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Linearized problem

We consider the linearized problem in bounded domain with
slip boundary condition.

(P)



∂ρ

∂t
+ γ div u = f in Ω, t > 0,

∂u
∂t
− Div S(u, ρ) = g in Ω, t > 0,

S(u, ρ)ν|tan = h|tan on Γ, t > 0,

u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (ρ0,u0).

u = (u1, . . . , uN) : unknown velocity field (N ≥ 2),
ρ : unknown density
S(u, ρ) = α[∇u+ (∇u)T] + [(β − α) div u− γρ]I : stress tensor
α, β, γ : constant. α, γ > 0, 2α + Nβ > 0. .

.

. ..
.

.n|tan = n− ⟨n, ν⟩ν
ν : unit outer normal field on Γ
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Known result and Our goal
.

.

. ..

.

.

incompressible

Shimada (2007):
with non-homogeneous Robin B.C.

Shibata-Shimizu (2008):
with non-homogeneous Neumann B.C.

.

.

. ..

.

.

compressible

Enomoto-Shibata (2012, submitted):
with non-slip B.C.
=⇒global in time unique existence theorem for some initial
data close to a constant state in bounded domain for
Navier-Stokes equations.

.

.

. ..

.

.

In order to show a global in time unique existence theorem, we
prove the exponential stability of solution to (P).
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.
Main theorem (exponential stability)
..

.

. ..

.

.

Let 1 < p,q < ∞ and N < r < ∞. Assume that Ω is not rotationally
symmetric. Then, there exists a constant γ0 > 0 such that for
(ρ0,u0) ∈ Ep,q(Ω), (f ,g) ∈ Lp,γ0(R+, Ẇ

1,0
q (Ω)) and

h ∈ Lp,γ0(R+,W
1
q(Ω)) ∩W1/2

p,γ0(R+,Lq(Ω)), the problem (P) admits a
unique solution

ρ ∈W1
p,γ0

(R+,W
1
q(Ω))

u ∈W1
p,γ0

(R+, Lq(Ω)) ∩ Lp,γ0(R+,W
2
q(Ω))

which satisfies the estimate

∥eγ0t(ρt, ρ)∥Lp(R+,W1
q) + ∥eγ0t(ut,u, ⟨Dt⟩1/2∇u,∇2u)∥Lp(R+,Lq)

≤ C(∥(ρ0,u0)∥Ep,q + ∥eγ0t(f ,∇f ,g,∇h)∥Lp(R+,Lq) + ∥⟨Dt⟩1/2eγ0th∥Lp(R+,Lq)).
.

.

. ..

.

.

Ẇ1,0
q (Ω) = {(f ,g) ∈W1,0

q (Ω)|
∫
Ω

f (x)dx= 0},Ep,q = (Ẇ1,0
q (Ω), Ḋ(A))1−1/p,p,

Lp,γ0(R+,X) = {f ∈ Lp,loc(R+,X) | eγ0tf (t) ∈ Lp(R+,X)},
W1/2

p,γ0
(R+,X) = {f ∈ Lp(R+,X) | ⟨Dt⟩1/2eγ0tf ∈ Lp(R+,X)},

⟨Dt⟩1/2f (t) = F −1[(1 + τ2)1/4F [f ](τ)](t).
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Sketch of proof

We set U = (ρ,u), F = (f ,g) ∈ Ẇ1,0
q (Ω),

.

.

. ..

.

.

AU = (−γ div u,Div S(u, ρ)), Ȧ = A|Ḋ(A),

Ḋ(A) = {(ρ, u) ∈W1,2
q (Ω) | S(u, ρ)ν|tan = 0,u · ν = 0 on Γ} ∩ Ẇ1,0

q (Ω).

(P1)


Ut − ȦU = 0 in Ω, t > 0,

S(u, ρ)ν|tan = 0|tan, u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (ρ0,u0) in Ω.

(P2)


Ut − ȦU = F in Ω, t > 0,

S(u, ρ)ν|tan = 0|tan, u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (0,0) in Ω.

(P3)


Ut − ȦU = 0 in Ω, t > 0,

S(u, ρ)ν|tan = h|tan, u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (0,0) in Ω.
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Ut − ȦU = 0 in Ω, t > 0,

S(u, ρ)ν|tan = 0|tan, u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (ρ0,u0) in Ω.

(P2)
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Resolvent problem:

(RP)

λU −AU = F in Ω,

S(u, ρ)ν|tan = 0|tan, u · ν = 0 on Γ.
Oλ0

ε

.
Theorem (R-boundedness)
..

.

. ..

.

.

Let 1 < q < ∞ , 0 < ε < π/2. Then, there exist a λ0 ≥ 1 depending on ε, q,
N and an operator R(λ) ∈ L(W1,0

q (Ω),W1,2
q (Ω)) such that the following two

assertions hold :

(i) For any (f ,g) ∈W1,0
q (Ω) and λ ∈ Λε,λ0,

(ρ, u) = R(λ)(f , g) ∈W1,2
q (Ω) solves the problem (RP) uniquely.

