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Viscoelastic model

Equations describing the motion of an incompressible viscoelastic fluid:

0
paf: +p(v-V)v=nAv+divT — Vp (1)
divv=0
T=trC.C
oc T 2
3 +(v-V)C—(Vv)C—-C(Vv)! =trCl—(tr C)*C+eAC (2)
Boundary conditions:
ocC
-0 —==0
v on

Initial conditions:
v(0)=vo C(0) =GCo

v = velocity

p = pressure

T = elastic stress tensor

C = conformation tensor; positive semidefinite
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@ multiply (1) by v and integrate

p

t
/|v|2 dx —B/ [vo|? dx +7]/ /|Vv|2 dx dt =
2 Ja 2 Ja 0o Ja
g t
— =— Vv :tr C.C dx dt
— Iy

multiply (2) by %tr C.l and integrate
1
%/Q|trC|2dx —Z/n|trC0 > dx +
e [t 1 rt
+f/ /thrC|2dxdt +—/ /|trC|4 dx dt =
2Jo Ja 2.Jo Ja

t
= _! / / tr Cr [(W)C +C(VW)T] dx dt +
2 Jo Ja
1 t
= +7/ /3|trC|2 dx dt
i 2Jo Ja

®3)

(4)




@ multiply (1) by v and integrate

t
£/|v|2 dx —B‘/|v0|2 dx +7]/ /|Vv|2 dx dt =
2 Ja 2 Ja o Ja

t

i :—//Vv:trC.Cdxdt 3)
== 0o Jo
E _:F @ multiply (2) by %tr C.l and integrate

1 1
- 7/|trC|2dx—7/|trCo|2dx+
4 Ja 4 Ja

b t 1 t
== | +5//|Vtrq2dxdt+—//|trC|4dxdt=
2 Jo Ja 2 Jo Ja

¢
=+ ! / / tr C.tr [(VV)C + C(VV)T] dx dt +
2Jo Ja

e 1/t
T +—/ /3|tr C|? dx dt (4)
s Lok 2o Ja




Thus, adding (3) and (4) yields

1 t
B/ [v|? dx +—/ |tr C|2 dx —l—r]/ /|Vv|2 dx dt +
2 Ja 4Ja 0 Ja

t 1 t
+f//|VtrC|2dxdt +—//|trC|4dxdt
== 2Jo Ja 2 Jo Ja

1 1/t
e :B/|v0|2dx+7/|trC0|2dx+7//3|trC|2dxdt,
e 2 Ja 4 Ja 2Jo Ja
‘-_. which gives us the a priori bound
i tr C € L2(0, T; HX(Q)) N L°(0, T; L2(Q)) N L*(0, T; LY())

v € L2(0, T; HY(Q)) N L*(0, T; L2(Q)).




Energy estimates

Thus, adding (3) and (4) yields

1 t
£/|v|2 dx +—/|'ch\2 dx +77/ /\Vv|2 dx dt +
2 Ja 4 Ja o Ja
€ t 1 t
+7//\VtrC\2dxdt+7//|trC|4dxdt:
2Jo Ja 2Jo Ja

1 1 [t
:B/|V0|2dX +*/\trco\2dx+f//3\trC\2dxdt,
2 Q 4 Jq 2 o Ja

which gives us the a priori bound

tr C € L2(0, T; HY(Q)) N L*°(0, T; L2(Q)) N L*(0, T; L*(Q))
v € L2(0, T; HY(Q)) N L°°(0, T; L3(Q)).

Using these bounds and the positive semidefinitness of C we also get

C € L%(0, T; HY(Q)) N L>=(0, T; L3(Q)) N L4(0, T; L*(Q)).
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Existence of weak solution

JGlu

Theorem
There exists a weak solution

v € L%(0, T; Hg 4, (2)) N L>(0, T; L, (%))
C e L%(0, T; HY(Q)) N L>=(0, T; L%(Q)) N L*(0, T; L*(Q))

satisfying v(0) = vp, C(0) = Co and

1o}
p/—v-wdx +p/(v-V)v~wdx +17/Vv:dex =
o Ot Q Q
:—/Vw:trC.CdX
Q
VweHj (), ae te(0,T)
oC

— D dx +/(V-V)C:Ddx +e/VC:VDdx =
o Ot Q Q

:/ [(VV)C + C(Vv)T] : D dx +/ [tr C.I— (tr C)2C] : D dx
Q Q

¥V D € HY(Q), ae. t € (0, T).

