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The piping system

Ω 1 Ω 0 Ω 2vP vP
1

2

Σ1, Σ2 ⊂ R2 compact, connected, Lipschitz

Ω1 = {x ∈ R3 : x1 < 0, (x2, x3) ∈ Σ1}

Ω2 = {x ∈ R3 : x1 > 0, (x2, x3) ∈ Σ2}

Ω0 ⊂ R3 compact, connected, Lipschitz

Ω = Ω1 ∪ Ω0 ∪ Ω2.
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The constitutive law

Non-Newtonian fluid, shear-thinning or shear-thickening

V velocity field, p pressure
DV = 1

2 (∇V + (∇V )T ) stretching tensor
T = −pI + µ0DV + S(DV ) Cauchy stress tensor
S(DV ) = h(|DV |2)DV extra stress
S −→ coercivity, growth, monotonicity conditions.
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The Leray’s problem

V ′ time derivative

n normal to the cross section Σ

α prescribed flow-rate

V ′ + V · ∇V = µ0∆V +∇ · S(DV )−∇p in Ω× R

∇ · V = 0 in Ω× R∫
Σ

V · n dσ = α(t) T - periodic

V = 0 on ∂Ω× R

asymptotic conditions for x1 → ±∞
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The asymptotic conditions

Single infinite pipe of constant cross section Σ

Ω = {x ∈ R3 : (x2, x3) ∈ Σ}

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 5 / 27



The fully developed flow
Velocity field directed along the axis of the pipe and not depending on the axial
coordinate

V = V (x , t) = v(x2, x3, t)e1

Linear pressure growth
p(x , t) = −Γ(t)x1.

Convective term
V · ∇V = Vi∂iVj = v∂1v = 0.

Divergence free constraint

∇ · V = ∂iVi = ∂1v = 0.

Stretching tensor

(DV )1,2 = (DV )2,1 =
1
2
∂2v , (DV )1,3 = (DV )3,1 =

1
2
∂3v , |DV |2 =

1
2
|∇v |2.

Up to multiplicative factors use the same notation

S : R2 −→ R2, S(∇v) = h(|∇v |2)∇v .
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Scalar problem
v ′ = µ0∆v + Γ(t) +∇ · S(∇v) in Σ× R∫
Σ

v(x , t) dx = α(t) T - periodic

v = 0 on ∂Σ

V = v(x2, x3, t)e1 fully developed flow

Newtonian fluids

Stationary: Hagen – Poiseuille flow

Time periodic: Womersley flow
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The Hagen-Poiseuille flow

Newtonian stationary case
µ0∆v = −Γ in Σ∫

Σ

v dx = α

v |∂Σ = 0

pressure gradient Γ constant.

Direct problem: find v knowing Γ without the flow-rate constraint
Inverse problem: find v and Γ knowing only the flow-rate α.
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Direct vs inverse

Stationary Newtonian problem (Hagen - Poiseuille)

ϕ solution of {
µ0∆ϕ = −1 in Σ

ϕ|∂Σ = 0

v =
α∫
Σ

ϕ

ϕ, Γ =
α∫
Σ

ϕ

.
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The Womersley flow - Newtonian fluids

Time periodic case: connection between the two problems more involved.

WOMERSLEY J.R. - J. Physiol. (1955):
direct problem, pipes with circular section, very special time dependence
for the flow rate
BEIRÃO DA VEIGA H. - Arch. Ration. Mech. Anal. (2005):
inverse problem, weak solutions in full generality
GALDI G.P. & ROBERTSON A.M. - J. Math. Fluid Mech. (2005):
inverse problem, strong solutions, one-to-one correspondence between
pressure gradient and flow rate
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Leray’s steady problem - Newtonian fluids



V · ∇V = µ0∆V −∇p in Ω

∇ · V = 0 in Ω∫
Σ

V · n dσ = α

V |∂Ω = 0 on ∂Ω

lim
|x|→∞, x∈Ωj

V (x)− VPj (x) = 0 j = 1,2.

