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Tornado-Hurricane models

Oru — divD(u)+(u- V)u+Yi+ Qes x u—e3g?=" =0 in Jx Q,
divpu=0 inJxQ,
O —vAY+ (u-V)I =0 inJxQ,
(a¥D(u)n+ BYu); =0 on J x99,
a0, + %9 =0 on Jx 09,
n-u=0 onJx0Q,
Ul=o = up in £,
19‘1»:0 = 190 in Q,

Setting: Q= B(0,r) x (0,d) “cylinder” and “partial slip”
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Dynamic contact lines

Young's Equation

v ="'+ y*cosO

0is the contact angle
'ySI is the solid/liquid interfacial free energy
’y'wis the solid surface free energy

Iv, S
Y Vis the liquid surface free energy
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Fundamental model

Ov+v-Vv—pulAv+ Vg 0 in (0, T) xQ(t)
Vv = 0 in (0, T) xQ(t)
(T(v,qv—2Av), = 0 auf (0, T) xTs
v-v = 0 auf (0, T) xTs
(CcLm) V, = v-v auf (0,T)xT¢(t)
T(v,q)v = okv auf (0, T)x ¢(t)
L(Ts,Te(t)) = 0 in (0, 7)
Vli=o = v in  Q(t)
rf|t:0 = I_'Q

@ So far analytically solved only for 6 € {0,7/2,7} |
@ Linearization leads to Stokes equations on a “wedge”
e ‘“partial slip"on I,

since meB(xc 9 |Vu|? dx = oo for Dirichlet bc. and 6 ¢ {0, 7}.
(Huh, Scriven '71, Dussan, Davis '74, Hocking '77, Solonnikov '95)
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Even rougher boundaries

DEPTH (kilometers)

core of earth

@ Leads to Ekman boundary layer with
(G. Varet '03, J. Math. Pures Appl.)

@ occasionally modeled by “partial slip”
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400
650 Crust and
lithosphere

Midocean
ridges
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D" layer
Outer core
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5,150
©
(solid)
6,378

“Lipschitz boundary”

(— Farwig, Komo)
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Known results (LP-theory on singular domains)

o Elliptic and parabolic: Kondrat'ev, Grisvard, Mazya, Bogovskii, Jerison,
Kenig, Fabes, Shen, Dauge, Costabel, Nicaise, Mitrea x 3, Monniaux, Groger,
Rehberg, Haller, Grubb, Schulze, Schrohe, PriiB, Simonett, ... etc.
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Kenig, Fabes, Shen, Dauge, Costabel, Nicaise, Mitrea x 3, Monniaux, Groger,
Rehberg, Haller, Grubb, Schulze, Schrohe, PriiB, Simonett, ... etc.

@ Stokes:

» small Lipschitz bound: Galdi, Simader, Sohr, Farwig, ...

> angle § = 0,7/2,m: Friedman, Velasquez, Solonnikov, Schweizer, Bemelmans,
Wilke, ...

» weakly singular domains, reflecting bc: Kohne, Nau, S.

» elliptic, 2D, polygon, Dirichlet: Bogovskii, Grisvard, Kniipfer, Masmoudi
(Darcy), ...

» bounded Lipschitz, perfect slip, Hodge setting: Mitrea, Monniaux, ...

> Lipschitz, Dirichlet “Taylor conjecture”: Shen
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o Elliptic and parabolic: Kondrat'ev, Grisvard, Mazya, Bogovskii, Jerison,
Kenig, Fabes, Shen, Dauge, Costabel, Nicaise, Mitrea x 3, Monniaux, Groger,
Rehberg, Haller, Grubb, Schulze, Schrohe, PriiB, Simonett, ... etc.

@ Stokes:

» small Lipschitz bound: Galdi, Simader, Sohr, Farwig, ...

> angle § = 0,7/2,m: Friedman, Velasquez, Solonnikov, Schweizer, Bemelmans,
Wilke, ...

» weakly singular domains, reflecting bc: Kohne, Nau, S.

» elliptic, 2D, polygon, Dirichlet: Bogovskii, Grisvard, Kniipfer, Masmoudi
(Darcy), ...

» bounded Lipschitz, perfect slip, Hodge setting: Mitrea, Monniaux, ...

> Lipschitz, Dirichlet “Taylor conjecture”: Shen

Conclusion: There is a lack of results, in particular on

o weakly singular domains: partial slip (— tornado-hurricane equ.)
@ wedge type domains: parabolic th., partial slip, maximal regularity
@ Lipschitz domains: partial slip
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Schedule of the mini course

1. Partial slip: why and how?

2. Partial slip in the parabolic situation
(2.1 Cylinders)
2.2 Wedges
2.3 (graph) Lipschitz domains

3. Partial slip in the Stokes situation

4. Related nonlinear problems
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Sectoriality and H*-calculus

Set Y,:={zeC\{0}: |argz| < ¢}.
Definition
A: D(A) C X — X, linear and closed, is sectorial (A € S(X)), if

(i) D(A)=R(A) =X, N(A) =0,
(i) 3% € (0.m) - Ty C p(A) and [lz(z ~ A) M < € (2 € Iy).
¢a :=sup{y : above estimate holds} “spectral angle".

