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Fine properties of Sobolev functions

Speaking about functions w from Sobolev spaces we always
assume that we have chosen the precise representative of w. If
v € L} .(Q), then the precise representative w* is defined by

*(x) = lim _ w
W) = i B ) /B,@ (2)dz

if the the limit exists, and w*(x) = 0 otherwise.
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Fine properties of Sobolev functions

Theorem A. Let ) ¢ R? be a bounded domain with a Lipschitz
boundary, w € WH1(Q). Then there exists a set A,, C Q such
that
$'(A,) =0 and
(1)
lim w(z)dz = w*(x)
r—0 Br(x)
exists for each x € 0\ A,,.
(ii) foreachx € Q \ A,

lim lw(z) — w(x)|*dz = 0;
r—0 Br(x)

(iii) for all ¢ > 0 there exists a set U C R? such that . (U) < e,
A,, C U and the function w is continuous in 2\ U.
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Fine properties of Sobolev functions

Theorem B. ( J. Bourgain, M.V. Korobkov, J. Kristensen, 2013)
Let Q c R? be a bounded domain with a Lipschitz boundary,

w € W21(Q). Then

(i) for every € > 0 there exists an open setV C R and a function
g € C'(R?) such that ' (V) < ¢, and for w(x) € R\ V the
function w is differentiable in the point x and w(x) = g(x),

Vw(x) = Vg(x) # 0,

(i) for every € > 0 there exists 5 > 0 such that for any set

U c Qwith $!_(U) < 6 holds $'(w(U)) < e.

H'(F) = lim §;(F),

t—0+

o0 [e.e]
where $! (F) = inf{}_ diamF; : diamF; <t,F C |J F;}.
i=1 i=1
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Level sets of functions in R?>. Kronrod’s graph

Let @ = (—a,a) x (—a,a) and let f be a continuous function
defined in Q. Denote by E; a level set of the function f, i.e.

E,={xeQ:f(x)=1t}.
A component K of the level set E; containing a point xy is a
maximal connected subset of E; containing xo. A component K

of the level set E; is called regular, if it divides the quadrate Q
into two parts.

- )
ey

Kronrod’s tree
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Level sets of functions in R?>. Kronrod’s graph

Theorem C. (Kronrod, 1950) Letf be a continuous function
defined in Q. Then there is at most a countable number of
nonregular components of level sets f~'(f(Q)).

Kronrod’s graph. To any continuous on Q function f
corresponds a family 7; of all connected components of its level
sets E,. Ty is a topological space (equipped with a natural
topology). This definition induces a natural map

Tf:Q—>TfZ Tf(X)ZKx Vx € Q,

where K, is a connected component of the level set £y,
containing the point x (K is considered as a point in 7¢). The
map 7 is continuous.
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Level sets of functions in R?>. Kronrod’s graph

Theorem D (A. Kronrod) Letf be a continuous function defined
in Q. Then

(1) Ty is one—dimensional tree consisting from the set of
endpoints plus at most a countable number of simple arcs that
mutually intersect at most in one point which is a bifurcation
point.

(2) Non-regular components of level sets can be classified on
the tree Ty as follows:

(a) if K divides Q into n > 3 connected parts, then on Ty to K
corresponds a bifurcation point of the same multiplicity n, and
vice versa;

(b) if K does not divide Q, then the corresponding point on Ty
belongs to the set of endpoints, and vice versa.
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Level sets of functions in R?>. Kronrod’s graph
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Kronrod’s tree
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Level sets of functions in R?>. Kronrod’s graph

A set is called an arc if it is homeomorphic to the unit
interval [0, 1].

Lemmal. /if € C(Q), then for any two different points A € Ty
and B € Ty, there exists a unique arc J = J(A, B) C Ty joining A
to B. Moreover, for every inner point C of this arc the points A, B
lie in different connected components of the set Ty \ {C}.

We can reformulate the above Lemma in the following
equivalent form.
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Level sets of functions in R?>. Kronrod’s graph

Lemma 2. Iff € C(Q), then for any two different points

A, B € Ty, there exists an injective function ¢ : [0, 1] — Ty with
the properties

(i) (0) = A, p(1) = B;

(ii) for any 1y € [0, 1],

lim  sup (x,¢(t)) — 0;
[0,1]51=10 ye (1)

(iii) for any t € (0, 1) the sets A, B lie in different connected
components of the set Q \ ¢(1).
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Level sets of functions in R2. Morse-Sard theorem.

