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Wagner model for vertical impact
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d′−d′

Nondimensional variables:
x′ = Lx, y′ = Ly, t′ = εL

V t, ϕ′ = LVϕ, η′ = εLη

∆ϕ(x, y, t) = 0 ((x, y) ∈ Ω(t))

ϕy = −1 + εϕx sgn(x) (y = ε(|x| − t))

ϕy = ηt + εηxϕx (y = εη(x, t))

ϕt = − ε2 |∇ϕ|
2 − εgL

V2 y (y = εη(x, t))

ϕ→ 0 (x2 + y2 →∞)

initial conditions: η(x, 0) = 0, ϕ(x, y, 0) = 0

Hydrodynamic pressure: p = −ϕt + ε
2 |∇ϕ|

2 − εgL
V2 y ((x, y) ∈ Ω(t))
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Leading-order hydrodynamic problem for ε � 1

∆ϕ = 0 (y < 0)

ϕy = −1 (y = 0, |x| < d)

ϕy = ηt (y = 0, |x| > d)

ϕt = 0 (y = 0, |x| > d)

ϕ→ 0 (x2 + y2 →∞)

p = −ϕt (y = 0 , |x| < d)

η(x, 0) = 0 (x ∈ R)

Wagner’s condition:

η(d, t) = d − t (d > 0)

ϕ = O(1) ((x, y)→ (±d, 0))

Solution: d(t) = π
2 t

d/t

ε

LOWT: Leading order Wagner theory

SOWT: Second order Wagner theory (Oliver,

2007)

Z&F: Numerical solution exploiting self-

similarity (Zhao & Faltinsen, 1993)
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Oblique impact of a plate
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Oblique impact of a plate

∆ϕ = 0 (y < 0)

ϕy = ωt(x, t) (y = 0, t < x < d)

ϕ = 0 (y = 0, x < 0, x > d)

ϕx = A(x) (y = 0, 0 < x < t)

ϕ→ 0 (x2 + y2 →∞)

ϕ = O(1) ((x, y)→ (d, 0))

|∇ϕ| = O(1) ((x, y)→ (t, 0))

where d = d(t) is given by:

ω(d, t) = η(d, t) (d > t)

ϕy = ηt (y = 0, x < t, x > d)

η(x, 0) = 0

η(t, t) = ω(t, t)

p = −ϕt (y = 0, t < x < d)

MBVP =⇒
∫ t

0

√
d−ξ
t−ξ A(ξ) dξ =

∫ d

t

√
d−ξ
ξ−t ωt(ξ, t) dξ
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displacement potential: Φ(x, y, t) =

∫ τ

0
ϕ(x, y, τ) dτ

∆Φ = 0 (y < 0)

Φy = ω(x, t) (y = 0, t < x < d)

Φ = 0 (y = 0, x < 0 and x > d)

Φx = tA(x) + B(x) (y = 0, 0 < x < t)

|∇Φ| = O(1) ((x, y)→ (t, 0))

Φ = O(((x− d)2 + y2)1/2) ((x, y)→ (d, 0))

Φ→ 0 (x2 + y2 →∞)

∫ t

0

√
t−ξ
d−ξ (t A(ξ) + B(ξ)) dξ = −

∫ d

t

√
ξ−t
d−ξω(ξ, t) dξ∫ t

0

√
d−ξ
t−ξ (t A(ξ) + B(ξ)) dξ =

∫ d

t

√
d−ξ
ξ−t ω(ξ, t) dξ
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∫ t

0

√
d−ξ
t−ξ A(ξ) dξ =

∫ d

t

√
d−ξ
ξ−t ωt(ξ, t) dξ∫ t

0

√
t−ξ
d−ξ (t A(ξ) + B(ξ)) dξ = −

∫ d

t

√
ξ−t
d−ξω(ξ, t) dξ∫ t

0

√
d−ξ
t−ξ (t A(ξ) + B(ξ)) dξ =

∫ d

t

√
d−ξ
ξ−t ω(ξ, t) dξ

For rigid-plate plate impact at constant velocity:

