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I
The piping system

Y1, ¥» C R? compact, connected, Lipschitz
Q= {X S RS : X1 < 0,(X2,X3) € 21}
Qo = {X € RS X1 > 0,(X2,X3) & Zg}

Qo C R® compact, connected, Lipschitz

Q=01 UQyU Q.
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|
The constitutive law
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|
The constitutive law

Non-Newtonian fluid, shear-thinning or shear-thickening
@ V velocity field, p pressure
e DV =1(VV+(VV)T)  stretching tensor
@ T =—pl+ ppbDV + S(DV) Cauchy stress tensor
@ S(DV) = h(|DV]2)DV  extra stress
@ S — coercivity, growth, monotonicity conditions.
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N
The Leray’s problem

oV time derivative
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The Leray’s problem

oV time derivative
on normal to the cross section X
o« prescribed flow-rate

Vi4 V.- VV=1AV+V-SDV)-Vp inQxR
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N
The Leray’s problem

oV time derivative
on normal to the cross section X
o« prescribed flow-rate

V-V=0
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N
The Leray’s problem

eV time derivative
on normal to the cross section *
o« prescribed flow-rate
Vi4 V.- VV=1AV+V-SDV)-Vp inQxR
V-V=0 inQ xR
/ V- ndo = aft) T - periodic
pN
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N
The Leray’s problem

oV time derivative

on normal to the cross section X

o« prescribed flow-rate
Vi4 V.- VV=1AV+V-SDV)-Vp inQxR
V-V=0 inQ xR
/ V- ndo = aft) T - periodic

N

V=0 on 902 x R
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N
The Leray’s problem

eV time derivative

en normal to the cross section *

o« prescribed flow-rate
Vi4 V.- VV=1AV+V-SDV)-Vp inQxR
V-V=0 inQ xR
/ V.-ndo = a(t) T - periodic

pN

V=0 on 0 x R
asymptotic conditions for x; — +oo
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I
The asymptotic conditions

Single infinite pipe of constant cross section ©

Q={xcR®: (x2,x3) €L}
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I
The fully developed flow

Velocity field directed along the axis of the pipe and not depending on the axial
coordinate
V =V(x,t) = v(xz, X3, )&y
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Velocity field directed along the axis of the pipe and not depending on the axial
coordinate

V =V(x,t) = v(xz, X3, )&y
Linear pressure growth
p(x,t) = —T(t)x.
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|
The fully developed flow
Velocity field directed along the axis of the pipe and not depending on the axial
coordinate
V =V(x,t) = v(xz, X3, )&y
Linear pressure growth

p(x,t) = —T(t)x1.
Convective term

V-VV = VgV, = vdv =0.

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 6/27



The fully developed flow
Velocity field directed along the axis of the pipe and not depending on the axial
coordinate
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V.-VV=VV,=vov=0.
Divergence free constraint

V-VZ@,‘V,'=81V=0.

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 6/27



I
The fully developed flow

Velocity field directed along the axis of the pipe and not depending on the axial
coordinate

V =V(x,t) = v(xz, X3, )&y
Linear pressure growth
p(x,t) = —T(t)x1.
Convective term
V.VV=VoV;=vov=0.
Divergence free constraint
V- VZ@,‘V,':81V=0.

Stretching tensor

1 1 1
(DV)12 = (DV)2.1 = 50ov, (DV)13=(DV)s1=50sv, |DV]®=3|Vv[.
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I
The fully developed flow

Velocity field directed along the axis of the pipe and not depending on the axial
coordinate

V =V(x,t) = v(xz, X3, )&y
Linear pressure growth
p(x,t) = —T(t)x1.
Convective term
V.VV=VoV;=vov=0.
Divergence free constraint
V- VZ@,‘V,'=81V=0.

