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Linearized problem

We consider the linearized problem in bounded domain with
slip boundary condition.

6—p+ydivu:f inQ, t>0,
U ot
5t ~DVSup) =9 inQ, t>0,
(P)
S(u, p)Vltan = hltan onI, t>0,
u-v=0 onT, t>0,
(05 U)l=0 = (00, Uo).
@ U= (Uy,...,uy) :unknown velocity field (N > 2),

p :unknown density
@ Su,p) = a[Vu+ (Vu)] + [(B - a)divu —yp]l : stress tensor
@ «,B,v:constant. @,y > 0, 2a + Ng > 0.
@ v :unit outer normal field on T’
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Known result and Our goal

incompressible
@ Shimada (2007):
with non-homogeneous Robin B.C.

@ Shibata-Shimizu (2008):
with non-homogeneous Neumann B.C.
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incompressible
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with non-homogeneous Robin B.C.
@ Shibata-Shimizu (2008):
with non-homogeneous Neumann B.C.

compressible
@ Enomoto-Shibata (2012, submitted):
with non-slip B.C.
=—global in time unique existence theorem for some initial
data close to a constant state in bounded domain for
Navier-Stokes equations.
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Known result and Our goal

incompressible
@ Shimada (2007):
with non-homogeneous Robin B.C.
@ Shibata-Shimizu (2008):
with non-homogeneous Neumann B.C.

compressible

@ Enomoto-Shibata (2012, submitted):
with non-slip B.C.
=—global in time unique existence theorem for some initial
data close to a constant state in bounded domain for
Navier-Stokes equations.

In order to show a global in time unique existence theorem, we
prove the exponential stability of solution to (P).
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Main theorem (exponential stability)

Letl <p,g<ooandN <r < oco. Assume that Q is not rotationally
symmetric. Then, there exists a constant yo > 0 such that for
(0o, Uo) € Epq(Q), (f,0) € Lp,yo(RﬁWé’o(Q)) and
h € Loy (Re, WAHRQ)) N W2 (R, Lo(€Q)), the problem (P) admits a
unique solution
a pe WL (R, WiQ)
U € Wo o (R, La(€)) N Liyo(R, WA(R)
which satisfies the estimate

||eyot(Pt,P)||Lp(R+,wf}) + 1€ (u, u, (Dyy*Vu, VZU)||Lp(R+,Lq)
< C(ll(po, Uo)llE,, + 1€ (F, VE, 9, V)L e, Lg) + KDY 2€ Lz, Lo)-
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Letl<p,g<ooandN <r < oco. Assume that € is not rotationally
symmetric. Then, there exists a constant yo > 0 such that for

(0o, Uo) € Epq(Q), (f,0) € Lp,yo(RHW(}’O(Q)) and

h € Loy (Re, WAHRQ)) N W2 (R, Lo(€Q)), the problem (P) admits a

P.yo
unique solution
a pe WL (R, WiQ)
ue Wy, (R, Lg(Q)) N Lpyo(R+, W(Q))
which satisfies the estimate
||ey°t(Pt,P)||Lp(R+,wg) + 1€ (U, u, (DY?Vu, V2U) Iy w, Lo

< C(ll(oos Uo)llg,, + 1€ (F, VE, G, VW)L, o) + KD 2Ly, Lg)-

WO(Q) = {(F, 9) € W;°(Q) f F(¥)dx = 0}, Epq = (W5 (Q). D(A))1-1/pp
Q
LPJ’O(Rh X)=1{f € Lp,loc(R+, X) | e'f (t) € Lp(R+, X)},
Wo2(R.., X) = {f € Lp(R,, X) | (D)M?€°'f € Ly(R., X)),

(D)% (1) = 7 (1 + ) *FIFD)]().
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Sketch of proof

We set U = (p, ), F = (f,g) € W°(Q),

AU = (~ydivu, Div (U, p)), A = Alpa)»
D(A) = {(p, U) € Wi(Q) | U, p)Vlian = 0,u- v = 0 on T'} N W(Q).

U — AU =0 inQ, t>0,
(P1) S(U, p)Vhan = O U-v =0 onT, t>0,
(p’ u)|t=0 = (PO, UO) in Q.

M. Murata (Waseda University) sectorial R-boundedness 2013/6/17-20 5/13



Sketch of proof

We set U = (p, ), F = (f,g) € W°(Q),

AU = (~ydivu, Div (U, p)), A = Alpa)»
D(A) = {(p, u) € WI(Q) | S(U, p)vhan = O,u- v = 0 on T} N W;O(Q). J
U — AU =0 inQ, t>0,
(P1) S(U, P)Vlan = Oliany U-v=0 onT, t>0,
(0, Ult=0 = (0o, Uo) in Q.
U -AU=F inQ, t>0,
(P2) S(U, p)Vlan = Oliany U-v=0 onT, t>0,
(0, W0 = (0,0) in Q.

