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1. The model

» Q: bounded C? domain

O+ (U-VIu—Au+Vr = —dv(Vd['Vd) in(0,T)x Q,
Od+u-V)d = Ad+|VdRd  in(0,T) x Q.
d| = 1 in (0. 7) x Q.
(LCD) divu = 0 in (0.7) x Q,
(0, 0,d) = (0,0) on (0, T) x 89,

(U, d)jt=0 = (Uo, ) in Q.

u:(0,00) x Q — R™: velocity,
w1 (0,00) x 2 — R: pressure,
d: (0,00) x Q — R": macroscopic orientation of a molecule.
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2. (LCD) as quasilinear problem?

LCD Owwu+(Uu-Vu—Au+Vr = —div(Vd]'Vd) in(0,T) x Q,
(LCD) dd+(U-V)d = Ad+|VdPd  in(0,T)x <.
(QL) oz + A(z(t)z = F(z(1)).
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2. (LCD) as quasilinear problem?

+P(u-Vu =
(LCD) { +(u-V)d

@y 2 <‘C’,> . {‘Aq Pgﬁ} (5) - ).
q

» [P: Helmholtz projection.
> A,: Stokes Operator , AQ’: Neumann-Laplace Operator.
» Bilinearform [By(d)h]; := 0idiAhy + Dk diOkOihy, i. e. B(d)(d) = div([Vd]Vd).

(0, 7)
+|Vd|2d in (0, T) x Q.

June 19, 2013 | TU Darmstadt | K. Schade @ vseon ey

% Uy OF oo B e



2. (LCD) as quasilinear problem?

+P(u-Vu = in(0,T) x 8,
(LeD) { +U-V)d = +|VdEd  in(0,T)x Q.
@v) o <Z> + { ~ A Pfgﬁv) } <Z> )

» [P: Helmholtz projection.
> A,: Stokes Operator , AQ’: Neumann-Laplace Operator.
» Bilinearform [By(d)h]; := 0idiAhy + Dk diOkOihy, i. e. B(d)(d) = div([Vd]Vd).

June 19, 2013 | TU Darmstadt | K. Schade @ vseon ey

% Uy OF oo B e



2. (LCD) as quasilinear problem?

+ = in (0, T) x Q,
(LCD) { + - in (0, T) x Q.
u —A; PBy(d) u —Pu-Vu
@Qu o (d) + [ 0 quN ] (d) - (— u-vd+ |Vd|2d) '

» [P: Helmholtz projection.
> A,: Stokes Operator , AQ’: Neumann-Laplace Operator.
» Bilinearform [By(d)h]; := 0idiAhy + Dk diOkOihy, i. e. B(d)(d) = div([Vd]Vd).

June 19, 2013 | TU Darmstadt | K. Schade @ vseon ey

% Uy OF oo B e



2. (LCD) as quasilinear problem?

+ = in(0,7) x Q,
(LCD) { + - in (0, T) x Q.

u —A; PBy(d) u —Pu-Vu
@Qu o (d) + [ 0 quN ] (d) - (—u-Vd+|Vd|2d>'

» [P: Helmholtz projection.
> A,: Stokes Operator , AQ’: Neumann-Laplace Operator.
» Bilinearform [By(d)h]; := 0idiAhy + Dk diOkOihy, i. e. B(d)(d) = div([Vd]Vd).
» Corresponding spaces: (p, g € [1, o0) large enough, i.e.2/p+n/q < 1)
Xo = Lgo(Q) X Lg(Q2), Xi := D(Ag) x D(Dy),
Xy = (X0, Xt)1-1/pp = B2 ,?/P(Q) + compatibility conditions.
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2. (LCD) as quasilinear problem?

+ = in(0,7) x Q,
(LCD) { + - in (0, T) x Q.

u —A; PBy(d) u —Pu-Vu
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» [P: Helmholtz projection.

> A,: Stokes Operator , AQ’: Neumann-Laplace Operator.

» Bilinearform [By(d)h]; := 0idiAhy + Dk diOkOihy, i. e. B(d)(d) = div([Vd]Vd).
» Corresponding spaces: (p, g € [1, o0) large enough, i.e.2/p+n/q < 1)

Xo = Lgo(Q) x Lg(Q), X = D(Ag) x D(Dy),
X, = (X0, X1)1_1,pp = Bop?/P(R) + compatibility conditions.
» Problem: |d| = 1
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3. Existence of local solutions

Theorem
Under suitable initial conditions, it holds

» local in time existence and uniqueness of solutions for (QL) in
HY(J: Xo) N Lp(J; X1),  J =10, 4],

which regularizes instantly in time,
» continuous dependence on the data,
» existence of maximal time interval.
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which regularizes instantly in time,
» continuous dependence on the data,
» existence of maximal time interval.