Stretching tensor
1 1 1
(DV)12 = (DV)2.1 = 50ov, (DV)13=(DV)s1=50sv, |DV]®=3|Vv[.
Up to multiplicative factors use the same notation
S:R? — R? S(Vv) = h(|VVv|?)Vv.
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Scalar problem

Vi = poAv+T(t) +V-S(Vv) inX xR
/ v(x,t)dx = «at) T - periodic
X

v=0 on 0x

V = v(xo, X3, t)eq fully developed flow
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Scalar problem

Vi = upAv + (1) inY xR

/ v(x,t)dx = «at) T - periodic
X

v=_0 on 0x

V = v(xo, X3, t)eq fully developed flow
@ Newtonian fluids
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Scalar problem

0= poAv+T in X
v(x)dx =«

Y

v=0 on 0%

V = v(xo, X3, t)eq fully developed flow
@ Newtonian fluids

@ Stationary: Hagen — Poiseuille flow
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Scalar problem

Vi = upAv + (1) inY xR

/ v(x,t)dx = «at) T - periodic
X

v=_0 on 0x

V = v(xo, X3, t)eq fully developed flow
@ Newtonian fluids

@ Stationary: Hagen — Poiseuille flow

@ Time periodic: Womersley flow
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.
The Hagen-Poiseuille flow

Newtonian stationary case

foAv=—-T inX¥

/vdx:a
>

Vligs =0

pressure gradient I' constant.
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.
The Hagen-Poiseuille flow

Newtonian stationary case

foAv=—-T inX¥

Vligs =0

pressure gradient I' constant.
@ Direct problem: find v knowing I without the flow-rate constraint
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.
The Hagen-Poiseuille flow

Newtonian stationary case
poAv=—-T  inX
/ vax =«
>
Vles =0

pressure gradient I' constant.
@ Direct problem: find v knowing I without the flow-rate constraint
@ Inverse problem: find v and I knowing only the flow-rate a.
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Direct vs inverse
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Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 10/27



]
Direct vs inverse

Stationary Newtonian problem (Hagen - Poiseuille)

 solution of
wlAp=—-1 inX
plox =0
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]
Direct vs inverse

Stationary Newtonian problem (Hagen - Poiseuille)

 solution of
wlhAp=—-1 ink
plox =0
vV = ig@, [ = i

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 10/27



-
The Womersley flow - Newtonian fluids

Time periodic case: connection between the two problems more involved.

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 11/27



-
The Womersley flow - Newtonian fluids

Time periodic case: connection between the two problems more involved.
@ WOMERSLEY J.R. - J. Physiol. (1955):
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The Womersley flow - Newtonian fluids

Time periodic case: connection between the two problems more involved.

@ WOMERSLEY J.R. - J. Physiol. (1955):
direct problem, pipes with circular section, very special time dependence
for the flow rate
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-
The Womersley flow - Newtonian fluids

Time periodic case: connection between the two problems more involved.

@ WOMERSLEY J.R. - J. Physiol. (1955):
direct problem, pipes with circular section, very special time dependence
for the flow rate

@ BEIRAO DA VEIGA H. - Arch. Ration. Mech. Anal. (2005):
inverse problem, weak solutions in full generality

@ GALDI G.P. & ROBERTSON A.M. - J. Math. Fluid Mech. (2005):
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-
The Womersley flow - Newtonian fluids

Time periodic case: connection between the two problems more involved.

@ WOMERSLEY J.R. - J. Physiol. (1955):
direct problem, pipes with circular section, very special time dependence
for the flow rate

@ BEIRAO DA VEIGA H. - Arch. Ration. Mech. Anal. (2005):
inverse problem, weak solutions in full generality

@ GALDI G.P. & ROBERTSON A.M. - J. Math. Fluid Mech. (2005):
inverse problem, strong solutions, one-to-one correspondence between
pressure gradient and flow rate
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I
Leray’s steady problem - Newtonian fluids

V.-VV=puAV -Vp in Q
V-V=0 in Q
/V-ndU:a

X

V]pa =0 on 9Q

12/27
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I
Leray’s steady problem - Newtonian fluids

V.-VV=puAV -Vp in Q

V-V=0 in Q

/V-ndU:a

X

Viea =0 on 9Q
lim V(x) = Vp(x)=0 j=1,2

|X| =00, xEQ;

Vp, fully developed flows in the pipes €; corresponding to the flow rate a.
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I
Leray’s steady problem - Newtonian fluids
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N
Leray’s steady problem - Non-Newtonian

V-VV =pAV+V.-5DV)-Vp inQ

V-V=0 in Q
V.-ndo =«

bx

Vipa =0 on 09
lim V(x)— Vp(x)=0 j=12

|X| =00, xEQ; f
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N
Leray’s steady problem - Non-Newtonian

