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Convection-dominated phenomenon

" JE
An example of convection-diffusion problem
Find u:Q — R such that

(1,1)
Q
w:Q — R° :given function
W-Vu—-vAU = f V.w=0

a(u,v)sz(W-Vu+Vu-Vv)dx

u=0

(0,0)
. ou .
where w=(1,0), f=1 ie., aT—VAu:l , e, u(X, %)= X
1

v=0.1, 0.01, 0.00l Pe=10, 100, 1000




T[1977], Pironneau-T[2010]
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Finite Element Schemes for Flow Problems

Upwind approximation:
upwind element choice approximation, T[1977]
mass-conservative upwind approximation, Baba-T[1981]
streamline upwind Petrov/Galerkin approximation
Brooks-Hughes[1982], Johnson, Franca,...
dicscontinuous Galerkin method
Lesaint-Raviart[1974], Johson, Brezzi-Marini-Sulli,...

Characteristic method:
first order in At
Pironneau[ 1982], Douglas-Russel[ 1982],Suli[ 1988]

monotone: Pironneau-T[2010], stabilized: Notsu-T[2013]
second order in At

multi-step method: Ewing-Russel[1981]
Boukir-Maday-Metivet-Razafindrakoto[ 1997]
single-step method: Rui-T[2002], Notsu-T[2009] 7

Galerkin-Characteristics FEM Method




" JEE
Galerkin Method

Find ¢:QQ —> R s.t.
—vAg=1f (xeQ)
¢=0 (XEGQ) r o
V,={¢;:j=L-.N(h)} cV =H;(Q)
Find ¢ €V, s.t.

VIQV¢h -V, dX=JQ fy,dx (Y, eV,)

Note. Ritz-Galerkin method, Petrov-Galerkin method

" J
Method of Characteristics
Find ¢:R* x(0,T) > R,
gt—¢+u-v¢=f (xeR"t>0), ¢(-0)=¢"
where U:R? x(0,T) > R?, f:RIx(0,T) >R, ¢ : R 5> R.

Find (X ,@):(O,T)—)fRd xR,

ax _ ae _ =X (t;%,
=uOGn), = (X (£50) ¢ X=X (t;%)
X (0)=%, ®(0)=¢"(x)

= g(X(t;%),t)=D(t;%,) X,

characteristics
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" JE
Approximation of the Material Derivative

Material derivative: Dg_0¢ +Uu-Vg
Dt ot

Position of a fluid particle: X : (0,T) —» R®

04 0= & X
= S (X O:t) = #X D,

» Approximation of material derivative:

D 1,1 AX Q0= HXt- 8.t 49
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" JEE
Idea of the Galerkin-Characteristics FEM

Do_0¢ vy
Dt_8t+u Vo—vAg

—

Dy
(Dt "’”j

12

(¢—¢(X(t—At;x),t—At),l//

2 j+v(V¢,Vw)

12




" J
The pros and cons

m The matrices are symmetric and independent of time
step for convection-diffusion, Oseen, and Navier-
Stokes problems; positive definite for CD.

m The schemes are unconditionally stable and
convergent for CD and Os, conditionally stable and
convergent for NS.

m The schemes are robust for convection-dominated
problems. ¢ of L*estimate is independent of v for CD.

m The attention should be paid for the computation of
composite function terms, -1
p AR
i (X—At u" (x))gyhi (x)isnot smooth on K!

K

13

I. Convection-diffusion equation
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" JE
Convection-Diffusion Equation

QcR?(d =2,3), bounded
T>0

Find ¢:Qx(0,T) > R such that

%+u-V¢—vA¢:f in Qx(0,T)

$=0 onI'x(0,T)

¢:¢° att=0 in Q
where

ueW,”(Q), f e}(Q), ¢’ e >(Q)

15

" JEE
Weak Formulation
V = H(l) (Q)
Find ¢:(0,T) >V such that

(R J+a(pw)=(1w). vyev

Dt
#(0)=¢"
where
% = w = % +U-V¢ :material derivative
Dt Dt ot

a(gy)=v(Ve.Vy)
(f,g)zjgfgdx

16




" JE
15t order scheme in time
At :time increment, N; = LT / AtJ
V, cV : FE-space
Find ¢' €V,,n=1,...,N;, such that

n_ nfloxn N N
(ﬂ] ﬁt al//hJ"‘a(%a‘/’h):(fha‘//h)a Yy, eV,

4 =1L’
where X"(X)=x-u"(x)At
nAt X
Note. Backward Euler method /
Note. (™o X[') () =g (X=U"(0AL) (n-1)At——&

composite function X[(x)
Note.IT} : Poisson projection <O(At)—

"
15t order scheme in time (cont.)

Theorem V. : Poisson projection of order k

At< (P, -clement)
Hu‘wl"”
Ac(g,u,T)>0
|4, -2 )’ vV (4, —9¢) e <c(At+h")
where
Hﬂ‘H/@w(x) = max{ &, = 0,...,N; },

¢hnZ

X

Ny
gz(x) - {Athzl

|4

18
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Framework for the convection-diffusion equation

Hilbert space.
V=H;(Q), Q:bdd. =R, d=2,3

FEM space. V,cV,Q, cQ
{7.}.,, :regular, inverse ineq.
do>0,Vh,vK e7Z, diam(K) < Gp(K)
p(K): radius of the inscribe ball
3c,,¢, >0, Vh,VK €7, ch <diam(K) <c,h
Bilinear form. a:V xV — R,

a(¢,y/):vaV¢-Vl//dX

19

" JEE
Poisson projection

Iy :V -V, [Ilg=4,
a(dovi)=alvs), Yy, €V,

3c,k >0, H@ —¢‘L <c|¢g,,... h*

e,

< ch*

P
‘I - 1L, Hz’(Hk“,V)

Ex. V, :P -element, k > 1

20
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" JE
Plan of the proof

e Poisson projection

e Transformation X" : Q — Q

e Error equation in e, = ¢, —I1; ¢
¢n_¢:eh+<nﬁ_ |)¢

e Discrete Gronwall's inequality

21

" JE
Transformation X": Q —» Q
X"(x)=x—-u"(x)At
Lemma
WeWOI’w(Q)d
X (x)=x-w(x)At
(1) [w],..At<1 = X:Q@—>Q, 1to 1, onto

Wl,oo
(2) Ve,35€(0,1), ||w|,.. At< S
1

= ——X

l1+¢

W

OX

Ref. Rui-T[Prop. 1, 2002]

<l+¢

22
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"
(1) W, At<l = X :Q—Q, 1to 1,0nto
vxeQ, d(x)=dist(x,0Q) y
X (Xx)—x=-w(x)At .
:—(w(x)—w(y))At xd( )
X (%)= x| <|w(x)-w(y) At
<|x- y\Vw §‘At
<|x—yl|wl,.. At <d(x)
" X( )eQ
VX € 0Q), X(X)EGQ
(2)X&X) X =W, (X) At
X () At

i -det( )= dex(5,-w, ()a1)