Theorem. Let Q) c R? be a bounded domain with Lipschitz
boundary. If ) € W>1(Q), then for $'—almost all y € 1(2) C R
the preimage v ~(y) is a finite disjoint family of C'-curves S;,
j=1,2,...,N(y). EachS; is either a cycle in 2 (i.e., S; C Q is
homeomorphic to the unit circle S') or a simple arc with
enadpoints on 0S) (in this case S; is transversal to 05 ).

This theorem is proved by J. Bourgain, M.V. Korobkov and J.
Kristensen: On the Morse—Sard property and level sets of
Sobolev and BV functions, Rev. Mat. Iberoam. 29, no. 1 (2013),
1-283.
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Level sets of functions in R2. Morse-Sard theorem.

All results remain valid for level sets of continuous functions
f:Q — R, where  is a multi—connected bounded domain,
provided f = & = on each inner boundary component S; with
j=1,...,N.

Indeed, we can extend f to the whole Qq by putting f(x) = ¢ for

x€Q;,j=1,...,N. The extended function f will be continuous
on the set Oy which is homeomorphic to the unit square
Q=101
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Properties of solutions to Euler equations

(v-V)v+Vp=0, (E)
divy = 0.
VEH(Q), peW/(Q),s€e(l,2)

We already know that that if v =0 on 912 (in the sense of

trace), then the pressure p(x) is constant on 02 and p(x) could

take different constant values p; = p(x) \S_ on different connected
J

components S; of the boundary 0€2.
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Properties of solutions to Euler equations

Some facts from harmonic analysis.

The Hardy space #!(R?) consists of distributions f such that for
some function ® with [ ® = 1 the maximal function

(Maf)(x) = sup If x (@) (x)]

is in L' (R?), where ®,(x) = 2®(x/1), |[fllzp®2) = [Mafl| 1 ge)-

H'(R?) c L' (R?).
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Properties of solutions to Euler equations

Lemma H1. Letf € H#'(R?) and let
J(x) =/ log [x —y|f(y) dy
R2
Then

(i) J € C(R?);
(i) VJ € L*(R?), D*J € L'(R?), |a| = 2.

Lemma H2. Let w € W!'?(R?) and divw = 0. Then

ow; 8w] ’
"R
dlv IJX_: ax; Ox, )-

Lemma 2 follows from div-curl lemma with two cancelations.
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Theorem (continuity of the pressure). LetQ) c R? be a
bounded domain with a Lipschitz boundary. Let (v,p) satisfy
the Euler equations for almost all x € Q, v € W'2(Q),

p € Whi(Q), s € [1,2). Then

p € C(Q)NWH(Q).

Proof. Multiply (E) by ¢ = V¢, where £ € C3°(9):

/Vp'Vfdx:—/(v-V)v'Vfdx Ve € C(Q).
Q

Q

Thus, p € W!5(Q) is the unique weak solution of the boundary
value problem for the Poisson problem:

—Ap =div[(v-V)v], p&)s,=pi, i=1,...,N.
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We have div[(v- V)v] € H!(R?). Define

1) = == [ Tog k=i div, [(uy) - ) u(y) .

Then J; € C(R?), VJ; € L*(R?), D%J, € LY(R?), |a| = 2.
Let Jo(x) = p(x) — Ji(x):

—AN =0, |y =j2 =1,

Wherejl(x) = Jl(x)‘aﬂ,jz(x)‘si = pi.

J1 € Wzl/z(afz) NC(0N), j» € C(0) and j, could be extended to
Q as a function from W} (). Thus, there exists solution

J» € W3(Q) such that J, € C(Q2). By uniqueness

p(x) = Ji(x) + J2(x). Hence, p € C(Q) N Wi(Q). O
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Properties of solutions to Euler equations

Assume that v e W!2(Q) and p € W'$(Q), s € [1,2), satisfy the
Euler equations

(V . V)V +Vp =0, divw=0 for almost all x€ Q (E)

andlet [ v-ndS=0,i=1,2,...,N, where S; are connected
components of the boundary 8Q Then there exists a

continuous stream function ¢ € W>2(Q) such that
2
Vi) = (—v,,v1). Denote ® = p + |2‘

Then ® € W's(Q) for all s € [1,2). By direct calculations we get

vy 0
e~ ) 2 ) = (80T

If all functions are smooth, from this formula the classical
Bernoulli law follows immediately:

The total head pressure ®(x) is constant along any streamline
of the flow.
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the total head pressure.
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Properties of solutions to Euler equations. Bernoulli
law (M.Korobkov)

Theorem (Bernoulli law). Let 2 ¢ R? be a bounded multiply
connected domain with a Lipschitz boundary 9Q = UY_S;. Let
uc W'2(Q) andp € W'#(Q) satisfy Euler equations (E) for
almost all x € Q and/etfsiu -ndS=0,i=1,...,N. Then for

any connected set K C Q such that
¢| g = const,

the identity
®(x) = const

holds $)' -almost everywhere on K.