Set
H>(X,) ={h:X, — C: h bounded and holomorphic}

and for n(z) = z/(1 + z)?

H (X)) ={he H*(X,): 3C,e >0Vze X, : |h(z)| < Cn(z)|°}.
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Sectoriality and H*-calculus

For A€ S(X), 0 < ¢pa < ¢, and h € Hg°(X,) set

1

h(A) := 57

h()\)()\ A)~tdA € L(X).

The map h— h(A) defines algebra homomorphism.

Definition (Mclntosh '86)
A: D(A) C X — X, sectorial, admits a bounded H*°-calculus on X
(A e H*(X)), if
IA(A)l2(x) < Cllhllo
for all h € H§°(X,). Then estimate holds for all H>(%,).
o%X = inf{y : above estimate holds}.

well-known: H* = BIP = Max. Reg. = analyt. HG

Many examples known: elliptic operators, Stokes operators, etc.
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The Kalton-Weis theorem
Theorem (Kalton, Weis '01)

X Banach space with property (), A € H®(X), T C COM(A) C Z(X)
‘R-bounded.

RH®(X,,T) :={f € H®(Z,, L(X)); f(2) €T (z€ Xy)}.
Then for o > ¢ we have

R{f(A); feRH>(Z,,T)}) < cc.

Especially:
f(z) = h(z+B)

f(z) = h(z-B) (heH™(,)).
Corollary

X Banach space with property (o), A, B € H>®(X) with ¢3° + ¢ < 7 resolvent
commuting. Then

(a) A+ B e RH™(X) with o5 < max{¢%, 6%}
(b) If0 € p(A), then AB € RH*(X) with ¢prp® < 63 + 6% .
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The Kalton-Weis theorem (non-commuting version)

Labbas-Terreni commutator condition:

Let 0 € p(A) and let there exist constants ¢ >0, 0 < a < 8 < 1,
Ya > a8 > ¢, YA+ e <, 1)
such that for all A € X,_y,, 1 € X,_y,it holds that

1A+ A) AT (1 + B) I < e/ (14 (Al
Here [S, T] = ST — TS. Then

Theorem (PriiB-Simonett '07)

Let X be a Banach space of class HT with property (), let A, B € H>°(X) and
suppose that (1) holds for some angles Y4 > ¢3%°, g > ¢F with Ya + g < 7.
Then there exists 6 > 0 such that A+ B+ is invertible and such that

A+ B+ 6 € RH®(X) with 9% g, s < max{ta,¥p}. In case that the resolvents
commute or if ¢ in (1) is small enough, we can take § = 0.
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An operator sum result of Prif

Theorem

Suppose the Banach space E belongs to the class HT and assume
Q wa+ A wg+ B e BIP(E) for some wa,wg € R;
@ A and B are resolvent commuting;
Q Oatw, + 084w, <.

Then A+ B with domain D(A + B) = D(A) N D(B) is closed and

o(A+ B) C o(A) + o(B). In particular, if c(A) No(—B) =0 then A+ B is
invertible.
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Inspection of condition on first Eigenvalue of L

2
M<@-2-02 o
p P

2-VA)p—2<v<@+V\)p

—1)?}, we have a closer look at the condition

(3—%)p—2<’y<<1+%)p—2 (2)

in terms of v € R, p € (1,00) and the angle g € (0, 7). The following tabular
displays «-intervals for some characteristic angles .

Since Ay = min{1, (Z

[ o0 ] € [v=0:p€]
o <% (p—2,3p-2) (12)
Qo = 3T (3p—-2,1p-2) (1,2)

po=(1-)r | (3-1/(1-)p—20+1/(1-)p-2) | (1,52)
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A result of M. Mitrea '04

Theorem

Let Q C R3 be a simply connected (graph) Lipschitz domain. Then there exists
pa € [1,2) such that for all p € (1,00) with 3(1 — %) < % < %(p% +1), the
problem

u € LP(Q;R3), curl u € LP(;R3), curl curl w € LP(; R3), divu € WHP(Q),
Au=n e LP(QR3),

v-u=0,

v curlu =g € BPf, (0 R%),

for g such that g = v x w for some w € LP(Q; R3) with curlw € LP(Q; R3) has a
unique solution.

V.

Since pqg € [1,2), the interval [%,3] is always included. Moreover, if Q is of class
C!, then po = 1, hence p € (1,00) is possible.
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Off-diagonal estimates

Lemma

3C,c>0VE,F CQsuchthatdist(E,F) >0VaeR, Vze X, , Vfel
we have

l2llixeulla + v/F7] (andiv ulz + el U||2)
< Cexp (—cdist (E, F)v/[2]) ¢ fl2,
for u = (z + As)"*(xrf) and

lxeVdiv ull2 + ||xecurl curl u||»

o] :
<C (1 + ﬁ) exp (—cdlst(E, F)\/H) e fll2-
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Inequalities in Hodge spaces

Lemma (Poincaré inequality; Mitrea, Monniaux '09)
In a bounded simply connected Lipschitz domain Q it holds

lull2 < C (||curlu||2 + ||div u||2) (ueVv).
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Inequalities in Hodge spaces

Lemma (Poincaré inequality; Mitrea, Monniaux '09)

In a bounded simply connected Lipschitz domain Q it holds

lull2 < C (||cur1u||2 + ||div u||2) (ueVv).

