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Viscoelastic model

Equations describing the motion of an incompressible viscoelastic fluid:

ρ
∂v

∂t
+ ρ(v · ∇)v = η∆v + div T−∇p (1)

div v = 0

T = tr C.C

∂C

∂t
+ (v · ∇)C− (∇v)C− C(∇v)T = tr C.I− (tr C)2 C+ ǫ∆C (2)

Boundary conditions:

v = 0
∂C

∂n
= 0

Initial conditions:
v(0) = v0 C(0) = C0

v = velocity
p = pressure
T = elastic stress tensor
C = conformation tensor; positive semidefinite

Michael Renardy: Mathematical Analysis of Viscoelastic Flows
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Energy estimates

multiply (1) by v and integrate

ρ

2

∫

Ω
|v|2 dx −

ρ

2

∫

Ω
|v0|

2 dx + η

∫ t

0

∫

Ω
|∇v|2 dx dt =

= −

∫ t

0

∫

Ω
∇v : tr C.C dx dt (3)

multiply (2) by 1
2
tr C.I and integrate

1

4

∫

Ω
|tr C|2 dx −

1

4

∫

Ω
|tr C0 |2 dx +

+
ǫ

2

∫ t

0

∫

Ω
|∇tr C|2 dx dt +

1

2

∫ t

0

∫

Ω
|tr C|4 dx dt =

=
1

2

∫ t

0

∫

Ω
tr C.tr

[

(∇v)C + C(∇v)T
]

dx dt +

+
1

2

∫ t

0

∫

Ω
3|tr C|2 dx dt (4)
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1

2
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0

∫

Ω
3|tr C|2 dx dt (4)
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Energy estimates

Thus, adding (3) and (4) yields

ρ

2

∫

Ω
|v|2 dx +

1

4

∫

Ω
|tr C|2 dx + η

∫ t

0

∫

Ω
|∇v|2 dx dt +

+
ǫ

2

∫ t

0

∫

Ω
|∇tr C|2 dx dt +

1

2

∫ t

0

∫

Ω
|tr C|4 dx dt =

=
ρ

2

∫

Ω
|v0|

2 dx +
1

4

∫

Ω
|tr C0 |2 dx +

1

2

∫ t

0

∫

Ω
3|tr C|2 dx dt ,

which gives us the a priori bound

tr C ∈ L2(0,T ;H1(Ω)) ∩ L∞(0,T ; L2(Ω)) ∩ L4(0,T ; L4(Ω))

v ∈ L
2(0,T ;H1(Ω)) ∩ L

∞(0,T ;L2(Ω)).
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v ∈ L
2(0,T ;H1(Ω)) ∩ L

∞(0,T ;L2(Ω)).

Using these bounds and the positive semidefinitness of C we also get

C ∈ L
2(0,T ;H1(Ω)) ∩ L

∞(0,T ; L2(Ω)) ∩ L
4(0,T ;L4(Ω)).
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Existence of weak solution

Theorem
There exists a weak solution

v ∈ L
2(0,T ;H1

0,div (Ω)) ∩ L
∞(0,T ; L2div (Ω))

C ∈ L
2(0,T ;H1(Ω)) ∩ L

∞(0,T ;L2(Ω)) ∩ L
4(0,T ;L4(Ω))

satisfying v(0) = v0, C(0) = C0 and

ρ

∫

Ω

∂v

∂t
· w dx + ρ

∫

Ω
(v · ∇)v · w dx + η

∫

Ω
∇v : ∇w dx =

= −

∫

Ω
∇w : tr C.C dx

∀ w ∈ H
1
0,div (Ω), a.e. t ∈ (0,T )

∫

Ω

∂C

∂t
: D dx +

∫

Ω
(v · ∇)C : D dx + ǫ

∫

Ω
∇C : ∇D dx =

=

∫

Ω
[(∇v)C+ C(∇v)T ] : D dx +

∫

Ω
[tr C.I− (tr C)2 C] : D dx

∀ D ∈ H
1(Ω), a.e. t ∈ (0,T ).