@ E. MARUSIC-PALOKA - Math. Mod. Meth. Appl. Sci. 10 (2000):
existence and uniqueness of a weak solutions, circular section, power-law
model, shear-thickening fluids.
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N
The Leray’s periodic problem - Non-Newtonian

V/ 4+ V-VV=puAV+V-SDV)-Vp inQxR

V-V=0 inQ xR
/ V- ndo = aff) T - periodic
x

Viga =0

16/27
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N
The Leray’s periodic problem - Non-Newtonian

Vi+ V.- VV = 1AV +V-SDV)-Vp inQxR
V-V=0 inQ xR
/ V- ndo = aff) T - periodic
x
V]pa =0

lim  V(x,t) = Vp(x,t) =0 j=1,2teR
‘X‘—)OO,XEQ/
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N
The Leray’s periodic problem - Non-Newtonian

Vi+ V.- VV = 1AV +V-SDV)-Vp inQxR
V-V=0 inQ xR
/ V- ndo = aff) T - periodic
x
V]pa =0

lim  V(x,t) = Vp(x,t) =0 j=1,2teR
‘X‘—)OO,XEQ/

V/:>/‘(X7 t) =7
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The mathematical description: Fully developed flows
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@ Datum: a(t) € C'(R), T-periodic flow rate through the section ©
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@ Datum: a(t) € C'(R), T-periodic flow rate through the section ©
@ Problem: find a function v(x, t) and a distribution I'(t) solving
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N
The mathematical description: Fully developed flows

@ Datum: a(t) € C'(R), T-periodic flow rate through the section ©
@ Problem: find a function v(x, t) and a distribution I'(t) solving

V' = oAV + V - S(VV) + T (1) in©'(0, T; W-"2(%))
/Z v(x, t) dx = aft) in [0, T]

v e L2(0, T; Wy 3(X)) N L=(0, T; L3(X))

v(x,0)=v(x,T) a.e.inx
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]
The weak formulation
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]
The weak formulation

V-V=0 — /vdx:o
>
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]
The weak formulation

V-V=0 — /vdx:o
>

Test functions
vr={seCrEx0.7): [ o(x k=0, vtc[o,T)
N

#(x,0) = d(x, T) Vx € z}
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The weak formulation

V-V=0 — /vdx:o
>

Test functions
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]
The weak formulation

V-V=0 — /vdx:o
>

Test functions
vr={seCrEx0.7): [ o(x k=0, vtc[o,T)
N

#(x,0) = d(x, T) Vx € z}

Definition (Weak solution)

o ve l2(0,T; W) 3(X))n L0, T; L3(X))

-
° / (v, o) — (Movw S(VV),w) dt=0 VoeVr
0
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]
The weak formulation

V-V=0 — /vdx:o
>

Test functions
vr={seCrEx0.7): [ o(x k=0, vtc[o,T)
N

#(x,0) = d(x, T) Vx € z}

Definition (Weak solution)

e vel?0,T; Wy3(x)) N L=(0, T; L3(%))

-
o/ (v,¢’)—(uow+3(w),v¢>) dt=0 VoeVr
0

° / v(x,t)dx = a(t) fora.e. t € [0, T]
X
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|
The extra stress

S:R2 5 R?
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The extra stress

S:R2 5 R?

S locally Lipschitz
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|S(D)| < ks (|D|9~" +1) ks >0  (growth),
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|
The extra stress

S:R2 5 R?

S locally Lipschitz
S(D)-D > k{|D|9 — ko ki >0 (coercivity),
|S(D)| < k3 (|D|‘7—1 + 1) ks >0 (growth),

(S(D)—-S(C))-(D-C)>0 ifC#D (monotonicity).
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|
The extra stress

S:R2 5 R?

S locally Lipschitz

S(D)-D > k{|D|9 — ko ki >0 (coercivity),
|S(D)| < ks (|D|19~" +1) ks >0  (growth),
(S(D)—-S(C))-(D-C)>0 ifC#D (monotonicity).

qg>1
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The extra stress

S:R2 5 R?

S locally Lipschitz

S(D)-D > k{|D|9 — ko ki >0 (coercivity),
|S(D)| < ks (|D|19~" +1) ks >0  (growth),
(S(D)—-S(C))-(D-C)>0 ifC#D (monotonicity).

qg>1 shear-thinning: 1 < g < 2,
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|
The extra stress

S:R2 5 R?