Proof: the Galerkin approximation and the classical energy estimates
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Finite element approximation

Discretization in space

Let us assume

JGlu

dimension d=2

Wy, Ly, X}, are finite-dimensional subspaces of
Wé’Z(QL L3(Q2), WL2(Q) respectively

W, and L, satisfy the inf-sup condition:

,div v
Vnn € Ly : sup M

> cllnnll2
ov,ew,  lvalli2

there exists an interpolation operator

MY : Wy2(R2) — W, such that

YweWH(Q) nWHL2(Q), 1< 1< k,re{0,1}:
0

IMyw — w2 < CA 7| lwl|jgg 2

YweWF(Q) Y gh € Ly : (qh, div Miw) = (gs, div w)
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Finite element approximation
Discretization in space

Let us assume
@ there exists an interpolation operator

ng : 12(Q) — Ly such that

VgeLl2(Qnwth2(Q)1 <1<k re{0,1}:
Mra—qllr2 < Chl+17’||q||l+1,27

@ there exists an interpolation operator preserving the positive
semi-definitness
n¢ : WH2(Q) — X, such that
VDeW(Q)nWHh2(Q), 1< 1<k re{01}:
[M;D = DJl;2 < CH*"|D|j41,2,

@ h e (0,1) is the mesh size
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Error estimates
Weak solution (WS)

Let (v, p, C) be such that

v € L3(0, T; Wy3(22)) N L™>(0, T; L*(R)),
p € L*(0, T; L5(R))
C e L*(0, T; W3(Q)) N L™=(0, T; L3(Q)) n L*(0, T; L*(Q))

satisfying v(0) = vo, C(0) =Co and

T r ov T T
//—~<pdxdt+/ /(V~V)v~¢dxdt+/ /Vv:Vg@dxdt:

o Ja Ot o Ja o Ja

T T
:7/ /Vgo:trC.CdxdtJr/ /pdivgodxdt
0o Ja 0o Ja

/divv.wdx =0

Q

T rac T T

//—:fdxdt+/ /(V~V)C:§dxdt+e/ /VC:Vfdxdt_
o Ja Ot o Ja o Ja

T T
- / / (V)€ + C(VW)T) : € dx dt +/ / (tr €1 — (tr CPC) : € dx dt
0 Q 0 Q

JG‘U Vo € L2(0, T; Wy P()), ¥ o € L2(0, T; L3(Q)), ¥ € € L2(0, T; WH2(Q)).
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Find (vy, pp, Cp) € L2(0, T; Wy) x L2(0, T; Ly) x L2(0, T; X,,) satisfying

vp(0) = MYvg, C,(0) =NECy and

vy T T
/ / - pp dx dt +/ /(vh~v)vhwphdxdt +/ /Vvh:an,,dxdt:
0 Q 0 Q
T
—/ /vga,,:trc,,.c,, dx dt +/ /pdivga;, dx dt
0 Q 0 Q

/ div vy, dx =0

aC T
// ,,dxdt+/ /(v,, V)Cp §hdxdt+e/ /vc,,:vg,,dxdt:
0 Q

:/0 /ﬂ ((Vvp)Ch + Cp(Vvp)T) : €4 dx dt +/0 /ﬂ (tr Cpl — (tr C,)2 Cy) : €, dx dt

¥ € L2(0, T W), ¥ 9y € L2(0, T; Ly) and ¥ &, € L2(0, T; Xp,).




Error estimates

Theorem

Let (v, p, C) be the weak solution (WS) satisfying additionally the following
assumptions

v € L3(0, T; W22(Q)) N L*°(0, T; W-3(Q))
ve € L2(0, T; WH3(Q))
C e L%(0, T; W*3(Q)) N L*°(0, T; W2(Q))
C. € L(0, T; WH%(Q))
p € L2(0, T; W'(Q)).