M. Murata (Waseda University) sectorial R-boundedness

2013/6/17-20 5/13



Sketch of proof

We set U = (p, ), F = (f,g) € W°(Q),

AU = (~ydivu, Div (U, p)), A = Alpa)»
D(A) = {(p, u) € WI(Q) | S(U, p)vhan = O,u- v = 0 on T} N W;O(Q). J

U — AU =0 inQ, t>0,

(P1) S(U, P)Vlan = Oliany U-v=0 onT, t>0,
(0, Ult=0 = (0o, Uo) in Q.

U -AU=F inQ, t>0,

(P2) S(U, p)Vlan = Oliany U-v=0 onT, t>0,
(0, W0 = (0,0) in Q.

U - AU =0 inQ, t>0,

(P3) S(U, p)Vlan = Mliany U-v=0 onT, t>0,
(0, Wl=o0 = (0,0) in Q.

M. Murata (Waseda University) sectorial R-boundedness 2013/6/17-20 5/13



Sketch of proof

We set U = (p, ), F = (f,g) € W°(Q),

AU = (~ydivu, Div (U, p)), A = Alpa)»
D(A) = {(p, U) € Wi(Q) | U, p)Vlian = 0,u- v = 0 on T'} N W(Q).

U — AU =0 inQ, t>0,
(P1) S(U, p)Vhan = O U-v =0 onT, t>0,
(p’ u)|t=0 = (PO, UO) in Q.

M. Murata (Waseda University) sectorial R-boundedness 2013/6/17-20 5/13



Resolvent problem: " ///4‘
AU-AU =F in Q, .
(RP) { A n =

-s.ﬂ_
S(U’P)Vltan = Oltan, U-v=0 onT. w

h (R-boundedness)
Theorem (R-boundedness

Letl<g<oo,0<e<n/2 Then, there exist a 1o > 1 depending on ¢, q,
N and an operator R(2) € L(W&’O(Q), W&’Z(Q)) such that the following two
assertions hold :
(i) For any (f,g) € Woll’o(Q) and A € Ag .

(o,u) = R()(f,g) € W&’Z(Q) solves the problem (RP) uniquely.
(i) There exist « > 0 such that

RL(W&,O(Q)’ Wé,o(g)){/lRl(/;) | A€ Agpp)) <k,

R pnto(@), Ly (4 I2VP,R(A) | A € Ag o)) < K,
R VZPR(A) | A € Ag i) < K,
where we set PyR(A)(f,g) = u.

(@), L@
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By Theorem (R-boundedness) and homotopic argument, we have
{1€C| Red> 0} U A4, € p(A) and for any (f,g) € Wy°(Q) and
1e{leC| Red>0lUA,,, (o,u) = (1 -A) L, g) € D(A)
satisfies the estimate:

(L 1DIo, Wlhygorey + L+ ADIIVUlL 0 + 172Ul < CICE. Dliwzocay-
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Theorem (generation of analytic semigroup)

A generates an analytic semigroup {T(t)}i=0 on W;°(Q). Moreover,
there exists a constant y; > 0 and M for any (f,g) € W;°(Q),
(o, U) = T(t)(f, g) satisfies the estimate:

T, Do < M, Qllzogy:
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Theorem (generation of analytic semigroup)

A generates an analytic semigroup {T(t)}i=0 on W;°(Q). Moreover,
there exists a constant y; > 0 and M for any (f,g) € W;°(Q),
(o, U) = T(t)(f, g) satisfies the estimate:

T, Do < M, Qllzogy:

For any (po, Up) € E, 4, the problem (P1) admits a unique solution
(o, U) satisfies the estimate:

1€ (or L)l iy + 1€ (U U, VUL, o)) < Cll00, Uo)llEy-
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We set U = (p, ), F = (f,g) € W°(Q),

AU = (—ydivu, Div U, p)), A = Alp
D(A) = {(p, U) € Wi(Q) | U, p)Vlian = 0,u- v = 0 on T'} N W(Q).

U - AU = F inQ, t>0,
(P2) S(U, p)Vlan = Oltan, U-v=0 onT, t>0,
(p’ u)lt:O = (O, O) in Q.
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[+ ||e72tU ||Lp(R+,Wg‘-’O(Q)) J
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[+ ||e72tU ”L,;(RJNW&’O(Q)) J

For F € C3(R,, Wy°(Q)), we set

t
(1) u() = f T(t - 9F(9)ds
0
By analytic semigroup theory, U solves (P2), that is

U(t) — AU = Fin Q xR,, Ul = (0, 0).
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[+ ||e72tU ”L,;(RJNW&’O(Q)) J

For F € C3(R,, Wy°(Q)), we set

t
(1) u() = f T(t - 9F(9)ds
0
By analytic semigroup theory, U solves (P2), that is
U(t) — AU = Fin Q xR,, Ul = (0, 0).