S locally Lipschitz

S(D)-D > k{|D|9 — ko ki >0 (coercivity),
|S(D)| < ks (|D|19~" +1) ks >0  (growth),
(S(D)—-S(C))-(D-C)>0 ifC#D (monotonicity).

qg>1 shear-thinning: 1 < g < 2, shear-thickening: g > 2
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|
The main result

Theorem (Shear—thinning, 1 < g < 2)

Let ¥ C R? be a Lipschitz bounded domain and o € C'([0, T]) such that
a(0) = «(T). There exist a unique weak solution v and a distribution T such
that the pair (v,T) solves the equation in a distributional sense.

vel®0,T; WAZ)NL2(E x[0,T]), v/ € LA(X x (0,T)), T € L20, T)

and there exists a constant K depending on ¥, ki, k3, uo, q such that

]
Iv(x, IE. + /0 V(- ) dt < Koo

Moreover the map ® : C'([0, T]) — L3(X x (0, T)) defined by ®(a) = v is
continuous.

4
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|
The main result

Theorem (Shear—thickening, g > 2)

Let ¥ C R? be a Lipschitz bounded domain and o € C'([0, T]) such that
a(0) = «(T). There exist a unique weak solution v and a distribution T such
that the pair (v,T) solves the equation in a distributional sense.

v e L®(0,T; W)3(Z))NL®(E x [0,T]), v € L3(X x (0,T)), T € LY(0, T)

and there exists a constant K depending on ¥, ki, k3, uo, q such that

i
Iv(x, BIE. + /0 IV B3t < K (laler + ke)

Moreover the map ® : C'([0, T]) — L3(X x (0, T)) defined by ®(a) = v is
continuous.
Ifko = 0 then v € L>(0, T; W,'9(X)) and ||v(x, t)]| < c| -
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|
Extra-stress
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|
Extra-stress

<

S(D) = (u1 + DT D,  p1 >0
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|
Extra-stress

<

S(D) = (u1 + DT D,  p1 >0

1<g<?2

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22/27



|
Extra-stress

S(D) = (u1 + DT D,  p1 >0

1<g<?2 Lipschitz continuity
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|
Extra-stress

S(D) = (u1 + DT D,  p1 >0

1<g<?2 Lipschitz continuity = 1 >0

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 22/27



|
Extra-stress

S(D) = (1 +IDP)*T D, 1 >0
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1<g<2 Lipschitz continuity = w1 >0
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Extra-stress

S(D) = (m +IDP)=D, =0
1<g<2 Lipschitz continuity = w1 >0
coercivity = S(D)-D>k|D9—ky = k>0

Theorem (Shear-thinning) = ||v(X, )]l < Clla|lcr-

q>2 = SD)-D>|D" 2 = k=0

Theorem (Shear-thickening) = ||v(X, )|l < |l ct-
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The L*° control

Why — lv(x, Bl < cllaller 7
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Why — lv(x, Bl < cllaller 7

Leray’s Problem

Vi+V.VV=ppAV+V.-SDV)-Vp inQxR
V.-V=0 inQ xR
/ V.-ndo = a(t) T - periodic
X
Viga =0

lim  V(x,t) = Vp(x,t)=0 j=1,2,teR
[X]| =00, x€Q;
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The L*° control

Why — lv(x, Bl < cllaller 7

Leray’s Problem

Vi+V.VV=ppAV+V.-SDV)-Vp inQxR
V.-V=0 inQ xR
/ V.-ndo = a(t) T - periodic
X
Viga =0

lim  V(x,t) = Vp(x,t)=0 j=1,2,teR
[X]| =00, x€Q;

velocity decomposition V=U+~
U carries no flow rate ~ carries all the flow rate
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]
The flow rate carrier

QRZ{X€Q1:X1<—H}7 QEZ{XEQ2:X1>FI’}
QFf = Q\ (@ UDy).

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 24/27



]
The flow rate carrier

QF“Z{X€Q1:X1<—H}7 QEZ{X€Q2:X1>FI’}
Qf =\ (@ ud,).

. —R . R/2 ,
G=1ifxeqQ, ¢=0iftxea\Q? j=1.2

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 24/27



]
The flow rate carrier

QF“Z{X€Q1:X1<—H}7 QEZ{X€Q2:X1>FI’}
Qf =\ (@ ud,).