Proof: the Galerkin approximation and the classical energy estimates

Hana Mizerová (IRTG 1529) Error estimates for a viscoelastic model June 18, 2013 5 / 16



Finite element approximation
Discretization in space

Let us assume

dimension d=2

Wh, Lh, Xh are finite-dimensional subspaces of

W
1,2
0 (Ω), L20(Ω), W1,2(Ω) respectively

Wh and Lh satisfy the inf-sup condition:

∀ηh ∈ Lh : sup
06=vh∈Wh

(ηh, div vh)

‖vh‖1,2
≥ c‖ηh‖2

there exists an interpolation operator

Πv
h : W1,2

0 (Ω) → Wh such that

∀ w ∈ W
1,2
0 (Ω) ∩W

l+1,2(Ω), 1 ≤ l ≤ k, r ∈ {0, 1} :

‖Πv
hw − w‖r,2 ≤ Chl+1−r‖w‖l+1,2

∀ w ∈ W
1,2
0 (Ω) ∀ qh ∈ Lh : (qh, div Πv

hw) = (qh, div w)
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Finite element approximation
Discretization in space

Let us assume

there exists an interpolation operator

Πp
h : L20(Ω) → Lh such that

∀ q ∈ L20(Ω) ∩W l+1,2(Ω), 1 ≤ l ≤ k, r ∈ {0, 1} :

‖Πp
hq − q‖r,2 ≤ Chl+1−r‖q‖l+1,2,

there exists an interpolation operator preserving the positive
semi-definitness

ΠC
h : W1,2(Ω) → Xh such that

∀ D ∈ W
1,2(Ω) ∩W

l+1,2(Ω), 1 ≤ l ≤ k, r ∈ {0, 1} :

‖Πv
hD− D‖r,2 ≤ Chl+1−r‖D‖l+1,2,

h ∈ (0, 1) is the mesh size
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Error estimates
Weak solution (WS)

Let (v, p,C) be such that

v ∈ L
2(0,T ;W1,2

0 (Ω)) ∩ L
∞(0,T ; L2(Ω)),

p ∈ L2(0,T ; L2
0(Ω))

C ∈ L
2(0,T ;W1,2(Ω)) ∩ L

∞(0,T ; L2(Ω)) ∩ L
4(0,T ; L4(Ω))

satisfying v(0) = v0, C(0) = C0 and

∫

T

0

∫

Ω

∂v

∂t
· ϕ dx dt +

∫

T

0

∫

Ω

(v · ∇)v · ϕ dx dt +

∫

T

0

∫

Ω

∇v : ∇ϕ dx dt =

= −

∫ T

0

∫

Ω

∇ϕ : tr C.C dx dt +

∫ T

0

∫

Ω

p div ϕ dx dt

∫

Ω

div v.ψ dx = 0

∫

T

0

∫

Ω

∂C

∂t
: ξ dx dt +

∫

T

0

∫

Ω

(v · ∇)C : ξ dx dt + ǫ

∫

T

0

∫

Ω

∇C : ∇ξ dx dt =

=

∫ T

0

∫

Ω

(

(∇v)C + C(∇v)T
)

: ξ dx dt +

∫ T

0

∫

Ω

(

tr C.I − (tr C)2 C
)

: ξ dx dt

∀ ϕ ∈ L
2(0,T ;W1,2

0 (Ω)), ∀ ψ ∈ L2(0,T ; L2
0(Ω)), ∀ ξ ∈ L

2(0,T ;W1,2(Ω)).
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Error estimates
Approximate solution (AS)

Find (vh, ph,Ch) ∈ L
2(0, T ;Wh) × L2(0, T ; Lh) × L

2(0, T ;Xh) satisfying

vh(0) = Π
v
hv0, Ch(0) = Π

C
h C0 and

∫

T

0

∫

Ω

∂vh

∂t
· ϕh dx dt +

∫

T

0

∫

Ω
(vh · ∇)vh · ϕh dx dt +

∫

T

0

∫

Ω
∇vh : ∇ϕh dx dt =

= −

∫ T

0

∫

Ω

∇ϕh : tr Ch.Ch dx dt +

∫ T

0

∫

Ω

p div ϕh dx dt

∫

Ω

div vh.ψh dx = 0

∫ T

0

∫

Ω

∂Ch

∂t
: ξh dx dt +

∫ T

0

∫

Ω

(vh · ∇)Ch : ξh dx dt + ǫ

∫ T

0

∫

Ω

∇Ch : ∇ξh dx dt =

=

∫

T

0

∫

Ω

(

(∇vh)Ch + Ch(∇vh)
T )

