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§1 Introduction (Navier-Stokes equations)

ou+ U-V)u-Au+Vve=0, V-u=0 in Q(), t>0,
oh+u -Vh—uy=0 on I'(t), t>0,
(1) Su,0)n +gxyn—okn =0 on I'(t), t>0,
hlizo = ho on R}
Ult=o = Ug in  Q(0).

u = (ug,...,uy): velocity, 8: pressure, h: hight function : unknown.
U =(u,...,Un1), V = (01,...,0N 1)

Su, ) = -6l +[Vu+ (Vu)T]: stress tensor, |: N x N identity matrix
Nn: unit outer normal to I'(t), x<: mean curvature of I'(t).

g > 0O: gravity constant, o > O: surface tension constant.
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§1 Introduction (Navier-Stokes equations)

XN
T'(t) ={(x',xn) |xn = h(x/,t)} Height function: h(x’,t)
T Vi N
o Ro
Q(t) = {(x',xn) [xn < h(x',t)} depth = +00
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§1 Introduction (Stokes equations)

dUu—Au+Ve=F(u6,h), V-u=F4uh) in RY, t>0,
o:h + uy = G(u, h) on RY, t>0,
S(u, O)ng + (g — oA")hng = H(u, h) on RY, t>0,
and Initial data ug, ho,

(2)

where ng = (0,...,0,-1).
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Our goal of this research is to show the global wellposedness of
nonlinear problem (1) and also (2).
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§1 Introduction (Stokes equations)

AU—-AU+Ve=0, V-u=0 in RV, t>0,
o:th+ uy = G(X, 0, 1) on RY, t>0,
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§1 Introduction (Stokes equations)

We consider the following resolvent problem:

AN-AV+Vr=0, V-v=0 in RV,
(RP) An + vy = d(X, 0) on RY,
SV, m)ng + (g— oA )ng =0 on Ry.
Set
(SO d) () = L3 [1n(<, %n, D] (1)
Then, the solution h for (2) is given by

h(x, t) = fo t St - 9G(9) ds.
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§1 Introduction (Stokes equations)

We consider the following resolvent problem:
AN-AV+Vr=0, V-v=0 in RV,
(RP) A+ vy = d(X,0) on RY,
SV, m)ng + (g— oA )ng =0 on Ry.
Set
(St d) (9 = L3 [n(X, xn, V] ).

Aim of this talk

Our aim in this talk are
@ to construct the operator St),
@ to show some decay property of St).
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§2 Analysis of Stokes equations

AN-AV+Vr=0, V-.v=0 in RY,
(RP) A+ vy = d(x,0) on Ry,
SV, m)ng + (@— oA’ )yng =0 on RY.
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§2 Analysis of Stokes equations

AN-AV+Vr=0, V-.v=0 in RY,
(RP) A+ vy = d(x,0) on Ry,
SV, m)ng + (@— oA’ )yng =0 on RY.

Applying the partial Fourier transform w.r.t. X’ variable to (RP) and
solving ODEs w.r.t. Xy in the Fourier space, we have
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§2 Analysis of Stokes equations

AN-AV+Vr=0, V-.v=0 in RY,
(RP) A+ vy = d(x,0) on Ry,
SV, m)ng + (@— oA’ )yng =0 on RY.

Applying the partial Fourier transform w.r.t. X’ variable to (RP) and
solving ODEs w.r.t. Xy in the Fourier space, we have

D', 1)

d(¢’,0),
(VA+ €12+ €))L, Q) &9

ﬁ(é:,’ 07 /1) = 7:6'[77()(,’ 0’ /1)] (é:’) =
where
D(¢',2) = B® + |¢'|B* + 3¢'"B - |¢'° ~ B®,
L&, 2) = B- €D, D) + €@+ alé'?) (B= ya+I¢P).
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§2 Analysis of Stokes equations

Lopatinski determinant L(¢’, 1) has the following roots A.:

Ay = =ig2E "2 = 2P + O('P?) (1€ - 0).
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§2 Analysis of Stokes equations

Lopatinski determinant L(¢’, 1) has the following roots A.:
A = #igU eV - 2¢° + O (€1 0).
We, therefore, set

(SO D) = (Solt) D) + (Sut) )
= 3 LT e ()e VPR 0, 01X ),

j:0,00
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§2 Analysis of Stokes equations

Lopatinski determinant L(¢’, 1) has the following roots A.:
As = g e = 2 + O(¢'P?)  (1€'] - 0).
We, therefore, set
(S d)(®) = (S(t) d)(X) + (S (1) d)(X)
= D LT e )e VIEP G 0, ). 1),

j:0,00

where e V¥ parabolic extension to RN, ¢o(¢’): Low frequency
cut-off function and ¢..(¢") = 1 — ¢o(&).
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§2 Analysis of Stokes equations

Lopatinski determinant L(¢’, 1) has the following roots A.:
A = #igU eV - 2¢° + O (€1 0).
We, therefore, set

(SO D) = (Solt) D) + (Sut) )
= 3 LT e ()e VPR 0, 01X ),

j:0,00

where e V¥ parabolic extension to RN, ¢o(¢’): Low frequency
cut-off function and ¢.,(¢') = 1 — ¢o(&).