VPj fully developed flows in the pipes Ωj corresponding to the flow rate α.
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Leray’s steady problem - Non-Newtonian



V · ∇V = µ0∆V +∇ · S(DV )−∇p in Ω

∇ · V = 0 in Ω∫
Σ

V · n dσ = α

V |∂Ω = 0 on ∂Ω

lim
|x|→∞, x∈Ωj

V (x)− VPj (x) = 0 j = 1,2.
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Leray’s steady problem - Non-Newtonian

E. MARUŠIĆ-PALOKA - Math. Mod. Meth. Appl. Sci. 10 (2000):
existence and uniqueness of a weak solutions, circular section, power-law
model, shear-thickening fluids.
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The Leray’s periodic problem - Non-Newtonian



V ′ + V · ∇V = µ0∆V +∇ · S(DV )−∇p in Ω× R

∇ · V = 0 in Ω× R∫
Σ

V · n dσ = α(t) T - periodic

V |∂Ω = 0

lim
|x|→∞, x∈Ωj

V (x , t)− VPj (x , t) = 0 j = 1,2, t ∈ R

VPj (x , t) =?
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The mathematical description: Fully developed flows

Datum: α(t) ∈ C1(R), T -periodic flow rate through the section Σ

Problem: find a function v(x , t) and a distribution Γ(t) solving

v ′ = µ0∆v +∇ · S(∇v) + Γ(t) in D′(0,T ; W−1,2(Σ))∫
Σ

v(x , t) dx = α(t) in [0,T ]

v ∈ L2(0,T ; W 1,2
0 (Σ)) ∩ L∞(0,T ; L2(Σ))

v(x ,0) = v(x ,T ) a.e. in Σ
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The weak formulation

∇ · V = 0 ←→
∫
Σ

v dx = 0

Test functions

VT =
{
φ ∈ C∞0 (Σ× [0,T ]) :

∫
Σ

φ(x , t) dx = 0, ∀t ∈ [0,T ],

φ(x ,0) = φ(x ,T ) ∀x ∈ Σ
}

Definition (Weak solution)

v ∈ L2(0,T ; W 1,2
0 (Σ)) ∩ L∞(0,T ; L2(Σ))∫ T

0
(v , φ′)−

(
µ0∇v + S(∇v),∇φ

)
dt = 0 ∀φ ∈ VT∫

Σ

v(x , t) dx = α(t) for a.e. t ∈ [0,T ]
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The extra stress

S : R2 −→ R2

S locally Lipschitz

S(D) · D ≥ k1|D|q − k2 k1 > 0 (coercivity),

|S(D)| ≤ k3
(
|D|q−1 + 1

)
k3 > 0 (growth),

(S(D)− S(C)) · (D − C) > 0 if C 6= D (monotonicity).

q > 1 shear-thinning: 1 < q < 2, shear-thickening: q > 2
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The main result

Theorem (Shear–thinning, 1 < q < 2)

Let Σ ⊂ R2 be a Lipschitz bounded domain and α ∈ C1([0,T ]) such that
α(0) = α(T ). There exist a unique weak solution v and a distribution Γ such
that the pair (v , Γ) solves the equation in a distributional sense.

v ∈ L∞(0,T ; W 1,2
0 (Σ)) ∩ L∞(Σ× [0,T ]), v ′ ∈ L2(Σ× (0,T )), Γ ∈ L2(0,T )

and there exists a constant K depending on Σ, k1, k3, µ0,q such that

‖v(x , t)‖2
∞ +

∫ T

0
‖∇v(·, t)‖2

2 dt ≤ K‖α‖C1

Moreover the map Φ : C1([0,T ]) −→ L2(Σ × (0,T )) defined by Φ(α) = v is
continuous.
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The main result

Theorem (Shear–thickening, q > 2)

Let Σ ⊂ R2 be a Lipschitz bounded domain and α ∈ C1([0,T ]) such that
α(0) = α(T ). There exist a unique weak solution v and a distribution Γ such
that the pair (v , Γ) solves the equation in a distributional sense.

v ∈ L∞(0,T ; W 1,2
0 (Σ)) ∩ L∞(Σ× [0,T ]), v ′ ∈ L2(Σ× (0,T )), Γ ∈ Lq′(0,T )

and there exists a constant K depending on Σ, k1, k3, µ0,q such that

‖v(x , t)‖2
∞ +

∫ T

0
‖∇v(·, t)‖q

q dt ≤ K (‖α‖C1 + k2)