Let the set of finite-dimensional spaces {(W, Lp, Xs)}h>o satisfy the above
hypothesis. Then there is a constant C > 0 independent of h such that

sup_ (IN(7, ) = va(m, I + 1€(, ) = Ca(r, I3 ) +
T€(0,T)

T T
+/ V(v = va)ll3 + IV(C = Ca)ll3 dt +/ llp— pall; dt < ch?,
0 0

where (vp, pn, Cp) is the approximate solution (AS).
JGlu
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Error estimates

Proof
Proof: We start by writing
1 2 2 1 2 2
§(||5v(7')||2 —18.(0)13) + Z(Iltr Sc(M3 = litr ¢ (0)113) +
T e [T
[ IvaIG b+ 5 [ v el dr =
0 2 Jo
T 1 1
:/ (8t6v,5v) + (V(;V,V(S.,) + (8t55, Etr 5c.|) +e (V(Sc,v (Etr 5(.')) dt =
0
T 1 1
= / (8156‘,,5‘,) + (VEV,V5V) + (81:6(:, Etr 6c.|> +e€ (Vec,v (Etr 5(;.')) dt —
0
T 1 1
_/ (Oenv,0v) + (Vnv, Vou) + (8mc, Etr 6C.I) + € (Vnc, v (Etr éc.l)) dt ,
0
where
ey =v—vp=(v—Tv)+ (Mjv—v,) =n + 6
and similarly for ep, ec.
JGlu
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Error estimates

Proof
Proof: We start by writing
1 ) =0 1 ) =0
5(||6V(T)||2 —116.(0)[2) + Z(Htf Sc(MIIz = litr 6¢(0)]2) +
T e [T
+ [ 198 de 5 [ v el o =
0 2 Jo
T 1 1
:/ (8t6v,6v)+(V6v,V6V)+ Otéc, Etr ocl) +¢e( Ve,V Etr dc.l dt =
0
T 1 1
:/ (Orev,dv) + (Vev, Vi) + | Oeec, Etr 6c.l) +e(Vec,V Etr oc.l dt —
0
T 1 1
— (Oemv,0v) + (Y, Vou) + 8mc,5tr ocl) +€e|Vne,V Etr oc.l dt ,
0
where
ey =v—vy=(v—Tv)+ (Mjv—vy) =n + 6
and similarly for ey, ec.
JGlu
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Proof: We start by writing

1 1
SIS+ g ller Sc(TIB+

— T T
=g +/ V6.3 dt +e/ [Vir 6cl||? dt =
= o 0 0
= T 1 1
;l:l.‘! = / (Otﬁv,év) + (V{SVV(SV) + <8ﬂ§c, Etl‘ 5cl> +e <V5C7 \% <§tr 5cl)) dt =
- 0
.T" T 1 1
= = / (Otewév) + (VEV,V§V) + ( Orec, itl’ oc.l) +€|Vec,V Etr oc.l dt —
- 0
" | T 1 1
._':';.q —/ (Oenv, 6v) + (Y, Voy) + | Oene, =tr ¢l ) + e Ve, V | =tr éc.l dt .
50 0 2 2
.E'—\.-=:
iy where
=T ey =v—vp=(v—TI{v)+ (Mjv—vp) =n + 4

w Pt and similarly for ep, ec.




b

I

.,':Elh_

|-;‘; \
T e

e

\

Proof: We start by writing
1 2, 1 2
S8 (T)B+ 7l 5T+
T T
+/ V8,113 dt +f/ IVir 6|3 dt =
0 0
’ 1 1
= / (Gtﬁv,ﬁv) + (V(;VV(SV) + <8ﬂ§c, Etl‘ 5cl> + € <V5C7 \% <§tr 5cl)) dt =
0
T 1 1
:/ (Orev,dv) + (Vey,Véy) + <6tec, Etr 6C.I> +€ (VeC,V <§tr JC.I>> dt
0

" 1 1
_/ (Oenv,0v) + (Vnu, Vou) + <8mc, Etr 5C.I> + € <V'r]c7 v <§tr 5C.I)> dt
0

where
ey =v—vp=(v—TI{v)+ (Mjv—vp) =n + 4

and similarly for ep, ec.