I,

23

" J
A tool for the proof

Lemma )
weW,”(Q), X(x)=x-w(x)At
356@J)“ At< S

: Wlso
3c(5)>0, < (1+cAt)|

=] ¢(X”(x))‘2 dx
=[O Sy (y=X"(x)

OX
oy
< (1+cAt)J.Q‘¢(y)‘2 dy
< (1+cAt) g

24
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" J
~ ~

Error equation in e, =¢, —¢,, 4, =11, ¢
Lemma N
{eﬁ}njl satisfies

n__ n—1O n
(eh ehAt X ,x//hj+a(eﬁ,%)=(RQ,y/h), Yy, eV,

e =0

where

Rr? = Rr?l"'Rr?z
DF"' ¢"—¢""oX" o -y o X'
Dt At P At ’
n,=¢—¢, :Qx[O,T]—)?R

n
Rhl

25

" J
[% _ﬁt °X 7Wh]+a(¢r?9'r//h):(fnal//h)

[DT{,%]M(&”,%) = (")

(¢ : solution of CD, Poisson projection)
el —el o X" ; ;
AL "W +a(eh:Wh):(Rhﬂl//h)

n 7n -1 n
q D g ex

Dt At
n n _ n-1 ° n
= D¢ - o —¢ X (lel :truncation error)
Dt At
L= e X

At (RQ2 :projection error)

ey =d —d =T17¢" ~ 4 =0

26
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" JEE
Estimates of the remainders

Lemma
(1) R,:‘l <c(g,u)At
(2) [Ri:|, <c(gu)h”
" JJEE
- D" 8" (x)-¢4"" (X" (x))
R (x) =" (x)- At

7 00=8 (X" ()} = [a(x-(-9)w" () att, - (1-s)ar) |

At At
(= X"(x) = x=u"(x)At)
_j X)-Vg+0,p}(x—(1-s)u" (x)Att, - (1-5)At)ds
Re (x) =(u- V¢+8¢)( ")
—j v¢+a¢}( (—s)u“(x)At,tn—(l—s)At)ds

= [ [{u( v¢+a¢}( ~(1-5)(1-s)u (X)At,tn—(1—51)(1—S)At)1Ods
—Atj (1-s dsj (X)ug (X) ¢ +205 (X) @ + )
( —(1-5,)(1-s)u"(x)At,t, —(1-s,)(1-5)At)ds,
[Rh], < c(pu)ar

28
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" J
e R:2 nh 77hn_1 ° X )

At
R&():ﬁ[m( ~(1-s)u" (x)att, ~(1-5)a)]
=I X)- V1, + 07, } (X (1-s)u" (x) At,t, —(1-5)At)ds
RY, (X ‘ _[ Vnh+at77h‘( —(1-s)u"(x)At,t, —(1-s)At)ds
Re.). { _Ju X)- Vg, + 0| (x —(l—s)u”(x)At,tn—(l—s)At)ds}m

:{L]Odsj Vnh+6tf7h|( ~(1-s)u" (x)Att, — (1~ s)At)dx}m
:{J‘l V;;h+6t77h| (y tn—(l—S)AI)‘% dy}

=c<u>{Ln, (||wh||0+||amh||z)dt} e
<c(g,u)h"

" J
Discrete energy inequality in Heh H
Lemma

B, [er][ +v[ver|| < ()], +e. (g0 (h”wt)
e =0 =l
Proof, 0oy
(%,%}a(e;,%):(m,%), Yy, eV,

Substitute €/ into .
en_en—loxn
S 22 e |+a(el.el)=(RM.er), vn=1,N,
At
2
< n
_( 0) & o

() e (2)+cz(¢,u,g)(h2" + At
. 30

2
n n-1
eh

n
ha

2
" )+ VHVeQ

Rl +
hl0

1(
—/|lex
2At

D

At

15



" J
Discrete Gronwall’s inequality
DX, = X”_A—tx’” :backward difference

Lemma
N N
{ } {yn}n =1’ {b }n 1’a0’a1’ n» ynﬁbn >0

D, X ner,ls;:\x +aXx,,+b, n=1-- N

At e (0,—]
= 2ao
X +Atz yj<e2a0+al nAt( +Atz ]bJ) n:1’..-,N

Proof. X —X
nnliy <axXx +ax, , +b, n=1---N
At

(1-a,At)x, + y,At < (1+aAt)x, , +bAt, n=L---,N

The result is proved by induction. |

31

" JEE
Proof of Theorem

Discrte energy inequality :

n

Em Hve; z S é&|e, z+C2(u) er?_l §+C2(¢,U,€)(h2k+At2)
e, =0 (nzlj...,NT)
i : - Ve>0
Apply the discrte Gronwall's inequality for
At<——— 1 < L
”U ! 2¢

2 IR
el 1V

(L)
+ \/—HVeh

<c(g,u,T)(h™ +At%)

Heh ) " _c ¢uT)( +At)

32
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" JEE
Oseen Equations

QcRY(d=2,3), bounded

I'=0Q T>0
Find (u, p):Qx(0,T) - R® xR such that
%+(w-V)u—vAu+Vp=f inQx(0,T)
V-u=0 inQx(0,T)
u=0 onI'x(0,T)
u=u’ att=0 in Q
where

weWS” (Q), fel?(Q)", W eHY(Q) ,V-u*=0

3

"
Weak formulation

=H;(Q)". Q=15()
p): (0,

1( ov, OV,
a(u,v)=2v(D(u),D(v)), Dij(V)EE(a—Xija—xj




" JJEE
1st order scheme in time
At :time increment, N, =| T /At |

V, cV, Q, = Q: FE-space
Find (uf, pp)eV,xQ,, n=1..,N;, such that

n_ "ty xn
(%,VhJ+a(U2,Vh)+b(vh, p;‘):(fhn’vh), VVh EVh

va, €Q,

where
X"(X) = x—w"(x)At

15t order scheme in time (cont.)

Theorem V, /Q, : Stokes 1projection of order k

At <
- HW Wt
dc(v,T,w,u, p)>0,

Uy =V ‘ph =Pl < C(At+hk)
where

Vth‘”(x) = max{ Vol 1/21 =0,...,N; }

2
Il :{Atz”N-Tl " X}




" J
Framework for the Oseen equations
Hilbert spaces. ;
V=Hy(Q),d=23 Q:bdd. =R’
Q=L,()={ge*(0): ] a(x)dx=0)
FEM spaces. V, cV,Q,cQ
{7.}.,, -regular, inverse ineq.
do>0,Vh,vK e 7, diam(K)Sop(K)
p(K):radius of the inscribe ball
3c,,c, >0, vh,VK €7, ch <diam(K)<c,h
Bilinear forms. a:V xV - R, b:VxQ >R

a(u,v):2vaD(u): D(v)dx , D, (v):%(viyﬁv”)
b(v,q) = —quV-V dx (strain rate tensor)

7

" S
Stokes projection
Hﬁ 'V xQ -V, xQ,, HE(U, p)E((jh' ﬁh)

a(l,,v,)+b(v,, p,)=2a(u,v,)+b(v,, p), Vv, eV,
b(d,,q,)="b(u,q,), Vg, €Q,

L/XQ = CH(U’ p)

. S k
.., HI _HhHJ(H“lek,VXQ) <ch

k

3c.k>0, |(d,-u, B, - p)

H k+l><H k

Ex.1 V,/Q,:P2/P1 Taylor-Hood element, k =2
Ex.2 V,/Q, :P1+bubble/P1, MINI element, k =1
Note. V, /Q, :P1/ PO does not work.