Idea
e . A, P .
» Exploit tri-diagonal structure of operator matrix [ 0" lZ’,E,d) ] to obtain
q

maximal regularity
» Apply abstract result a la Clément and Li + Angenent’s trick for smoothing

effect
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Condition |d| = 1 preserved, provided |dp| = 1:

Proof.
» Set ¢ =|d|? — 1, assume |dy| = 1.
» Elementary identities

oldP =2d-0,d, Al|d]*=2Ad-d+2|Vd|?, V|d=2d-Vd.

» Multiply 2nd (LCD) equation with 2d:

Op+u-Vo = Ap+2|VdfPy inQ
dyp = 0 on 09,
©(0) = 0 in Q,

» Uniqueness of solution of parabolic convection-reaction diffusion equation
— ¢ =0,ie.|d| =1. O
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5. Stability of equilibria and asymptotics

Theorem

Each equilibrium z* in £* = {0} x {d € R"} is stable in X, i.e.
» solutions with initial value close to z,. exist globally,
» converge exponentially in X, to some equilibrium for t — oo.
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Theorem
Solutions which are eventually bounded on their maximal interval of existence
> exist globally,

» converge to an equilibrium.
Idea

» Energy E = 1 [,(|ul? + [Vd[?)dx is strict Lyapunov functional for (LCD).
» Apply Kéhne-Priss-Wilke 2010 and previous theorem.
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6. Outlook: Non-isothermal (LCD) model

(LCD + v)- Model

June 19, 2013 | TU Darmstadt | K. Schade

7 THEUNIVERSITY OF TOKYO




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.

June 19, 2013 | TU Darmstadt | K. Schade

% Uy Or oo B e




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

June 19, 2013 | TU Darmstadt | K. Schade

% Uy Or oo B e




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:
» Respects energy preservation,

June 19, 2013 | TU Darmstadt | K. Schade

% Uy Or oo B e




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

June 19, 2013 | TU Darmstadt | K. Schade

U miEUavesTYorToxvo =3 ®




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:
» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

Local Existence

June 19, 2013 | TU Darmstadt | K. Schade

U miEUavesTYorToxvo = ®




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

Local Existence
» Maximal regularity:

June 19, 2013 | TU Darmstadt | K. Schade

U miEUavesTYoFToxvo =3 ®




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

Local Existence
» Maximal regularity:
> Velocity: Stokes operator with variable coefficients, Abels-Terasawa 2009.

June 19, 2013 | TU Darmstadt | K. Schade




]
6. Outlook: Non-isothermal (LCD) model P o—

HERT

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

Local Existence
» Maximal regularity:

> Velocity: Stokes operator with variable coefficients, Abels-Terasawa 2009.
» Temperature: Denk-Hieber-Priss 2007.

June 19, 2013 | TU Darmstadt | K. Schade

U miEUavesTYoFToxvo =3 ®




]
6. Outlook: Non-isothermal (LCD) model P o—

HERT

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

Local Existence
» Maximal regularity:

> Velocity: Stokes operator with variable coefficients, Abels-Terasawa 2009.
» Temperature: Denk-Hieber-Priss 2007.
> Director (An on H;(Q)): Banach-Scale Argument, Amann 2000.

June 19, 2013 | TU Darmstadt | K. Schade

% e Unvesiryor oo = ®




]
6. Outlook: Non-isothermal (LCD) model P o—

HERT

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:

» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.

Local Existence
» Maximal regularity:

> Velocity: Stokes operator with variable coefficients, Abels-Terasawa 2009.
» Temperature: Denk-Hieber-Priss 2007.
> Director (An on H;(Q)): Banach-Scale Argument, Amann 2000.

» Apply Clement-Li.

June 19, 2013 | TU Darmstadt | K. Schade

U e Unvesiryor oo | e | ®




6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:
» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.
Local Existence
» Maximal regularity:

> Velocity: Stokes operator with variable coefficients, Abels-Terasawa 2009.
» Temperature: Denk-Hieber-Priss 2007.
> Director (An on H;(Q)): Banach-Scale Argument, Amann 2000.

» Apply Clement-Li.

Stability of equilibria and asymptotics

June 19, 2013 | TU Darmstadt | K. Schade

U e Unvesiryor oo | e | ®



6. Outlook: Non-isothermal (LCD) model

(LCD + ¥9)- Model
» Temperature-dependent coefficients e.g. viscosity.
» New equation for temperature:
» Respects energy preservation,
» No-flux boundary condition g - n = 0 on 99Q.
Local Existence
» Maximal regularity:

> Velocity: Stokes operator with variable coefficients, Abels-Terasawa 2009.
» Temperature: Denk-Hieber-Priss 2007.
> Director (An on H;(Q)): Banach-Scale Argument, Amann 2000.

» Apply Clement-Li.
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