Moreover the map Φ : C1([0,T ]) −→ L2(Σ × (0,T )) defined by Φ(α) = v is
continuous.
If k2 = 0 then v ∈ L∞(0,T ; W 1,q

0 (Σ)) and ‖v(x , t)‖∞ ≤ c‖α‖C1 .
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Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2

Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity

⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity

⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2

⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2

⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2

⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



Extra-stress

S(D) = (µ1 + |D|2)
q−2

2 D, µ1 ≥ 0

1 < q < 2 Lipschitz continuity ⇒ µ1 > 0

coercivity ⇒ S(D) · D ≥ k1|D|q − k2 ⇒ k2 > 0

Theorem (Shear-thinning) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

q > 2 ⇒ S(D) · D ≥ |D|q−2 ⇒ k2 = 0

Theorem (Shear-thickening) ⇒ ‖v(x , t)‖∞ ≤ c‖α‖C1 .

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22 / 27



The L∞ control

Why ‖v(x , t)‖∞ ≤ c‖α‖C1 ?

Leray’s Problem



V ′ + V · ∇V = µ0∆V +∇ · S(DV )−∇p in Ω× R

∇ · V = 0 in Ω× R∫
Σ

V · n dσ = α(t) T - periodic

V |∂Ω = 0

lim
|x|→∞, x∈Ωj

V (x , t)− VPj (x , t) = 0 j = 1,2, t ∈ R

velocity decomposition V = U + γ

U carries no flow rate γ carries all the flow rate
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V (x , t)− VPj (x , t) = 0 j = 1,2, t ∈ R

velocity decomposition V = U + γ

U carries no flow rate γ carries all the flow rate
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The flow rate carrier

Ω 1 Ω 0 Ω 2vP vP
1

2

-R R

ΩR
1 = {x ∈ Ω1 : x1 < −R}, ΩR

2 = {x ∈ Ω2 : x1 > R}

ΩR
0 = Ω \ (Ω

R
1 ∪ Ω

R
2 ).

ζj = 1 if x ∈ Ω
R
j , ζj = 0 if x ∈ Ω \ Ω

R/2
j j = 1,2.

W (x , t) = ζ1(x)VP1 (x , t) + ζ2(x)VP2 (x , t)
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The flow rate carrier

∇ ·W 6= 0 in ΩR
0

∇ · w(·, t) = −∇ ·W (·, t) in ΩR
0

γ(x , t) = W (x , t) + w(x , t) ⇒ ∇ · γ = 0

γ = VPj in ΩR
j ⇒

∫
Σ

γ(x , t) · n dσ = α(t)

V = U + γ∫
Σ

U · n dσ = 0

V −→ VPj if |x | −→ ∞ ⇒ U −→ 0 if |x | −→ ∞.
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Rough estimate

((U + γ)′,U) = (µ0∆(U + γ),U) + (S(D(U + γ)),U)− ((U + γ) · ∇(U + γ),U)

(U · ∇γ,U) = −(U · ∇U, γ) −→ (µ0∆U,U)

|(U · ∇U, γ)| ≤ c‖∇U‖2
2‖γ‖∞

γ = VPj in ΩR
j ⇒ ‖γ‖∞ = max{‖VP1‖∞, ‖VP2‖∞}

‖VPj‖∞ small

‖α‖C1 −→ 0 =⇒ ‖VPj‖∞ −→ 0.
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Sketch of the proof - Fully developed flow

v ′ = µ0∆v +∇ · S(∇v) + Γ(t)

Kill the pressure gradient: project on zero mean value functions;
χ in C∞0 (Σ),

∫
Σ
χ = 1, u(x , t) = v(x , t)− α(t)χ(x),

∫
Σ

u dx = 0;

IBVP for u: Galerkin approximation;
fixed point argument: ∃ initial values that generate periodic approximating
solutions;
pass to the limit: monotonicity (Minty-Browder trick);
pressure gradient Γ: non null-flux test functions;
uniqueness: monotonicity;
continuos dependence by the flow-rate;
L∞ estimate: parabolic regularity.
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