ω(x, t) = x− t(1 + χ) , χ =
V
εU

=⇒ Solution is self-similar solution: A(x) = A∗ , B(x) = B∗x , ḋ(t) = ḋ∗t

Solution of the problem:

ḋ∗ = q−2 , A∗ = −
π

4q
χ− 1 + 2q2(1 + 2χ)

(q2 + 1)3/2
, B∗ = −A∗

4q2 + 1
2q2 + 2

,

arsinh(q) = q
√

q2 + 1
χ+ 3− 2χq2

χ− 1 + 2q2(1 + 2χ)
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Structural part of the problem for free elastic plate

x

y

s
1

0 yb = εζ(s, t) , ζ(s, t) = ω(x, t)

s = x− t + O(ε2)

Euler’s beam equation:

µ ∂
2

∂t2
ζ + θ ∂

4

∂s4 ζ = p(s + t, 0, t)− µκ

∂2

∂s2 ζ = ∂3

∂s3 ζ = 0 (s = 0, s = 1)

µ = %Sh
%FL

θ = D
%FL3U2

κ = gL
εU2

h plate thickness

D flexural rigidity

%S plate density

%F fluid density

ζ(s, t) =
∑∞

k=0 ak(t)ψk(s)
∂4

∂s4 ψk = λ4
kψk (0 < s < 1)

∂2

∂s2 ψk = ∂3

∂s3 ψk = 0 (s = 0, s = 1)

rigid modes of translation and rotation: ψ0(s), ψ1(s)

normal modes for elastic deflection: ψk(s) , k ≥ 2
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Coupling of structural and hydrodynamic part

µ
d2ak

dt2
+ θλ4

kak =

∫ d

t
p(x, 0, t)ψk(x− t) dx− µκδ0k

Hydrodynamic pressure:

p(x, 0, t) = −
ḋ S(t)
π(d − t)

√
x− t
d − x

−
1
π

√
(x− t)(d − x) T(x, t) ,

where

S(t) =

∫ t

0

√
t−ξ
d−ξ A(ξ) dξ +

∫ d

t

√
ξ−t
d−ξωt(ξ, t) dξ ,

T(x, t) = −
∫ d

t

ω̂tt(ξ, t)

(ξ − x)
√

(ξ − t)(d − ξ)
dξ ,

ω̂tt(x, t) =

∫ x

t
ωtt(ξ, t) dξ .
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Final equations

Euler’s beam equation:
d2~a
dt2

= ~F
(

t, d,~a, d~a
dt ,A(x)|x∈(0,t)

)
Wagner’s condition:

dd
dt

= G
(

t, d,~a, d~a
dt ,A(x)|x∈(0,t),B(x)|x∈(0,t)

)
update of A and B:

∫ t

0

√
d−ξ
t−ξ A(ξ) dξ = K(t, d,~a, d~a

dt )∫ t

0

√
d−ξ
t−ξ B(ξ) dξ = L(t, d,~a, d~a

dt )

with initial conditions:

~a(0) = ( 1
2 ,

1
6

√
3, 0, 0, · · · ) , d~a

dt (0) = (− V
εU , 0, 0, . . .) , d(0) = 0
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Results for steel plate:
L = 2.4m, h = 5cm, ε = 8.6◦, V = 6ms−1, U = 24ms−1

timestep ∆t = 5× 10−4, 8 elastic modes
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Summary

1. The Wagner model for impact problems of bodies with small deadrise angle into
water was introduced.

2. A model for the impact of an elastic plate at high horizontal speed has been
presented.

3. Influence of hydroelasticity on the force is significant. Large negative forces
appear on the rear part of the plate during impact.

Thank you.

Any questions or comments?
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ZAMM, 12:193–215, 1932.

17 / 17