Lemma (Sobolev type embedding; Mitrea, Mitrea, Taylor '01)

Let Q C R3 be a bounded Lipschitz domain. Then there exists a pq € [1,2) such
that for all p € (1,00) with 2(1 — pin) < % < %(% + 1) there exists a constant
C > 0 such that for all u € LP(Q; R3) satisfying div u € LP(Q,R) and

curl u € LP(2;R3), the estimate

full- < C <||u||LP(Q)+||d1V ul| o)+ lleurl ul| Loy +min{ |v-ull Lo (aq), |V X ull o(a0) }

holds with p* = 32 provided v - u € LP(0Q,R) or v x u € LP(OQ, R3).

Note: standard Sobolev exponent p* = 3p/(3 — p) !
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Extrapolating sectoriality to L

Theorem (Monniaux, S. "13)
Let p€[9/7,9/2]. Then 3C >0Vz € X,y Vf € LP(Q):

|2/ 1I(z + Ad) " o < ClIf -

Furthermore, if p € [3/2,3],

Vizl (Jldiv (z 4+ Aa) Mo + [leurl (z + Aa) 7 lp) < C (1 I ﬁ) If1lp-
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Extrapolating sectoriality to L

Theorem (Monniaux, S. "13)
Let p € [9/7,9/2]. Then3C >0V z € T,y Vf € LP(Q):

|21 1z + Aa) " llo < ClIf]l,-

Furthermore, if p € [3/2,3],

Vizl (Jldiv (z 4+ Aa) Mo + [leurl (z + Aa) 7 lp) < C (1 + ﬁ) If1lp-

Corollary (18)

Let « € R, p €[9/7,9/2]. Then A, generates an analytic Cy-semigroup on LP(2)
and we have A), = A_,, 0 € p(As), and (at least) if p € ((3+¢)/,3+¢) that

D(Ay) ={ueV: curl?u € 2, divu € WP, nx curlu = an x u on o0} .

vy
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Assumptions for fixed point argument

Set P(u-V)u= 213-:1 I;Gj(u) with Tju = Pd;u and Gj(u) = Wu.

(A) The estimate
ulls

—tA
e ull, < M=

(vell, 0<t<oo) 3)

holds with o = 3(1 — %) p > s > 1 and a constant M depending only on
p;s.

(N1) The estimate

3
le=t4 3 Full, < Ny lullp (u€ C5(G), 0<t < o0) (4)
j=1

t1/2

holds with Ny depending only on p € (1, ).
(N2) For the nonlinear terms Gj(u) we have G;(0) = 0 and the estimate

1Gj(v) = Gi(wW)lls < Noflv = wlp(llvip + lIwllp) G=1,2,3)  (5)

with 1 < s = g and N, depending only on p for 1 < p < co.
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Abstract result of Y. Giga '86

Theorem (Maier, S. '13)

Let Q C R3 be a wedge with angle oo € (0, 7).

(i) (Existence and Uniqueness). Suppose ug € L! (), r > 3 and conditions (A),
(N1), (N2) be satisfied. Then there is To > 0 and a unique mild solution of
the Navier-Stokes equations on [0, To) such that

ue BC([Oa TO)’ L;) N Lq(O, TOa Lg)
tiu € BC([0, To), LP), teu(t) =0 (t— 0)

with 2 + % = % q,p > r. There is a positive constant € such that if
lluolls < & then Ty = oco.

(ii) (Estimate for the blow-up). Let (0, T.) be the maximal interval such that u
is a solution in C((0, T.), L"), r > 3. Then

C

[u(s)Il- = m

with constant ¢ > 0 independent of T, and s.

4
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Main result on Hodge-Navier-Stokes system

Theorem (Monniaux, S. "13)

Let p € (3,3+¢), up € LP(Q;R3?), Q C R bounded simply connected (graph)
Lipschitz domain.

(a) Thereis a Ty > 0 and a unique maximal (mild) solution
u € C([0, To), LP(2;R3)) of the Navier-Stokes equations satisfying

(t — t/2curl u(t)) eC ([O, To), Lg(Q;R?’)) ,
lu(t) — wol|r(mey — 0 (t —0).

(b) There is an 6 > 0 such that, if ||ug||, < &, then the solution u exist globally,
that is, in (a) we can admit Ty = co. Furthermore, we have the estimate

lu(t)llp + £/ eurlu(e)], < Ce™™* (¢ >0),

hence u = 0 is exponentially stable.
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