(ii) There exist κ > 0 such that
RL(W1,0

q (Ω), W1,0
q (Ω)){λR(λ) | λ ∈ Λε,λ0}) ≤ κ,

RL(W1,0
q (Ω), Lq(Ω)N2)({λ

1/2∇PvR(λ) | λ ∈ Λε,λ0}) ≤ κ,
RL(W1,0

q (Ω), Lq(Ω)N3)({∇
2PvR(λ) | λ ∈ Λε,λ0}) ≤ κ,

where we set PvR(λ)(f ,g) = u.
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By Theorem (R-boundedness) and homotopic argument, we have
{λ ∈ C | Reλ ≥ 0} ∪ Λε,λ0 ⊂ ρ(Ȧ) and for any (f ,g) ∈ Ẇ1,0

q (Ω) and
λ ∈ {λ ∈ C | Reλ ≥ 0} ∪ Λε,λ0, (ρ, u) = (λ − Ȧ)−1(f ,g) ∈ Ḋ(A)
satisfies the estimate:

(1+ |λ|)∥(ρ,u)∥W1,0
q (Ω)+(1+ |λ|1/2)∥∇u∥Lq(Ω)+∥∇2u∥Lq(Ω) ≤ C∥(f ,g)∥W1,0

q (Ω).

.
Theorem (generation of analytic semigroup)
..

.

. ..

.

.

Ȧ generates an analytic semigroup {Ṫ(t)}t≥0 on Ẇ1,0
q (Ω). Moreover,

there exists a constant γ1 > 0 and M for any (f ,g) ∈W1,0
q (Ω),

(ρ,u) = Ṫ(t)(f , g) satisfies the estimate:

∥Ṫ(t)(f ,g)∥W1,0
q (Ω) ≤ Me−γ1t∥(f ,g)∥W1,0

q (Ω).

.

.

. ..

.

.

For any (ρ0,u0) ∈ Ep,q, the problem (P1) admits a unique solution
(ρ,u) satisfies the estimate:

∥eγ1t(ρt, ρ)∥Lp(R+,W1
q(Ω)) + ∥eγ1t(ut,u,∇2u)∥Lp(R+,Lq(Ω)) ≤ C∥(ρ0,u0)∥Ep,q.
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. ..
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Ut − ȦU = F in Ω, t > 0,

S(u, ρ)ν|tan = 0|tan, u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (0,0) in Ω.

(P3)
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.

.

. ..
.

.

∥eγ2tU∥Lp(R+,W
1,0
q (Ω))

For F ∈ C∞0 (R+, Ẇ
1,0
q (Ω)), we set

(1) U(t) =
∫ t

0
T(t − s)F(s)ds.

By analytic semigroup theory, U solves (P2), that is

U(t) − ȦU = F in Ω × R+,U|t=0 = (0,0).

By (1), there exists a constant γ2 ∈ [0, γ1/(2p)) such that
.

.

. ..

.

.

∥eγ2tU∥Lp(R+,W
1,0
q (Ω)) ≤ C∥eγ2tF∥Lp(R+,W

1,0
q (Ω)).
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.

.

. ..

.

.

∥eγ3tUt∥Lp(R+,W
1,0
q (Ω)), ∥eγ3t∇2u∥Lp(R+,Lq(Ω))

∂tU + 3λ0U − ȦU = F + 3λ0U in Ω, t > 0,

S(u, ρ)ν|tan = 0|tan, u · ν = 0 on Γ, t > 0,

(ρ, u)|t=0 = (0,0) in Ω,

where U0(t) = U(t) for t ≥ 0 and U0(t) = (0, 0) for t < 0, and
G(t) = F(t) + 3λ0U(t) for t ≥ 0 and G(t) = (0,0) for t < 0.

∂tU0(t) = 1/(2π)
∫ ∞

−∞
eλtλ((λ + 3λ0)I − Ȧ)−1L[G](λ)dτ
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R-boundedness
.
Definition (R-boundedness)
..

.

. ..

.

.

A family of operators T ⊂ L(X,Y) is called R-bounded on L(X,Y), if
there exist constants C > 0 and p ∈ [1,∞) such that for each
m ∈ N, Tj ∈ T , fj ∈ X (j = 1, . . . ,m) for all sequences {r j(u)}mj=1 of
independent, symmetric, {−1,1}-valued random variables on [0, 1],
there holds the inequality :∫ 1

0

∥∥∥∥ m∑
j=1

r j(u)Tj fj
∥∥∥∥p

Y
du≤ C

∫ 1

0

∥∥∥∥ m∑
j=1

r j(u) fj
∥∥∥∥p

X
du.

.
Remark..

.

. ..

.

.

The smallest such C is called R-bound of T on L(X,Y), which is
denoted by RL(X,Y)(T ).

For any Banach spaces X and Y, L(X,Y) denotes the set of all
bounded linear operators from X into Y. L(X) = L(X,X).
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.
Theorem (operator-valued Fourier multiplier theorem)
..

.

. ..

.

.

Let X and Y be two UMD Banach spaces and 1 < p < ∞. Let M be
a function in C1(R \ {0},L(X,Y)) such that

RL(X,Y)({M(τ) | τ ∈ R \ {0}}) = κ0 < ∞,
RL(X,Y)({τM′(τ) | τ ∈ R \ {0}}) = κ1 < ∞.

If we define the operator TM : F −1D(R,X)→ S′(R,Y) by the
formula:

TMϕ = F −1[MF [ϕ]] , (F [ϕ] ∈ D(R,X)).

Then, the operator TM is extended to a bounded linear operator
from Lp(R,X) into Lp(R,Y). Moreover, denoting this extension by
TM, we have

∥TM∥L(LP(R,X),LP(R,Y)) ≤ C(κ0 + κ1)

for some constant C > 0 depending on p, X and Y.
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