By (1), there exists a constant vy, € [0, y1/(2p)) such that

t t
1€V, oy < ClIEFllL, e, weow)-
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@ [|€='Utll ., wioy)- €73 V2UllL (2. Lo() J

oU ~AU =F inQ. t>0,
S, p)Vlan = Oltan, U-v=0 onT, t>0,
(0, Wl=o = (0,0) inQ,
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° ”e%t Ut|||_p(RJr ,Wévo(g)) s ”e%tvzu”Lp(RJ,,Lq(Q)) J

AU + 30U — AU = F + 31,V inQ, t>0,
Su, p)Vltan = Oltan, U-v =0 onT, t>0,
(0, U)li=o = (0,0) inQ,

where Ug(t) = U(t) for t > 0 and Uy(t) = (0,0) fort < 0, and
G(t) = F(t) + 32U(t) fort > 0 and G(t) = (0,0) fort < 0.
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° ”eygt Ut|||_p(RJr ,Wévo(g)) s ||ey3tV2u||Lp(R+,Lq(Q)) J

aUg + 310 — AUy = G inQ, teR,
S, p)vltan = Oltan, U-v =0 onT, teR,
(0, Wli=o = (0,0) in Q.

where Ug(t) = U(t) for t > 0 and Ug(t) = (0,0) for t < 0, and
G(t) = F(t) + 32U(t) fort > 0 and G(t) = (0,0) fort < O.
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° ”eygt Ut|||_p(RJr ,Wévo(g)) s ||eystV2u||Lp(R+,Lq(Q)) J

aUg + 310 — AUy = G inQ, teR,
S, p)vltan = Oltan, U-v =0 onT, teR,
(0, Wli=o = (0,0) in Q.

where Ug(t) = U(t) for t > 0 and Ug(t) = (0,0) for t < 0, and
G(t) = F(t) + 32U(t) fort > 0 and G(t) = (0,0) fort < O.

0Uo(t) = 1/(2r) Im e A((A + 30)l — A LL[G]()dr

with 2 = —y +ir.
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° ”eygt Ut|||_p(RJr ,Wévo(g)) s ||eystV2u||Lp(R+,Lq(Q)) J

aUg + 310 — AUy = G inQ, teR,
S, p)vltan = Oltan, U-v =0 onT, teR,
(0, Wli=o = (0,0) in Q.

where Ug(t) = U(t) for t > 0 and Ug(t) = (0,0) for t < 0, and
G(t) = F(t) + 32U(t) fort > 0 and G(t) = (0,0) fort < O.

0Uo(t) = 1/(2r) Im e A((A + 30)l — A LL[G]()dr

with A = —y + it. By Theorem (R-boundedness), there exists a
constant y3 € [0, y4) such that

||673tUt||Lp(R+’W&,O(Q)) + ||e73tV2u||Lp(R+,Lq(Q)) < C”eyStG|||_p(R+,Wév0(Q)), J

where y4 = min{2o, y1/(2p)}.
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Thank you for your attention.
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R-boundedness

Definition (R-boundedness)

A family of operators 7~ c £(X,Y) is called R-bounded on £(X,Y), if
there exist constants C > 0 and p € [1, o) such that for each

meN, T eT, fie X(=1,...,m)forall sequences {rj(u)}j":‘1 of
independent, symmetric, {—1, 1}-valued random variables on [0, 1],
there holds the inequality :

1,.m 0 1 m .
[ 1> mwmilausc [0
=1 j=1

The smallest such C is called R-bound of 7~ on £L(X,Y), which is
denoted by R ;x.v)(7).

For any Banach spaces X and Y, £(X, Y) denotes the set of all
bounded linear operators from X into Y. £(X) = L(X, X).
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Theorem (operator-valued Fourier multiplier theorem)

Let X and Y be two UMD Banach spacesand 1 < p < co. Let M be
a function in CY(R \ {0}, £(X, Y)) such that

RL(xy)( M(T)lTER\ )—K0<OO
Rexny({TM'(7) | T € R\ {0}}) = k1 < 0.

If we define the operator Ty : F 1D(R, X) — S’'(R,Y) by the
formula:
Tug = F U{MF 4], (FI¢] € DR, X)).
Then, the operator Ty, is extended to a bounded linear operator
from Lp(R, X) into Ly(R, Y). Moreover, denoting this extension by
Twm, we have
MMl cp@ex) Le@Y) < Clko + k1)

for some constant C > 0 depending on p, X and Y.
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