" S
Stokes projection (cont.)

Key condition for the proof: Inf-sup condition.

b (Vi
3B,>0, inf, , sup, M > B,

O HQ [val,

Taylor-Hood element satisfies this condition.
MINI element satisfies this condition.

Reference.
[1] Brezzi, F., Fortin, M., Mixed and hypbrid finite element methods, Springer, New York, 1991.
[2] Tabata, M., Numerical analyis of partial differential equations, lwanami, Tokyo, 2010.

" JEE
Stokes problem (d=2)

Find (u., p,):Q, = R*xN
hsmax{hJ(“;E:l,Z,S,j}

Uy, py) €V, xQ,: finite elementspaces




" SN
P2/P1 space (d=2)

((Uy,,U,,), P, )€V, xQ, :finite elementspace

2 2
Unyk, »Unak, € [1’ X1 Xo0 X1, X X5, X ] Prik, € 1%, %, ]

Note. Taylor-Hood element, k =2

.
P1+/P1space (d=2)

(U, Up,), Py )€V, xQ, : finite element space

Uy, 1 Unaik, € [1’ X, Xoy A Ap Ay ] Pri, € [1’ Xy X, ]
Note. MINI element, k =1; 2,4,4, : bubble function




"
Plan of the proof
e Stokes projection
e Transformation X" : Q — Q
e Error equation in (e,,&,) = (u,, p,)—II; (u, p)
(U, —u, p, — p) = (&, &) +(IT; —1)(u, p)
e Discrete Gronwall's inequality

13

" JJEE
Transformation X":Q—Q
X" (x)=x—-w"(x)At
Lemma
weWi (Q)", X (x)=x-w(x)At
(1) |w],.- At<1l = X:Q—Q,1to 1, onto
(2) ve,35€(0,1), |w|,.. At< &S

l+e& |oOX

6o X, = (L+&)At|w
¢~ X[, < At|w],[v¢

Wl,oo

<l+¢

Ve, véeH (Q)
o V¢ e W~ (Q)

14




"
Tools for the proof

e Korn's inequality
Jc >0, HD (V)HO + HVHO > chHl, YV e Hl(Q)OI

e Poincare's inequality
3¢50, v, <c|wv,, WveHi(Q)

3,6, >0, ¢|v], <[D(V)|, <c,|v],, vve H(Q)'

15

" JE
Error equation 1 in(e,,s,)

(&, &,) = (u, =0y, p,— Py), (G, P,) =115 (u, p), satisfies

55 -t

At
b(eQ’Qh)ZOa vQ,€Qy n=1--N;
e - (11 0-5),
where
Rr? = R:l + Rr?21

Dun_un_un—loxn Rn En;_n;—loxn
Dt At ’ At

1 =u-G [0 T] >, X" (X)= X~ AW (x)

n _
Rh1=

16




" JE
T e

At
Du" ~n an n
(F,vhJ+a(u V) +b(vy, BY) = (v, )
((u, p):solution of NS, Stokes projection )

~

Dun ljjn_un—loxn

Dt At
n n n-1 n
_bu_umueX Ry, :truncation error)
Dt At
n n-1 n
e X .
+% (R, : projection error)

b(ef. g, )=b(up. g, )—b(ah,g,)=0-0=0.

0 =g~ 07 = (115 (u°,0)). ~ (15 (u°, p°)). = (115 (0.—p°)), =

17

" JE
Error equation 2 in(e,,¢,)

(&, &,) = (u, =0y, p,— Py), (G, P,) =115 (u, p), satisfies

(e;‘] e ,th+a(e;1vh)+b(vh’gf?):(Rf? +RoW), Y, €V,

At
b(eQ’Qh)ZOa vQ,€Qy n=1--N;
e = (Hﬁ (0,—p°))l
where 1
. Du" u"—-u"te X"
Rr? = R:l + Rr?21 R = Dt - At
o T e X" o et —etoX]
h2 At ’ h3 At

1 =u-G [0 T] >, X" (X)= X~ AW (x)

18




" S
Estimates of the remainders

19

E{u“ (x)—u"t (X" (x))} :i[u(x—(l—s)wn (x)At,t, —(1—s)At)I:0
(+ X"(x) = x=w"(x)At)
_j )- Vu+ouf(x—(1-s)w" (x)At,t, - (1-s) At)ds

Ry (X)=(w-Vu+0 u)(x t,)
—j X)-Vu+8ul(x-(1-s)w" (x)At,t, - (1-s)At)ds

- Tw Vu+8u}( C(1-)(1-s)w ()AL, —(1—31)(1—S)At)1=0ds

:AtJ's:0 (1-s) dsL:0 (x)wy (x

(x (1-

U +2w (X)u +U,n}
)@ (

—s)W' (x)At,t, - (1-5,)(1-s)At)ds,

1
HR&HO <c(w,u)At

20

10



'q
=t ° 2

TR
RQz(XFi[ﬂh(x—(l—s) "(x)Att, _(1_S)At)T,
= L[ (x) V2 (x- (1= s)w
o <L (k- (15w
e, < Lo 2
z{j
Z{Lo (x Vnh+at77h|2(ytn_(1—5)At)

—c(w){]" (||V77h|| lom )] 2
< C(V W, U, p)hk n
e —ep oX' Ry < n-1

1 0 W . 0
At X H

(Rr, :projection error)

w" (X)'Vnh + 0,1,

oo
T Ry =

W"(X)'Vﬂh+@t77h| (x=(1=s)w" (x)At,t, —(1-s)At)ds

Discrete energy inequality in H\/;D(eﬁ) .

Lemma
0, [V e ) + 10t
Scl(V,W)H\/;D(eﬁfl)‘j (v,w,u, p (h2k+At )
H\/;D(eﬁ)uogcupouk hk (n=1-,N;)

22

11



"
Proof. Substitute D e/ into v, in the error equation 2.
(Duen.Dyen)+a(en,Dyen)=(Ri +R;, Dyep) n21
(~b(ef. &) =b(up. &) ~b(dr,&7) =0-0=0,n>0)
_ 2 __
D(en ). <( )Pt

\/>D eh H<c VWHID H ,(v.w,u, p) h2k+At2)
= (10 (0-0%)), = (3 -1) (0-0°)),

el <clp], v
[ (), <co],

— 2
n
|B.eil,

n
Rhl

n
+ ha

n
+ Ry

HDAteh H + DAt

" J
Proof of Theorem
Discrte energy inequality :
~ R L= a2
Day \/;D (eh )"o * E" Dy "o
<, (WD ()] +c, (vowu p)(n* + ar7) (M=1rNr)

[\vD(ef)|, <c(p)n'

Apply the discrte Gronwall's inequality.
Lig n
H\/;D (eh )H,Zw(,_z) + EH D& IZZ(LZ)
1= n
H\/;D (eh )H|w(|_z) + EH D&

<c(v,w,u, p,T)(h* +At?)