In particular, it follows that if u = 0 on 0¢2, then the pressure
p(x) is constant on 09, i.e. p(x |S = pj.
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Proof. Let i € W??(Q) be a stream function.

(i) Fix any € > 0 and consider a function g € C!'(R?) and an
open set V C R with ! (V) < ¢ such that ¥ (x) = g(x) and
Vip(x) = Vg(x) # 0 forany x € F = Q\ (V). For almost all
y € ¥(Q) \ V = g(F), for any connected component K of 1)~ (y)
(i.e. for any streamline) and for any C'-smooth parametrization
v : [0, 1] — K the restriction @[k is absolutely continuous, and
we have the identity

[@(y(N] = [Ap(y()]IVY (4(1)- (1) = [Av(v(1))]Ve(v(1))7' (1) = O

(glx = const and, hence, Vg(y(t)) - v/ () = 0). So, ®|x = const.

In view of arbitrariness of ¢ > 0 for almost all y € +(Q) and for
all connected components K of the set 1y~ (y) the equality
KNA, =0 holds and ®(x) = const on K. The last identity is
valid everywhere on K, instead of almost everywhere.
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(i) Take an arbitrary value y € ¥(Q) and a connected
component K of the level set ¢»~!(y) and fix them. Take also
any pair of points a,b € K \ A,. We shall prove that

Consider a Lipschitz arc v € 2\ A, such that (0) = a,v(1) = b
and & is absolutely continuous along ~.
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Assume that for any interval (o, §) adjoining the set I = 41 (K)
(i.e. I is a compact subset of [0,1],0,1 € I, and («, 3) is a

connected component of the open set (0,1) \ ) there exists a
continuum K, 3 C K a simply connected domain Q.3 C 2 such
that Qs NK = 0,v(),7(8) € Kap and Q5 = Ko U (e, 5]).

Since @ is absolutely continuous along almost all segment, we
always can chose such Lipschits arc ~.
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Take any interval («, 3) adjoining the set I = v~'(K), and
consider the corresponding subdomain €2,5. Denote by T the
family of all connected components of level sets of the function
Yop = zp\ﬁaﬁ. According to results of A. Kronrod the space T is
a tree.
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Let 1o € (a, 5) and let Ky > v(tp) be a connected component of
the level set of ¢, 3. Denote by J = J(K,3, Ko) the arc (of the
graph T') connecting the points K3 and K,. Take a sequence of
regular components C; € J \ {Kqg, Ko}, Ci — K. For
sufficiently large i the level sets C; intersect the arc ~ in two
points. Therefore, there exist t; € («,1y) and s; € (1, 3) such
that v(1),v(si) € Ci. Since C; — K, 3, we obtain t; — «, s; — f.

Q
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By paragraph (i) we can take C; such that ®(x) = const on C;. In
particular, g(;) = g(s:), where by g we denote the absolutely
continuous function g(z) = ®(vy(z)). Since g is continuous, it
follows that g(a)) = g(pB) for any interval («, ) adjoining the set

I, and hence, ,
/ g (t)dt = 0.

(Absolutely continuous function is differentiable almost
everywhere).

Hence, for any interval (u,v) (0, 1), with 4, v € T and
containing only a finite number of points from I, we have the

equality
/ g (t)dt = 0.
"
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(ii) Consider now the closed set I, = {t € [0, 1]: in any
neighborhood of the point t there exist infinitely many points
from I}. It follows from (ii) that

/ g (t)dt = 0.
[0, 1]\oo

The function v is differentiable in any point v(z),7 € (0,1). On
the other hand, the Lipschitz function ~(z) is differentiable for
almost all r € [0, 1]. Since the function ¢ (x) is equal to a
constant on ¢ (I) C K, we have v/(r) - Vi (y(t)) = 0 for any
point 7 € I, where the derivatives +/(¢) and Vi (v(r)) exist.
Then ¢/(1) = “29@) — ¢ for almost all 7 € I, and

/IOO g (t)dt = 0.

