0 and the appearing cylinders have radii smaller

than /7. We follow the argument of [7].

Proposition 3.10. There is a > 0 depending only on M
such that

/ dist(z, Si(M))"“|Vul*dz < oo
Qr

foriv=1,2,3.

Proof. For a fixed i, we let (z) be the generic radius of z in
S;(M) such that for 0 < r < r(z2)

Jp(r) >0/2 and Ai(r) < 2N (3.12)

and since we can assume that S;(M) is compact, we have a
finite covering such that

Hence we need only to prove the proposition in a neighborhood
E(rg) ={z=(2,0,t) : dist(z, S;(M)) < ro,t > 19 > 0} with
ro < min{r(z)/100}. We extend the boundary set F(rg) to
interior by

D(ry) = {(2',2°,t) : (2/,0,t) € E(ry),0 < 2° < ro, 79 <t < T}
Our condition (3.12) implies that if z € S;(M), then
Ai(r) <4ANGSG Hy(ry) forall ri,79 < 1y,

77



We let k£ = (36/100)"/* and

Ky = Ki(p,2) = {(y.5) € Q,(2) : [Vuly,s)| < rp™*}
Ky = Ks(p,2) = Q, (2) \ K1,

then for p < ry, we have

5,052b§/ \Vu\bdZZ/ ---dz+/ cedz
Qp () K1 Ko

§5p5_2b/4+/ - dz.

Ky

From Holder inequality and (3.12) we have
Jo(p) < cAi(p)"* < eN"?

and combining this with the previous two inequalities we see
that

Jy(p) < eNV2§=1p2=5 / Vu|dz.
Ko

Given 0 < r < ry we have a covering {Qs,(z;)} of E(r) such
that

€ Sp(M), k=1,2,3
E(’I“) C UiQ5r(Zz‘)
Qr(z) N Qr(z) =0 if @47
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We define D1(r) = {z : [Vu(z)| > kr~2} N D(r), then

\Vu| dz < Z/ (Vul|?dz

Q5r ZZ

< CN517”264Z/ Vu|'dz
< eN§ 1 42/ Vul’dz

Ko(r,z;)
< CN517”264/ (Vul’dz.
Dy (r)
Let a be a positive constant specified later and denote d,,(z) =
min{dist(z, S;(M)),+}. For a large n with £ < r(, we have
that, after changing the order of integration,

T0
/ poive (/ ]Vu\de) dr (3.13)
" D(r)

1
:/ —(dp(2)™ =1y )\Vu] dz
D(ro)

0%

ro
§cN<2+b)/25_2/ rite (/ \Vu|bdz) dr
- Dy(r)

1
<eNE@H25-2 / min{d,(z) 72, |Vu|/k}|Vu|’dz
(o)

4 + o — 2b D
and clearly
min{dn(z)_Q, |Vu]//£}|Vu]b < d;o‘]Vu\Q

and hence if we choose
K270(4 — b)5?
cN (2+)) /27

o =
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the righthand side of (2.14) can be absorbed into the lefthand
side and

/ d(2) Y| Vul*dz < croo‘/ (Vuldz.
D(ro)

D(ro)

Sending n to infinity, we prove the proposition.
Setting h(t) = 7% in (2.2) and reminding the singularity
condition in (3.12) with b = 2, we have

C
) < _ — 2
s (Si(M)) < 2 r /m)yvu\ dz

c
< = / dist™*|Vu|*dz.
0 ; D(ro)

Letting r goes to zero, we have Ay_,(S;(M)) = 0.

(
Corollary 3.11. We fix M. Forb = % and k= (36/100)"/?,
we have for all 79 > 0

N_o(F5(M)NS,) =0, for i=1,23

where
K204 — b)o?
o =

- c(M3 + 1)(2+b)/2’
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We let m : (0,1) — R™ be positive monotone decreasing
function such that
lim m(r) = oo

r—0t
and set A(r)
r
F(m) = {z: limsup ——2 < 1}.
(m) = { D) S }
Lemma 3.12. If z € F(m), then there is ¢ such that
A
lim sup 22(T> <c.
r—0 M2(7)

Proof. We prove by contradiction. We let A;(rg) < 2m(ry).
Set g(r) = 7’;113((;)) and assume that lim g(r) = co. Then there is

a sequence 7, in (2.12) such that 2g(r,) > sup,,, 1) g(r) and
r, — 0. We deduce with the first inequality in Lemma 2.4 that
for large n and 0 < r, < r <rg

As(r) < em(ry) AY? (1)

and from Lemma 2.2

Adfr) < c (g)gAé/%p) e (g)gmp). +cAy(p)

From our assumption m(rn)A;/ *(1,) goes to infinity and thus
for sufficiently large n

Ay(r) < em(rp) AN ().