() <c(v,w,u, p,T)(hk + At )

24

12



“ JE
Estimate of the pressure.
b (vh , g{]')

Vil

n
&y, <C sup,

=csup, ., L{(Rh” + Rr?3ivh)_([_)AtefT’Vh)_ a(e,?,vh)}
[vall,

n n
Roll +|Rns

o

<c(v,w,u,p) {hk + At +HVeQ*1

X

) +2vHD(e,T)

)

0

~ n
o H D&

y
o)

th H/Z(Lz) <c(v,w,u,p,T){h*+At +Hl5me,’11

<c(v,w,u,p) {hk +At+HI3Ate{1‘

<c(v,w,u,p,T) (h*+At)

0+2VHD(e;;)

)

13
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[11. Navier-Stokes Equations




" JEE
Navier-Stokes Equations

QcRY(d=2,3), bounded

I'=0Q T>0
Find (u, p):Qx(0,T) - R® xR such that
g—l:+(u-V)u—vAu+Vp=f inQx(0,T)
V-u=0 inQ2x(0,T)
u=0 onI'x(0,T)
u=u’ att=0 in Q

where £ ¢ 12(Q)", u® eW  (Q)",V-u’=0

"
Weak formulation

Hy ()", Q=15(2)
p):(

Fmd (u,p) OT)—>V><Q such that
(%Vj+a u,v)+b(v,p)=(f,v), vveVv
bu = vgqeQ




" J
15t order scheme in time
At :time increment, N, =| T /At |
V, cV, Q, = Q: FE-space
Find (uf, pp)eV,xQ,, n=1..,N;, such that

(u“_uh anvh}ra(uh vy ) +b(Vy 07 ) = (V). WY, €V,

b Uh qh) 0, vq, €Q,
B (Hﬁ (u ’0))1
where
X H(X) = X —ul 7 (X)At
Note. Pironneau[1982]

" A
15t order scheme in time (cont.)

Theorem V, /Q, : Stokes projection of order k
ah,,c, >0, h<h,, At<ch®"

= dc(v,T,u, p)>0,
Huh Ul )’ ‘ph - P (12) SC(At+hk)
HVhHw(x) = max{ A ! 1/? =0,...N; }
th 2(X) :{AtZ:tl Vi x}

Note. Suli[1988]




" S
Framework for the Navier-Stokes equations

Hilbert spaces.
V=H;(Q),d=23 Q:bdd. =%’
Q=L,()={ge*(): a(x)dx=0f
FEM spaces. V, cV,Q,cQ
{7.}.,, -regular, inverse ineq.
do>0,Vh,vK e 7, diam(K)SGp(K)
p(K):radius of the inscribe ball
3c,,c, >0, vh,VK €7, ch <diam(K)<c,h
Bilinear forms. a:V xV - R, b:VxQ >R
a(u,v):2vaD(u): D(v)dx , D, (v):%(viyﬁv”)
b(v,q) =~ aVv dx (strain rate tensor)

" S
Stokes projection
I :V xQ -V, xQ,, I; (U, p) E(Gh’ ﬁh)

a(l,,v,)+b(v,, p,)=2a(u,v,)+b(v,,p), Vv, €V,
b(d,,q,)=b(u,q,), Vg, €Q,

L/XQ = CH(U’ p)

. S k
.., HI _HhHJ(H“lek,VXQ) <ch

k

3c.k>0, |(d,-u, B, - p)

H k+l><H k

Ex.1 V,/Q,:P2/P1 Taylor-Hood element, k =2
Ex.2 V,/Q, :P1+bubble/P1, MINI element, k =1

8




"
Plan of the proof
e Stokes projection

o Error equation in (e,,&,)=(u,, p,)—IT: (u, p)

(Uy = U, Py — p)z(eh'gh)+<nﬁ . I)(u’ p)
e Discrete Gronwall's inequality

and

e Induction is employed to evaluate At uﬁ_l Ly

n-1
Uy, ‘Lw at each step.

"
New terms to be evaluated

e The transformation depends on the function u™.
Xp ™ (x)=x— At uy ™ (x)

The estimate At |u/™

_is requied.

w
e U’ appears as coefficients in the error equation.

The estimate |u™

‘Lw IS requied.

10




" JE
~Tools for the proof
e Korn's inequality ;
3¢>0, [D(v)|, + [V, =clv],, wveH(Q)
e Poincare's inequality
>0, |v|, <c|vy],, VveH!(Q)
36,6, >0, S|, <[P, <c.lvl,, weHi(@)
¢ Sobolev's imbedding
3¢ >0, |V, <c|V|m, YVEW™P(Q) a=
e Inverse inequality 1<p<qg<w
3c(p.a)>0, |v,|. <ch®™ v [, vv, eV,
e Lagrang interpolation operator I, :V =V,
30>0JW—I%@L£ChWWLH“ vveH (Q)
(13 8Y, - <|v L Wel”(Q)
30>QHHWWWSCW

d

d-mp

Vv eW?” (Q), "

Wl,oo ]

" JEEE
Error equationl in (e,, s, )

(&, &,) = (u, =0y, p,— Py), (G, P,) =115 (u, p), satisfies

(S () bl = (Rm). v e,

At
b(ef,q, ) =0, Vg, €Q,, n=1--N;
el = (Hﬁ (0,—p°))l
where

Dun un _unflo anl
n_ pn n n n
Ry =Ry +Ri,+Ris Ry

Dt At
_77:_10)(:_1 un—loxrr:—l_un—loxn—l

At At
n =0 0[O T] S0, X7 (x) = x- At (x)

0 _Th n
ha= " ’ Rh3

12




(ua —upe Xy

-~ ,vhj+a(u;},vh)+b(vh,pﬂ):(f”,vh)

TN .

((u, p):solution of NS, Stokes projection )

- Ry, :truncation error)

n n-1 n-1
+77h —1h o X,
At
un—l ° er]Fl _un—l ° anl

At
b(ef a,)=b(up, g, )—b(37,g,)=0-0=0.
£ () () (o), W

Ry, :projection error)

Ry :perturbation error)

" JE
Error equation2 in (e, s, )
(&, &) =(u, =0, p,—Py), (G, Bn)=TL; (u,p), satisfies

(eh” —en” ,th+a(e;‘,vh)+b("h"9r?):(R*? +RILV, ), WY, €V,

b(efa,)=0, Vg, €Q, n=1--N,
0 _ S 0
e _(Hh (0,-p ))1
where n n n N o Du" " "t X
Rh = Rhl + ha + Rh37 Rhl = Dt — At
R" =77r:]—77r?_1°xr?_1 ] unfloxnfl_unfloxn—l
h2 — At y Rh3 = h
; et —el o X At
R == At

1 =U-0,:0x[0T] 59, X7 ()= x- At (x)

14
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Estimates of the remainders
Lemma