Summing the integrals we get g(1) — g(0) = f[o,ll g (t)dr=0.0
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Properties of solutions to Euler equations

Let Q' C Q and K, be a connected component of the level set

{z € Q:¥(z) = ¥(x)} containing the point x. Denote

X=Xo ={xeQ:K,N0Y = 0}. Then for almost all y € 4)(X) and
for any x € X N+~ (y) the component K, C '\ A, is a C'-=smooth
curve homeomorphic to the circle and V) # 0 on K.

Lemma. Let Q) C R? be a bounded multiply connected domain
with Lipschitz boundary. Letv € W'2(Q) andp € W'(Q) satisfy
Euler equations for almost all x € 2 and

fri v-ndS=0, i=1,..., N. Assume that there exists a

sequence of functions {®,} such that ®, € W,*(Q) and

®, — & in W, *(Q) for all s € [1,2). Then for any subdomain
Y C QwithX = Xo # 0 the functions ®,,|x are continuous on
almost all admissible cycles K and the sequence {®,,|x }

converges to ®|x uniformly: ®,|x = ®|k.
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Fix e > 0 and take a set V C R and a function g € C'(R?) such
that for any x € X, = Xo \ v~ 1(V) we have 1 (x) = g(x),

Vi (x) = Vg(x) # 0 and K, coincides with the connected
component of the level set {z € R? : g(z) = g(x)} containing the
point x. Obviously, the set X, admits a representation

X, = Ej X; such that for any X; there exists a C'-diffeomorphism
i=1

G:[0,1] x S' — UsuchthatX; C U € ' and for any 7 € [0, 1]

the image {G(z,0) : 6 € [0,27)} coincides with the connected

component of the level set {z € R? : g(z) = g(G(1,0))}

containing G(z,0). In particular, for each x € X; there exist

unique values ¢ € [0, 1], ¢ € [0,27) such that G(z, ¢) = x,

moreover, {G(t,0) : 0 € [0,27)} = K,. Fix i and put

o(1,0) = ®(G(1,6)), etc.
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Denote
2 a
zu(t)—/o ®,(,0)— @ "aa (1,6) ~ =581, 0)| .

Then

1

/Olzu(t)dl < (/01 Ozwéu(h o) _ & 9)|‘1d6dt)g><

//% 9% .( ;0 (1, 0)‘d9dt)i

< el @u = Pllray) IV(®u = @)|zwy < CllPu = Pllzawy,  (X)

wherelqLl =1,5€[1,2),U=UC Q. Since &, — ®in
q
wl‘o‘(sz) for aII s € [1,2), by Embedding Theorem &, — ® in

L1(U) for all ¢ € [1,00), and it follows from (X) that z, — 0in
L'([0, 1)).
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Thus, there exists a subsequence (we denote it again by {z,,})
converging to zero almost everywhere on [0, 1].
Define

21 2m
() = % /0 B,.(1,0)d0, H(1) = % /0 (1, 0)d6.
Since @, — @ in W's(U), s € [1,2), by Embedding Theorem we
conclude that H, — H in C([0, 1]) as pr — oo. Moreover,

$,,® e WH([0,1] x S') and, hence, ,(t,-), ®(z,-) are
absolutely continuous functions with respect to 6 for almost all
t€[0,1].

Let us fix arbitrary r, € [0, 1] such that z,,(z.) — 0 and that the
functions @, (., ), ®(z,, -) are continuous. Let 8, € [0, 2] be
such that

Byt ) — Bt 6,,) = Hy (1) — H(1).
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Then

max [@,(t.,0) = B¢, 0)> < @y (£, 6,) — (8., 0,,)

0€[0,2m]
2
+/0 % (‘I)u(

= |H,(t) — H(t)|* + 22,(t) — 0

ti,0) — <I> (t,0 ‘de

as y — oo. Thus, the continuity of Em(t, -) and the uniform
convergence ®,,(1,-) = ®(z,-) is proved for almost all 7 € [0, 1].
So, the claim of the lemma is proved for almost all admissible
cycles K C X;, and hence, for almost all admissible cycles

K C Xo \ ¥~ 1(V). Because $'(V) < e and ¢ > 0 is arbitrary, the
lemma is proved completely. O
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