From the localized energy inequality (3.5), we have for r, <

L
T§4c

Ao(r) < emf(r,) Ay (1)
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and this implies that
AQ (Tn)
m?(ry)
and we conclude the proof.

<c

Lemma 3.13. Suppose 9/5 < b < 2. There is ¢ such that
for z € F(m)N S,

lim inf J,(r)m(r)*~" > ¢

Proof. From Lemma 2.10, there is 1 such that A;(r) < em(r)
and Ay(r) < em?(r) for 0 < r < r1. From the third inequality
in Lemma 2.4,

As(r) < clp/r)* As(p) "2 I (p)
and for r < ry we have
As(r) < e(ry/r)*m(r)> 0 Jy(ry).
From Lemma 2.2, for sufficiently small r < r; we have
Ay(r) < As(ry).
From Proposition 2.3 and the assumption that z € S
o < As(r) + Ayq(r) < e(ry/r)>m(r)*> Ty ().

After choosing r so small that ¢(r/r)*m(r)* < 2, we have

% < c(ri/r)*m(r)> 7 Jy(ry).

and since r; can be arbitrarily small and ¢; is an absolute con-
stant, we conclude that

lim inf J,(r)m(r)*™* > c.
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Proof of Theorem 3.3. We let m(t) = log(1/t)? where
o will be specified later. We follow a similar path to the proof
of Proposition 2.8. Let G,k = 1,2, ..., the set of all z &€
F(m) NSy, such that for 0 < r < ¢

c<m(r)*Jy(r) and Ai(r) < 2m(r) (3.14)

and then F(m) N Sy, = UG We need only to consider a
sufficiently large k. Let d(z,t) = inf{|z — y| + [t — s|'/? :
(y,s) € Gy} and we define E(r) = {z : d(z) < r}. Since
Hausdorff measure is countably subadditive, we fix ry = % and
for z € E(r),

Ai(r1) < em(r)m(re)? P Jy(ra) for 0 < 1,79 < 1.

Also if ¢ is large enough and

Ky = Ki(p,z,b) = {z1 € Q1 (2) : [Vu(z)| < m(p)“"?’”b%}

Cc1p
Ky =Q,(2) \ Ki,
then for p < ry we get
p"m(p)'? < c/ Vul’dz (3.15)
Qp

—c ---dz+c/ cdz
Ky Ky

p"2m(p)3 + c/ e dz.

Ky

VA
DO | —

From Holder inequality, we have

Jo(p) < cAi(p)"? < em(p)”. (3.16)
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Combining (3.15) and (3.16), we obtain that

Jo(p) < cp™Pm(p)* " | |Vul'dz.
Ky

Choose the covering {Q7 (z;)} of E(r) satistying the conditions
of Proposition 2.8 with d, E replaced by d, E/. If we set

Ei(r) = {z:em(r)®=/%=2 < |Vu(z)|]} N E(r)

then

[ Vul*dz < Z/ Vul|*dz (3.17)
Eyi(r Qs,

or Zl

< er®- m(T)4bZ/ (Vul’dz
<c 14 3b) /QZ/ ‘VU|bdZ

Ko(r,z;,b

< er? i (r) 147302 / \Vu\bdz.
Ey(r)

As in [7] we multiply (3.17) by % and integrate from n~! to
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ro, and if we set d,, = max{d,n"'}, we have

T0 1 ~
/ — (/ \Vu|2dz) dr = / log(ro/d,)|Vul*dz
n-tT E(r) E(ro)

(3.18)

0
< c/ =5 () 1430/ (/ Vu\bdz) dr
n-1 Eq(r)

< C/ min{’Vu‘Q_bm(‘VUD(14_3b)/2+(3_b>/b,
E(ro)

(3.19)
nglb—4m(cig1)(14—3b)/2}’vu‘bdz.

We take o so small that
o((14—3b)/24+(3—=10)/b) < 1,
then
min {‘vu’2—bm(’vu‘)(14—36)/2+(3—b)/b7 CZib—4m<CZ—1)(14—3b)/2} Ak

n

|\ o(14-3b)/2
< clog (dT> Vul?.

The righthand side of (3.18) can be absorbed by the lefthand
side and we have

/ log(1/d,)|Vul’dz < ¢(o, b, )
E(ro)
and letting n — oo with monotone convergence theorem
/ log(1/d)|Vu|?dz < co. (3.20)
E(ro)
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Reminding the definition of ¥, we have

Vs, (Gy, tlog(e/t)) < clog(1/7) Z/+( )\Vu‘%lz

< c/ log(1/d)|Vul?dz
E(ro)

and letting r — 0 we have A(Gy,tlog(e/t))
Arguing like [7], we also have A(S, tlog(e/t)) =

= 0 for all k.
0.
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