: ξh dx dt +

∫

T

0

∫

Ω

(

tr Ch.I − (tr Ch)
2
Ch

)

: ξh dx dt

∀ ϕh ∈ L
2(0,T ;Wh), ∀ ψh ∈ L2(0,T ; Lh) and ∀ ξh ∈ L

2(0,T ;Xh).
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Error estimates

Theorem
Let (v, p,C) be the weak solution (WS) satisfying additionally the following
assumptions

v ∈ L
2(0,T ;W2,2(Ω)) ∩ L

∞(0,T ;W1,2(Ω))

vt ∈ L
2(0,T ;W1,2(Ω))

C ∈ L
2(0,T ;W2,2(Ω)) ∩ L

∞(0,T ;W1,2(Ω))

Ct ∈ L
2(0,T ;W1,2(Ω))

p ∈ L
2
(0,T ;W

1,2
(Ω)).

Let the set of finite-dimensional spaces {(Wh, Lh,Xh)}h>0 satisfy the above
hypothesis. Then there is a constant C > 0 independent of h such that

sup
τ∈(0,T )

(

‖v(τ, ·) − vh(τ, ·)‖
2
2 + ‖C(τ, ·)− Ch(τ, ·)‖

2
2

)

+

+

∫ T

0

‖∇(v − vh)‖
2
2 + ‖∇(C − Ch)‖

2
2 dt +

∫ T

0

‖p − ph‖
2
2 dt ≤ Ch

2
,

where (vh, ph,Ch) is the approximate solution (AS).
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Error estimates
Proof

Proof: We start by writing

1

2

(

‖δv (T )‖22 − ‖δv (0)‖
2
2

)

+
1

4

(

‖tr δC (T )‖22 − ‖tr δC (0)‖
2
2

)

+

+

∫ T

0
‖∇δv‖

2
2 dt +

ǫ

2

∫ T

0
‖∇tr δC‖

2
2 dt =

=

∫ T

0
(∂tδv , δv ) + (∇δv ,∇δv ) +

(

∂tδC ,
1

2
tr δC .I

)

+ ǫ

(

∇δC ,∇

(

1

2
tr δC .I

))

dt =

=

∫ T

0
(∂tev , δv ) + (∇ev ,∇δv ) +

(

∂teC ,
1

2
tr δC .I

)

+ ǫ

(

∇eC ,∇

(

1

2
tr δC .I

))

dt −

−

∫ T

0
(∂tηv , δv ) + (∇ηv ,∇δv ) +

(

∂tηC ,
1

2
tr δC .I

)

+ ǫ

(

∇ηC ,∇

(

1

2
tr δC .I

))

dt ,

where
ev = v − vh = (v − Πv

hv) + (Πv
hv − vh) = ηv + δv

and similarly for ep , eC .
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Hana Mizerová (IRTG 1529) Error estimates for a viscoelastic model June 18, 2013 11 / 16



Error estimates
Proof

Taking the difference of (WS) and (AS) allows us to write:

∫ T

0
(∂tev , δv ) + (∇ev ,∇δv ) dt +

+

∫ T

0

(

∂t tr eC ,
1

2
tr δC .I

)

+ ǫ

(

∇tr eC ,∇

(

1

2
tr δC .I

))

dt =

= −

∫ T

0
((v · ∇)ev + (ev · ∇)vh, δv ) dt −

−

∫ T

0

(

(v · ∇)eC + (ev · ∇)Ch,
1

2
tr δC .I

)

dt −

−

∫ T

0
(tr eC .C+ tr Ch.eC ,∇δv ) dt +

∫ T

0

(

tr eC .I,
1

2
tr δC .I

)

dt −

−

∫ T

0

(

tr eC .tr C.C+ tr Ch.tr eC .C+ (tr Ch)
2 eC ,

1

2
tr δC .I

)

dt +

+

∫ T

0

(

(∇ev )C+ C(∇ev )
T + (∇vh)eC + eC (∇vh),

1

2
tr δC .I

)

dt +

+

∫ T

0
(ep , div δv ) dt
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Error estimates
Proof