O At<S<1
"

c(u)At

IRl = o0, p) Jur . +2)n

S<c(u, p){ e |, k}

h

R <
htl

n
Rh3

RY I <
hal,

15

- (X (x)
At
_{u“(x)—u“(X”l(x))}:i[ (x-(1- s) (x)att, —(1-s)at)]
S XMH(X) = x—u"H(X)A)
_J' X)-Vu+du}(x (1—s)u”‘l(x)At,tn—(1—3)At)ds

R (X) =R, (X)+RI,(X), R l(x)s( "(x)- u“(x))-Vu(x,tn)
R,le(x)—(lu l( )Vu+8u)( X,t,

[ {um(x)-vu+o u}(x " (x)Att, - (1-s)At)ds
- [ () Vu+au}( C(L-s)(L-s) ()Att (- sl)(1—s)m)];ods
_Atj (1- s)dsJ. (YUt (XU + 20 (X)u +u, )
“RMZHOSC )t x—(1-s)(1-s)u"*(x)At,t, (1 5,)(1-s)At)ds,

16




R = 7 77“;0 Xy~ (Rr,:projection error)
ak“)zfimi x—(L-s)ur (x)att, - (L-s)at)|
{ 1 (X)- Vg, + 0 | (X (1-5)up * (X) At t, — (1-5) At)ds
R, (x)| j U () Vg, + 0| (= (1-5)ul™ (%) At.t, ~ (1-5) At)ds
R, < (] o] ot (0 -vn, +oun [ (x- (1) ()AL, - (L-s)At)ds|

()AL, - (1-s)at)ax]

:{J‘ dsf ‘uh( V77h+5t77h‘( —(1-s)uy”
)

1-
:{I Vnh+6tf7h\ (y.t,-(1-s)At) =
nﬁ{

<c(v,u,p)

ox d
Y

Lﬁ<nvﬂhné+namni>dt} N
(Jus I15) (0,0,p), (1))

u|, +2)n* (~aum (t)=(1-

un—loxn—l_un—loxn—l )
R, = h (Rys: perturbation error )
At
Ri, < cHVu"‘l oyt S
-
n-1 n-1 An-1 n-1 n-1
- ( tn g ty o)
< k n-1 )
<c(u, p)(h +en
en—l _ en—l ° X n .
Ry, = ————~—=" (R, :convection term)
At
n
Rh4 0

18




-
Discrete energy inequality in HWD(eﬁ)

0
Lemma
(1) Atfur?| . <6<1, 1<n<N;
? 2 1= 2
O, [ (&), + 5 [Pl

<c(voupu]. Vv (er)
(2)[Nvo (&), <e(p)n’

Z +C, (v, u, p,Huh“HLm)(th +At?)

19

" JJE
Proof of (1). Error equation2:

n_ an-1
(eh Ateh ,thJra(eQ,Vh)er(Vh,gr?):(Rr’:+RQ4,vh), ‘v’vh Evh

b(ef,q, ) =0, Vg, €Q,, n=1---,N;
Substitute D, & into v, .
(Duen.Dyen)+a(en,Dyen)=(Ri +Ry,.Dyen)  n21
(-~ b(ep. &) =b(uf.&)—b(dr, &) =0-0=0n>0)
2 _
D(e{:)os( O)HDAtef?

n2 n2 n2 n2 n2
o), <Rl + [Rel, [, + Rl
0

B n
D

n
Rhl

_|_

n
ha

_l_

n
Rh3

+

n
Rh4

2 —
. +vD,,

0 0 0 0

SB[+

20
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" J
\/;D(e,']‘)

<c(u)At® +c(v,u, p)(

Li= 2 = 2 2 2 2
—HDAteh +D,, < + + +
2 0 0 0 0 0

n
Rhl

2 2k
. +1)h +c(u, p){

n
ha

n
Rh3

n
Rh4

2
0

n-1 n-1
uh eh

2

ot h“}

2 2
n-1

L Hveh o

-l

+cul™

n-1 n-1
uh uh

E+c2 (v,u, P, Lm)(th-l—Atz)

. n-1 n-1 ' n-1
(. Heh HO SCHVeh HO <c HD(eh )Ho)

() e ar)

scl(u, p,

n-1 n-1
uh uh

2
‘ +c2(v,u,p,
0

Scl(v,u, P,

(2) & =(113(0-p%)), = (112 - 1)(0.-p°)),
Vel <clp],.h* Voo (e)] <c|e], b

21

" JEE
Proof of Theorem
From the discrete energy inequality,

At L <0<1, 1<n<N; implies
i

— 2 2

D, 13c1( 1+c2(

where c;, ¢, :monotone increasing w.r.t. the first variable.

n-1
uh

n-1 n-1 n-1
uh eh uh

&

v, p)(h2k+At2)

L

ViU, p)

L

Choose small hy,c,>0. h<hy, At <ch®*.
We show the following by induction,n=0,---,N; :

), e < exp(cl (1o +2) nAtj{HegHj 6 Jul o)+ (0% + %) nAt}
(2). At LN <5
(3), < Jufl ey +2

&

Uy

Uy

L

22
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" J
Initial step, n =0.
(n LHS=RHS

(2), At”uh‘LN < §. Proved similarly to that of (2),..
(3), HuhH <||u|| +1 Proved similarly to that of (3),.

General step, n >1. Assume (1) ,(2) ,and (3) _, are valid.
tllut LNM < & implies the existence of (uy, pf ).

(1), From the discrete energy inequality and (3) . ,we obtain
5. e <[, 0. ) s, v ) < )
<c,(Jull. +2)Jor ]} +ca (Jul. +2)(h* + ac?).
Applying the discrete Gronwall's inequality, we obtain
e < o0 [l 3 e o 1) + 0 .

23

" S
(2),

uh

<C h d/2
d/2 n n

< Cyh” ( h l)+c21

sczoh"i”z(cs(AHh")+c22hk +c23h")+c21 "

<Ch 2 (At+h )+ ey u] .
e <At{cz4h‘d’2(At+hk) u" 1’m}

(AL + hk’d’ZAt) +Cyy e
u” lew)

< Cy(C,4Cy + Cphi ™ + ¢, h U
<0

21

_uh l

n

At

21

At < ch?"
hk—d/4

IA

+C, ™

CO (CZ CO + C24

24

12



(3),

n
uh00

< Csoh—d/e(

n AN n
—ar| +
bl

3c34(h‘d’6At+h"‘d’6)+ n
< ( d/12 k—d/6) n

< Cy(Ch™™ +h +{ut
<c,, (cohg”12 + h(')"‘“ﬁ) +[un

<L+ ||
-

< gy h ™ (03 (At+h*)+cyh* +cph' ) +[u

n

u

n)+
1

L
n

At <c,h™

25

" JE

The induction,n=0,---,N;,

), o <exp( (e 2 mat ) e .l
(2), Atjugl,.. <6

(3)n = ||L°°(L°°)+1

has been completed.

I']
h

n
u
h L

o, < e (v, T,u,p)(h"+At), vn

HehH cs(v.T,u, p)(h* +At).