Error estimates

Proof
Taking the difference of (WS) and (AS) allows us to write:
T
/ (Brev,8.) + (Vey,V6,) dt +
0
T 1 1
+/ (attr ec, Etr éc.l) + € (Vtr ec,V (Etr 6C.I)) dt =
0
T
= [ (e (o Vn) de -
0
T 1
—/ ((v -V)ec + (ev - V)Cp, Etr 6C.I) dt —
0
T T 1
_/ (tr ec.C+tr Cp.ec, Vdy) dt +/ (tl’ ec.l, Etr 5c.|) dt —
0 0
T 1
—/ (tr ec.tr C.C+tr Cp.tr ec.C + (tr C4)? ec, St 6C.l) dt +
0
T 1
+/ ((Vev)C +C(Ve,)T 4+ (Vvp)ec + ec(Vvp), Etr éc.l) dt +
0
-
+/ (epdiv 3,) dt
0
JGlu
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By estimating the integrals we get:

1 1 T
SI0V(OIE + Zlitr Sc(m)I3 + (1 - Cooz)/0 IV6v[3 + [[Ver écll3 <

)
<G+ G [ (1813 + 1 dclB) b(s)

e, where C; > 0 are constants and b(s) is integrable.
=il We choose o > 0 to be small enough.




By estimating the integrals we get:

1 1 T
SI0V(OIE + Zlitr Sc(m)I3 + (1 - Cooz)/0 IV6v[3 + [[Ver écll3 <

-

S a6 [ (0B e aclB) b(o)

— e 0

i where C; > 0 are constants and b(s) is integrable.
.= We choose v > 0 to be small enough.

= The Gronwall inequality thus yields:

.
T sup  ([I8u(7)I13 + IItr Sc(7)13) + / V6,13 + IVtr 5c)3 dt < Ch?.
7€(0,T) 0




Error estimates
Proof

By estimating the integrals we get:

1 1 g
§||5V(T)II§ + gl Sc(m)lIF + (1~ Coor)/0 IV8u3 + 1Vt 8¢5 <

sq#+glumﬁﬂm&@m¢

where C; > 0 are constants and b(s) is integrable.
We choose a > 0 to be small enough.

The Gronwall inequality thus yields:

;
S(L:)PT)(H(Sv(T)H% +ltr 6c(7)113) +/0 [VovlI3 + IVtr 8¢ 13 dt < Ch?.

TE

The estimate

.
sup_ 3c(r)I+ [ IVocl} o < c?
TG(O,T) 0

is found similarly using the above result.
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Since

(8p,div 6v) = — (np, div 6v) + (drev,dv) + (Vev, V) +
+((v-V)ev,dv) + ((ev - V)vp, 6v) +
+ (tr ec.C,Véy) + (tr Cp.ec, Vdy),

the error estimate for the pressure is obtained using the inf-sup
condition, i.e.

dp,div
clldplla < sup (6p, div ov)
o5, €W, [10v]l2

and the already known error estimates for v and C.




Since

(8p,div 6v) = — (np, div 6v) + (drev,dv) + (Vev, V) +
+((v- Vev,6v) + ((ev - V)vp, 0v) +

i

—— + (tr ec.C,Véy) + (tr Cp.ec, Vdy),

R the error estimate for the pressure is obtained using the inf-sup
= condition, i.e.

= (8p, div 8,)

= clldpll2 < sup
0#£5, €W, |10v]l1,2

and the already known error estimates for v and C.

| = Thus, we get

T
[ 1603 0 < cr.
0




Let us recall

ev =v—vy=(v—TI{v)+ (NMjv —vp) =1 + &y

and similarly for ep, ec.

i
== Then,
e sup  (|lv(7,-) = va(7, )I3 + IC(7, ) — Cu(7,)13) +
e 7€(0,T)
3 T 2 2 T 2
5 + /0 IV (v = vi)ll3 + V(€ — Ch)[3 de + /0 o — pull3 dt <
i < sup (w3 + 16u115 + lIncll3 + lI5cll3)
ek 7€(0,T)

-
+/0 IV 13 + IV8ul1Z + 1Vnc iz + IVécl3 dt +

.
= [ el 15015 o <

= < CH.




Thank you for your attention!
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