We analyze the low frequency part, that is $(t), and for the purpose
we change the integral path w.r.t A to
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§2 Analysis of Stokes equations

i/\()
ig1/2‘£/|1/2

Change the path to
the left half plane

Ao >1

7ig1/2\§/\1/2

—ilo
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§2 Analysis of Stokes equations

Setting B, = /1. + |¢’]2, we have B, ~ |&'|Y4.
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§2 Analysis of Stokes equations
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_ iy—:;l [f e/n(po(f')D(f', /l)(_ V/l + |§’|2) e VA+E Pxn d/la(fl, O)] (X’)
20 ¢ | VA+EPLE. )
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_ iy—:;l [f e/n(po(f')D(f', /l)(_ V/l + |§’|2) e VA+E Pxn d/la(fl, O)] (X’)
20 ¢ | VA+EPLE. )

s P (B2-1e')t ¢o(¢')D(¢', B)Be ™ T
i Ue E-B)B-B)E-B)E-B) 0
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the factorization: L(¢’,1) = (B-B,)(B-B.)(B-B})(B-B")
IN(SS(t) d)(X) := dn{Residue part of (S(t) d)(x)}
[ 7 7 _ 712 -
— 1 7:571 f e/lt‘pO(é: )D(éj ’/l)( V/l+ |é‘:| )E_WXN d/ld(fl,O)
| i VA+IEPL(E, )

_ __191~—1 f (B Pt @o(¢')D(¢', B)Be B
- il
[T Res

] (x)

E-B)6-B)B-B)E-B) C U O)l

Ve(B+—|§’|2)t @o(&)D(¢, B, )B, g B
(B. - B.)(B. - B.)(B. - B.)

de, 0>] (X)
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Setting B, = /1. + |¢’]2, we have B, ~ |£&'|Y4.
We, therefore, have by the change of variables: B = /A + |£’]? and
the factorization: L(¢’,1) = (B-B,)(B-B.)(B-B})(B-B")

On(S5 (1) d)(x) 1= dn{Residue part of (So(t) d)(¥))
2 EPE VNI ED \iiin g e o ] v
fr VA+IEPLE ) 0]

_ __1 1 (B2-1¢')t @o(¢')D(¢', B)Be B —
= e e - e e e B O

_ o a B.ept  Pol§)D(E, B.)B,e®x /
=TS B - BB - BB, —B) (¢ 9|

1\ &7 13/4) £711/4 Vae —
- 7:571 [eﬂit(pO(é: )|§/||3/4 |E | e_|§'\ / de(é:/, 0)] (X’)

1.
= ZTE
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1\ &7 3/4 &7 11/4 -
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§2 Analysis of Stokes equations

~ ot el 2 o ) e (e 0)] (x)
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§2 Analysis of Stokes equations

~ ot [l g g e G e 0)] (x)
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§2 Analysis of Stokes equations

~ ot el 2 ) o g e G e 0)] (x)

_ &2t _+igl/2|g(1/2 ’ , _1e711/4 &2t ,
:@1[6 €7 L gHa At g e\ [ A M gl td(g,O)] (X).
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§2 Analysis of Stokes equations

~ Tt [l 2 D (g e PG, 0)] ()
= ot Ftee M gy e [ ek e ¥ P (e, 0)] ().

By Lo-L: estimate of N — 1 dimensions heat kernel: Té;l[e"‘f"zt] (X),
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§2 Analysis of Stokes equations

~ Tt [l P2 D) ) e E P G, 0)] ()
= T | e gy () e PO e P (e, )] (x).
By Lo-L: estimate of N — 1 dimensions heat kernel: Té;l[e"f"zt] (X),

o (S5 (®) A) ¢ Xn)LgRN-2)
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< 2 (3 0)||go(¢) & [V 4e ¢ U2k Mg ¥ PU2G( Q)| mnn
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o (S5 (®) A) ¢ Xn)LgRN-2)

St 7 (e Ve ¥ e e PG )l
_ (1) leo@)e T, Oy

> /8 + xy '
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<t 7 (E)g(e) [P Ae ¥ V2 g K P2 (e O)ll iy
_ (1) leo@)e T, Oy

> 78 + Xy '
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St 7 (e Ve ¥ e e PG )l
_ (1) leo@)e T, Oy
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And then, we have
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§2 Analysis of Stokes equations

~ Tt [l P2 D) ) e E P G, 0)] ()
= T | e gy () e PO e P (e, )] (x).
By Lo-L: estimate of N — 1 dimensions heat kernel: Té;l[e"f"zt] (X),

o (S5 (®) A) ¢ Xn)LgRN-2)

< 2 (3 0)||go(¢) & [V 4e ¢ U2k Mg ¥ PU2G( Q)| mnn

7\ €2 Y
< t_¥(%_%)||900(§ ye K rvzd(g ,O)|||_2(RN*1).
178 + Xy

And then, we have

NSO il ey < 7 F3) 8D dlypn, (L <1 <2< g < o0).
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§2 Analysis of Stokes equations

Letl<r <2< (< o. Then, we have forany t > 0

I(V")* So(t) dll gy

< (t+ 1) 7005051 + | log e ™)lidIp ey,
I(V")< 05, So(®) il ey

< (t+ 1)—%4(%‘%)‘%(5‘%)‘5(1 + t_5+ﬁ€_’1°t)||d||w}(Rk‘)’
||5tSO(t) d||Lq(Rt‘)

< (t+ 1)—%4(%‘%)‘%(2‘%1)(1 + t_l+%4e_’1°t)||d||w,1(R§),

where ke NU{O}and ¢ =1, 2, 3.
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