)(h2k +At2)nAt}

26
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e Estimate of HISAte;1

0

Now the discrete energy inequaliy
NI LX)

< cl(v, u, p,Hu{,”HLw)H\/;D(te)

can be written as
0. [N (&), + 5 [Dei

o (e

Applying the discrete Gronwall's inequaliy, we obtain

2

+C, (v, u, p,Hu,’l‘*luLm )(hz" + At?)

<c,(v,u,p,T)

+¢(v,u, p,T)(h* +At?),

HIZ_)AtehHﬁ(LZ) <G (v,u,p,T)(h* +At).

27

" J
e Estimate of the pressure.

—csup, ., m{(RQ +RLY, )~ (Dyelv,)—a(ely, )}
sc{R; R, B 0+2V\D(eg)o}
<c(v.u,p.Jur?.) {hk +at+|ver | +|Bef], +2v|D(e) 0}

< C(V,U, p) {hk +At+H5Atefr1] ‘O}

<c(v,u,p,T) {hk + At + ‘Sme,?
<c(v,u,p,T) (h* +At)

vl

|2, ng(e)

14
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2"d Order Schemes in Time

" B
2"d order Galerkin-characteristics schemes

e 2step scheme

3 (t)—4f(t—At)+ f(t—2At) _ﬂ(t)—o(mz)
At dt * /-

ul «ult ur? (n=2,---,N;)
u;, u’ : initial functions

e Singlestep scheme

o TR
At dt 2 )

u «—u (n=2,---,N;)
u’ : initial function

Note. f(t)—f(t—At)_ﬂ _
" OIt(t) O(At)




" S
Idea of 2" order two-step scheme

3g" — 4" o X +¢" % 0 X! (X):(a¢+(u-V)¢jn(X)+O(At2)

20t at
where
X[ (X) = X—u" (x)At T A
X5 (x)=x-2u"(x)At (n-1)at -
S (n-2)t X0
or X[ (X) =x—u*(x)At X1 (x)

X5 (X) = Xx—2u*(x)At
u*(x)=2u"*(x)—u"?*(x)

Note. u*(x) = u"(x) + O(At?)
Ewing-Russell[1981] )

Navier-Stokes Equations

Qc R (d=2,3), bounded
I'=0Q T>0
Find (u, p):Qx(0,T) - R* xR such that

g—l:+(u-V)u—vAu +Vp=1f inQx(0,T)

V-u=0 inQx(0,T)
u=0 onI'x(0,T)
u=u’ att=0in Q

where ¢ 12(Q)", u® eW}* (Q)",V-u°=0




" JE
Weak formulation
V=Hi(Q) Q=15(Q)
P

Find (u,p):(0,T) >V xQ such that
(%l:,vj+a(u,v)+b(v,p):(f,v), Vv eV
b(u,q)=0, vgeQ
u(0)=u°

Dt Dt ' Dt ot

2" order two-step scheme

At :time increment, N, =| T /At |
V,cV,Q,cQ
Find (ug, py)eV,xQ,,n=2,..,N;, such that

(3u{] AT e o

,vh]+a(uﬁ,vh)+b(vh, ) =(flva), WV, eV,

2At
b(u7. g, )=0, T O,
U
o= (15 u.0), J
where nAt
XIH(X) = X— Ul ()AL, Uy =200t —ur? (DA
X H(X) = x - 2u, (X)At (n—2)At S

Note. u; = u' +O (At +h*) should be found by another method,




" JEE
2nd order two-step scheme (cont.)

Theorem V, /Q, : Stokes projection of order k
ah,,c, >0, h<h,, At<ch®®

= 3c(v,T,u,p)>0,
Huh —u (H) ’th - P (1) = C(At2 + hk)
HVhme) = max{ ‘v{] n=0,..,N; }

n
Vh

2 12
X

Ny
ZZ(X) - {At2n=1

Note. Boukir et al.[1997]

v

" JE
Error equationl in (e,,¢,)
(& )=(u, =0, p,— Py), (G, B,)=II; (u,p), satisfies
(39E—43210XA1”11+6E2°inhl,VhJ+a(eQ,Vh)+b(vh,gh”):(R{]‘,vh), vy, eV,
b(eﬁ,qh)=0, vVg,€Qy n=1--N;
e =O (At +h")
@ = (11 (0.-7°)),

where Rr? = Rr?l + Rr?z + Rr?si

Du" 3u"—4u"to X[ +u" o X R? 30 — Ao X+l R o X0t
Dt At h2 At
-1 xlnh—l_un—lo Xlnq u™ 2o X;gl—u"J o X;&

At - At

A d XMH(x) = x—u"(X)At, u"=2u"" —u"?
y =U =0 1 Qx[0,T] - 9%, Xlz“(x) = X —2u" (x)At 10

n ——
Rhl =

Rr?3§4u




" JE
PR WX rafutn) b )= (1)
o oyt

((u, p):solution of NS, Stokes projection )

Du" 30" 40" o Xp 4 (" 20 X!
Dt At

n n n-1 n-1 n-2 n-1
_ DU 3 A e X AU e X (Ry, :truncation error )
Dt At
LI A e X o Xy
At

un—l ° xlnh—l _ un—1 ° xln—l B un—2 ° xgh—l _ un—z ° X;—l

At At
n _ n an —_ —_
b(eh ) qh)_b(uh ’ qh) - b(uh ' qh)_o -0=0.

=8 = (15000 () = (o)), W,

Ry =

(Rr,: projection error)

+4

(Rt - perturbation error)

" JEE
Error equation2 in (e, s, )

(& )=(u, =0, p,— Py), (G, B,)=II; (u,p), satisfies
[3e,? —def g

,VhJ+a(e{]‘,Vh)+b(Vh,gﬁ):(RQ +RiV ), VY, €Y,

At
b(ef,q, ) =0, Vg, €Q,, n=1---,N;
e =O(At’ +h*)

el = (Hﬁ (0,—p°))l
where Rr? = Rr?l + Rr?z + Rr?si

Du" 3u"—4u"to X[ +u" o X 30 — Ao X+l R o X0t

R" == R" =
" Dt At h2 At
Rn _ 4 un—l ° xlnh—l _ un—l ° Xln—l B un—2 ° X;r:l _ un—z ° x;—l
o At At
Ry g B e o XAt e toxy)!
ha = +
At At

12
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Estimates of the remainders
Lemma

O At<S<1
"

R <
htl

c(u)At®

IRl = o0, p) Jur . +2)n

S<c(u, p){ e |, k}

n
Rh3

RY I <
hal,

n-1 n-1
Ve,
=

0

13

" S
(2),

Estimate of Hu{]“ .

Uy for the 2nd order'scheme

< Czoh d/2

< Czoh d/2 (

21

d” 1)+C21 ”
SCzoh d/2( At +h +C22hk+C23h )+C21 "
<c,h -d/2 (A'[ +h* )+C21 i

lew<At{c24h““2(At2+hk) u" }

u" 1m)

< ¢, (C,,C2 +cpnd " 4+ c,yhd U
)

n

At

21

(AL +hk"“2At) +C,y

At <ch?®

IA

C (c2 €2 +Cyh P 4 ¢, "

14




(3),

Estimate of Hu{]‘HLw

u'l  <fu-T1.u" +HH u"

hl h = e =l for the 2nd order scheme
< Cggh™™ Jup — IT,u"|, + u“HLw
gcsoh““s( uy =g, + [0y —u"| +Ju" —TT,u" 1)+ u’|.