By estimating the integrals we get:

1

2
‖δv (τ)‖

2
2 +

1

4
‖tr δC (τ)‖

2
2 + (1 − C0α)

∫ τ

0
‖∇δv‖

2
2 + ‖∇tr δC‖

2
2 ≤

≤ C1h
2 + C2

∫ τ

0

(

‖δv ‖
2
2 + ‖tr δC‖

2
2

)

b(s),

where Ci > 0 are constants and b(s) is integrable.
We choose α > 0 to be small enough.
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Error estimates
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1

4
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2
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∫ τ

0
‖∇δv‖

2
2 + ‖∇tr δC‖

2
2 ≤

≤ C1h
2 + C2

∫ τ

0

(

‖δv ‖
2
2 + ‖tr δC‖

2
2

)

b(s),

where Ci > 0 are constants and b(s) is integrable.
We choose α > 0 to be small enough.

The Gronwall inequality thus yields:

sup
τ∈(0,T )

(

‖δv (τ)‖
2
2 + ‖tr δC (τ)‖

2
2

)

+

∫ T

0
‖∇δv‖

2
2 + ‖∇tr δC‖

2
2 dt ≤ Ch2.
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Error estimates
Proof
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1
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2
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1

4
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2
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2
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2
2 + ‖tr δC‖

2
2
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The Gronwall inequality thus yields:

sup
τ∈(0,T )

(

‖δv (τ)‖
2
2 + ‖tr δC (τ)‖

2
2

)

+

∫ T

0
‖∇δv‖

2
2 + ‖∇tr δC‖

2
2 dt ≤ Ch2.

The estimate

sup
τ∈(0,T )

‖δC (τ)‖
2
2 +

∫ T

0
‖∇δC‖

2
2 dt ≤ Ch2

is found similarly using the above result.
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Error estimates
Proof

Since

(δp , div δv ) =− (ηp , div δv ) + (∂tev , δv ) + (∇ev ,∇δv )+

+ ((v · ∇)ev , δv ) + ((ev · ∇)vh, δv )+

+ (tr eC .C,∇δv ) + (tr Ch.eC ,∇δv ) ,

the error estimate for the pressure is obtained using the inf-sup
condition, i.e.

c‖δp‖2 ≤ sup
06=δv∈Wh

(δp , div δv )

‖δv‖1,2

and the already known error estimates for v and C.
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Error estimates
Proof

Since

(δp , div δv ) =− (ηp , div δv ) + (∂tev , δv ) + (∇ev ,∇δv )+

+ ((v · ∇)ev , δv ) + ((ev · ∇)vh, δv )+

+ (tr eC .C,∇δv ) + (tr Ch.eC ,∇δv ) ,

the error estimate for the pressure is obtained using the inf-sup
condition, i.e.

c‖δp‖2 ≤ sup
06=δv∈Wh

(δp , div δv )

‖δv‖1,2

and the already known error estimates for v and C.

Thus, we get

∫ T

0
‖δp‖

2
2 dt ≤ Ch2.
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Error estimates
Proof

Let us recall

ev = v − vh = (v − Πv
hv) + (Πv

hv − vh) = ηv + δv

and similarly for ep , eC .

Then,

sup
τ∈(0,T )

(

‖v(τ, ·)− vh(τ, ·)‖
2
2 + ‖C(τ, ·)− Ch(τ, ·)‖

2
2

)

+

+

∫ T

0
‖∇(v − vh)‖

2
2 + ‖∇(C− Ch)‖

2
2 dt +

∫ T

0
‖p − ph‖

2
2 dt ≤

≤ sup
τ∈(0,T )

(

‖ηv ‖
2
2 + ‖δv‖

2
2 + ‖ηC‖

2
2 + ‖δC ‖

2
2

)

+

∫ T

0
‖∇ηv‖

2
2 + ‖∇δv ‖

2
2 + ‖∇ηC‖

2
2 + ‖∇δC ‖

2
2 dt +

+

∫ T

0
‖ηp‖

2
2 + ‖δp‖

2
2 dt ≤

≤ Ch2.
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Thank you for your attention!

Funded by
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