< gy h ™ (03(At2 +h*)+ch* +c32h")+
<c, (h““"'At2 + hk“”6) +
< Gy (G5 +h ) 4
<c,, (cghg’6 + h(')"d’ﬁ) +

<1+

n
u
=

n
u
L

n

d/e
U At <c,h
-

n
u o0
L

n
u
L

15

2nd order one-step scheme
0¢

ot
(%,w}v(w,w):(f,w (Vv eHs(Q)
(¢"—¢"'1

5

Mg=1 (xeQte(0,T)), ¢=0(xeoQ)

,w]w(vw,w):(fnw) (v <H (@)

n n-1 1 n n-1
AL 1V/hJ+§(V(¢h + ):th)ZE(f +f v‘//h) (Y, eVy)

X

-
Crank-Nicolson scheme: At?

nat —————
v
n-1At ——o6——

16
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Convection-Diffusion Equation

QcRY(d =2,3), bounded
T>0

Find ¢:Qx(0,T) > R such that

%+U-V¢—VA¢:f in Qx(0,T)

$=0 onI'x(0,T)

¢:¢0 att=0 in Q
where

u EW01‘°° (Q)d Cfel? (Q), ¢’ e’ (Q)

17

" JE
Pure Crank-Nicholson approximation
Find @' €V,,n=1,...,N;, such that

n_ n—1O n
(ﬂ“ %At X2,Whj+g(v¢;+V¢,:]_l,vwh):%(fhn+fhn_1’Wh)

0 0
¢, =119
where
n n-1/2 nooy Al
X, (X)=x-u X—U (x)? At ]
2nd order Runge-Kutta method X3 (x)

Vi, eV,

or
X3 (x) = x—%(u“ (x)+u"*1(x—Atu"(x)))

Heun method

18




"
Pure Crank-Nicholson approximation (cont.)
® This scheme is not of O(At?).

(—¢"_¢“1ox;)(x) (a¢+(u V)¢jn (—X+X;(X)]+O(At2) U

At 2
g(wﬁ" +V¢" ) (x)=v V"2 (x)+0(At?) o
%(f ny fn71XX)= f nfl/z(X)-i—O(Atz) o
However, %AX) - X ‘ =0(At) nAt
@ (@)

) (n—-1)At
The total accuracy is O(At) !

19

" A
A Second Order Characteristic FEM (Rui-T[2002])

Find ¢ eV,,n=1,..., , such that
n__ 4n-1 ® X n .
(% l//hJ+ (V¢h+v¢hn o X{ VWh)
Vgt{(.] Vi te X[,V )+ (Vdivu" Vg, ) |
Za(fthr fhn71°X1n1Wh) Vi, eV,
0 _ 0
where fn =9 )
X (X) = x— u”“z(x u (x)—tj nAt
0X T(x) = x—g(u”(x)+u” l(x Atu" (x))) Z
2 (n—1)At
X (X)=x— u "(X)At X3(x) X(x)
[37]; _g o(at?) .

10
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A Second Order Characteristic FEM (Cont.)

Theorem (Rui-T[2002]) P -element
= Jc(g,u,T)>0

R

where

;Z(Hl) < C(A'[2 + h")

n

= max{

2 (12)

21

Key Expression
%(A¢” HAP ) o X[ )= AgH? (%(X—I— Xln)j+O(At2) o
Ao

Ly (vgrtoxn) s A T 0 (o4
=2V (Voo X )+ ) ; 6x: axj( o j+O(At2)

22
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Example 1 (rotating Gaussian hill)
Q=(-0.50.5)x(-0.5,05), T=x
%+U-V¢—VA¢=O, U=(-%,%)

y=1.25x10"*2.5x10"*,5.0x10* 1.0x10°®

Exact solution:

o |X(t)— x|
Ko, ) =———exp| ——————
(%, %.1) o+4vt o+4vt

X(t) = (x,cost+Xx,sint,—x, sint + x, cost)
X, =(0.25,0),0 =0.01

23

" S
Rotating Gaussian Hill

(0.5,0.5)

24
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Example 1 (cont.)
Qis divided into a union of 2N? triangles, N =32,48,64,80

h=+v2/N, At=2T/(5JN) hocAt?
P1 element

Pure Crank-Nicolson scheme: O(h+At)
(ﬁ—ﬂﬁox;

O(At)

- ,WJ+§W¢+VﬁﬂVwJ=§O$+WﬁwO

21 order scheme:  O(h+At?)=0(At?)

n_ n—loXn v . . .
(M—tzyl//hj+5(v¢h +V 4, 1OX11VWh)

+V2_t(~]"V¢§_1° Xln,vl//h):%(fhn + "o Xln"//h)

25

|
|_2 -error vs. At — : Pure Crank-Nicholson scheme
— :2nd order characteristics scheme
E. ~[é~4],.12) E. E. E,

1 / [ ] /

NEVAEKIE
ARRYY

0.001
01

0.001 —————d .00
[1] 1]

000
(1] 1 0.2 oz 0.1 oz

v=1.25x10"" v=25x10" v=5.0x10" v=1.0x10"°

At CAt AL At

26
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Navier-Stokes Equations

QcRY(d=2,3), bounded

I'=0Q T>0
Find (u, p):Qx(0,T) - R® xR such that
g—l:+(u-V)u—vAu+Vp=f inQx(0,T)
V-u=0 inQ2x(0,T)
u=0 onI'x(0,T)
u=u’ att=0 in Q

where £ ¢ 12(Q)", u® eW  (Q)",V-u’=0

27

" JEE
2nd order single-step scheme, Notsu-T[2009]
At :time increment, N, =|T /At |
ViV, Q,cQ
Find (u,?, p,?)evthh, n=1,..,N;, such that

At
+At(vJ (ur)3 (u{]"l)T . Pt (u,’:’l)T (v, )) = E( fl+ flo X[V, WY, €V,
2 2
b(uf,d,)=0, Vo, €Q,
U - I0U

X

(XD o (0(u) () XD ()57 4082 )

X3 (x) X[ (x)

where At
X[ (X) = x—ul" (X)At, Z
X;(w,u)(x)zx—%{w(x)+u(x—u(x)A)} (n—1)At

28
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2nd order single-step scheme (cont.)
Internal iteration: wy =u, ™
Wﬁ‘l,—>(wrf,rh()—>~-—>(uﬁ, pQ)
Find (WL,rhl)thth, ¢=1,..,N;, such that

£ 0l oy nfald g0l
W, —Up o X (W, Uy )
At

,Vh)+v(D(w;)+ D(upt)e Xy, D(vh))—%(v'vh,rh’ + pito Xy')

+At(vJ (urt)3 (u,f’l)T —% pig (u{,"l)T (v )) = %( i+ 7o X\ V,), WY, €V,

b(Wﬁ,qh):O, va, €Q,
u =T1,u°

Note. This scheme can be used to get u; in two-step method.

29

A stabilized Galerkin-characteristics
scheme for the Navier-Stokes Equations

30
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Stabilized P1/P1 scheme

e P1/P1 element for NS equations.
Especially useful for 3D computation.
e Stabilizing term is necessary.

P1/P1 element does not satisfy the inf-sup condition.

e Stabilized P1/P1 Galerkin-characteristics FE scheme.

symmetric matrix, small DOF
— less computation time

— finer subdivision for 3D problems

31

"
Navier-Stokes Equations

Qc R (d=2,3), bounded
I'=0Q T>0
Find (u, p):Qx(0,T) > R* xR such that

ou

E+(U-V)u—vAu+Vp=f inQx(0,T)
V_uzo inQX(olT)
u=u° att=0in Q

where £ ¢ 12(Q)", u® eWt (Q)",V-u’=0

32
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" JEE
Weak formulation

()d L ()
p):

Dt Dt ' Dt ot

33

P1/P1 stabilized scheme

At :time increment, N, =| T /At |
V, cV, Q, cQ: Pl1-FEspace
Find (u7, pf)€V,xQ,, n=1.., N, such that

(W,th+a(ua,vh)+b(vh’ p;):(fhnlvh), vy, €V,

At

b(ur:]th)’éh(pquh)zo’ va, €Q;

u =(113 (u",0)),

where

n-— n— o)
X (X) = x—ul ™ (X)At ,gh(p,q):70 - he (Vp.Va),

Note. Notsu-T[2008]

34
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P1/P1 stabilized scheme (cont.)

Theorem V, /Q, : P1/P1 element
3h,,c, >0, h<h,, At<ch®

:>E|c(v,T,u,p,50)>O,
Huh_u ‘ph_p

v,

v

() <c(At+h)

(1)

v, iN=0,..,N; }
Vh

2 12
n
X

= max{

(%)

Ny
KZ(X) - {At2n=1

Ref. Notsu-T[2013]

35

" J
Framework for the Navier-Stokes equations
Hilbert spaces. ;
V=H;(Q),d=23 Q:bdd. =R
Q- LO(Q)E{qe 2 (0); ] a(x)x=0]
FEM spaces. V, <V, Q, cQ
{7.}.,, :regular, inverse ineq.
do >0, Vh,VK €7, diam(K) < op(K)
p(K): radius of the inscribe ball
dc,,c, >0, vh,VK €7, ch <diam(K)<c,h
Bilinear forms. a:VxV 5> R, b:VxQ >R, ¢,:QxQ >R
a(u,v)=2vIQD(u): D (v)dx
5,
b(v.q)=~[ avvdx. & (p.a)="23, i (Vp.Va),

36
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Stokes projection
I :V xQ -V, xQ,, II; (u,p)=(G,, B,)
a(l,,v,)+b(v,, p,)=2a(u,v,)+b(v,,p), Vv, eV,
b(ahrqh)'éh(ﬁh’qh):b(u’qh)-gh(p’qh)’ th th
<c|( h

H2xH?!

3¢ >0, H(Gh ~u,p, - p)

V xQ

ST

Mlo(H2xHt v Q)

Ref. Brezzi-Douglas[1988]

37

" S
Stokes projection (cont.)

Key condition for the proof: Stability inequality.

dy, >0,
a(uh’vh)+b(vh1 ph)+b(uh’qh)'éh(ph!qh)

- f -
NE i, pgevi @, SUPw, gy )ev, <@, H(Uh' Ph )“VXQ “(Vh G )HVXQ o

Ref. Brezzi-Douglas[1988], Franca-Stenberg[1991]

Note. Inf-sup condition,
: b(v
34, >0, |nfq w0, SUPy o T ( ) = [,

A, th\k )

does not hold for the P1/P1 element.

38
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Outline of the proof
e Stokes projection of the stabilized type
e Error equation in (e, &,)=(u,, p,)—IT; (u, p)
(Uy =4, P, = P) :(eh’gh)+<nﬁ - I)(u’ p)
e Estimates of the term ¢,
e Discrete Gronwall's inequality

e Induction is employed to evaluate At
ul ‘Lw at each step.

Refer to Notsu-T[2013] for the details.

n-1
uh

‘Wl’w and

39

" A
Schemes free from numerical integration error

m Mass lumping technique:
L” —esitmate
Pironneau-T[2010]

m Finite difference method:
discrete L* —esitmate
Notsu-Rui-T[2013]

m Exact integration for approximated velocity:
T-Uchiumi[2013]

40
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Galerkin-characteristics FEM of lumped mass type
At :time increment, N; =|T /At |
V, cV : P1-FEM space
Find ¢, €V,,n=1,...,N;, such that

_n_l—h n—1ox1n _
[ﬂ“ (A%t ),1/7hJ+V(V¢,?,V‘//h):(Ihfn"/7h)’

Vi, eV,

¢r? = Ih¢o v
where X,'(x) = x—u"(x)At %A

Q

I, :C(ﬁ)—)Vh, (1,v)(P)=v(P), VP :node, interpolation
TV, - 2(Q), v, (x)=V, (P), (xeD,)VP:node, lumping

"
A First Order Characteristic FEM (cont.)

Theorem
P, -element, weakly acute type triangulation

h2—5

S| h+At+
o) ( Atj
£€(01),d=2; £=0,d =3

= H¢h — 19

= |4, - 1,9, .<c.h, At=h

f‘”(l_"’)

= max{

Note. |¢, ) #[ in=0...N, }

Pironneau-T[2010]

42
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Application to a Two-Fluid Flow Problem

43

" JEE
Multiphase flow problems with interface tension(1)

FluidsO,1, ..,m

NS egns slip BC
oru=0
i=1. . n i K . curvature

o :coefficient

Interface condition: [u]. =0,[-pn+2xD(u)n]| =o;xn

I
[IEY

Note. Q,(t)cQ (i=1..., m) D(U)E%(V“(VU)T)

44
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Multiphase flow problems with interface tension(2)
(u, p) satisfies NS eqns. in each domain Q, (t), vk =0,...,m
ou
Pk(a_"‘ (u ‘V)Uj -V(2u4D(u)- pl = p, f
t
V-.u=0
Interface conditions on T, (t) = Q, (t ) Q ()
[U]ZO; I: pn+2’UD :Ir: i

Boundary conditions on I'x(0,T), ' =6Q
u-n=0, D(u)nxn=0 (or u=0)

Evolution of T (t )E{){i(S,t);SE[O,l)}
%= (1), i=1-m
Initial conditions at t :O
u=u’ Qk(O)zﬂg,Vk=O ..... m 45

Different density fluids in an “Hourglass”
022 (o 1.0, :(100 0.2,0.1)

ee ,02,,u2,02 (120,0.2,0.1)

(oi)=(1) 15

Po T =60

nonslip BC

(—O 5 0) t=0.00000
Ref. T[2010]

46
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