. —R . R/2 ,
G=1ifxeqQ, ¢=0iftxea\Q? j=1.2

W(x, t) = G (X) Ve, (X, 1) + Ca(x) Vi, (X, 1)
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V-w(,t)=-V-W(1t) inQf

y(x, 1) = W(x,t) + w(x,t) = V-4=0
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V-W#0 in Qf
V-w(,t)=-V-W(1t) inQf

y(x, 1) = W(x,t) + w(x,t) = V-4=0

y=Vp inQf = /y(x,t)~nda:a(t)
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The flow rate carrier

V-W#0 in Qf
V-w(,t)=-V-W(t) inQf
v(x, 1) = W(x, )+ w(x,t) = V-y=0
y=Vp inQf = /zy(x,t)wda:a(t)

V=U+~vy
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The flow rate carrier

V-W#0 in Qf
V-w(,t)=-V-W(t) inQf
v(x, 1) = W(x, )+ w(x,t) = V-y=0
y=Vp inQf = /zy(x,t)wda:a(t)

V=U+~vy
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The flow rate carrier
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V-w(,t)=-V-W(1t) inQf
yx, ) =Wk ) +wxt) = V-4y=0
y=Vp inQf = /y(x,t)~nda:a(t)
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V=U+~vy
/U-ndazo
N
V— Vp if x| — o0
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The flow rate carrier

V-W#0 in Qf
V-w(,t)=-V-W(1t) inQf
yx, ) =Wk ) +wxt) = V-4y=0
y=Vp inQf = /y(x,t)~nda:a(t)
>
V=U+~vy
/U-ndazo
N
V—Vp if|x| —00 = U-—0 if|x] — o0
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I
Rough estimate

((U+9),U) = (oAU +7), U) + (S(D(U+7)), U) = (U +7) - V(U +7), U)
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Rough estimate

((U+9),U) = (oAU +7), U) + (S(D(U+7)), U) = (U +7) - V(U +7), U)

(U-Vy,U)=—-(U-VU,v) — (m0AU,U)
I(U-VU,7)| < VU3V
vy=Vp inQf = |lle = max{||Vels, | Ve, lloc }

| Vel oo small
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I
Rough estimate

((U+9),U) = (oAU +7), U) + (S(D(U+7)), U) = (U +7) - V(U +7), U)
(U-Vy,U)=—-(U-VU,v) — (uoAU,U)
(U- VU, < cllVUIE I
y=Ve nQf = |l =max{|| Ve, oo, [ Ve, I}
||ij\|Oo small

leller —0 = [[Vpllco — 0.
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I
Sketch of the proof - Fully developed flow
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@ Kill the pressure gradient: project on zero mean value functions;

Carlo Romano Grisanti (University of Pisa) Non-Newtonian fully developed periodic flows 27/27



I
Sketch of the proof - Fully developed flow

V' = puoAv + V- S(Vv) +T(t)

@ Kill the pressure gradient: project on zero mean value functions;
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@ Kill the pressure gradient: project on zero mean value functions;
o xInCE(X), [ex=1, u(x,t)=v(xt)—a(t)x(x), [ udx=0;
@ IBVP for u: Galerkin approximation;

@ fixed point argument: F initial values that generate periodic approximating
solutions;
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Sketch of the proof - Fully developed flow

V' = puoAv + V- S(Vv) +T(t)

Kill the pressure gradient: project on zero mean value functions;
xinCP(Y), [ex=1, u(x,t)=v(x, t)—a(t)x(x), [ udx =0;
IBVP for u: Galerkin approximation;

fixed point argument: 3 initial values that generate periodic approximating
solutions;

pass to the limit: monotonicity (Minty-Browder trick);
pressure gradient I': non null-flux test functions;
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Kill the pressure gradient: project on zero mean value functions;
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IBVP for u: Galerkin approximation;

fixed point argument: 3 initial values that generate periodic approximating
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I
Sketch of the proof - Fully developed flow

V' = puoAv + V- S(Vv) +T(t)

Kill the pressure gradient: project on zero mean value functions;
xinCP(Y), [ex=1, u(x,t)=v(x, t)—a(t)x(x), [ udx =0;
IBVP for u: Galerkin approximation;

fixed point argument: 3 initial values that generate periodic approximating
solutions;

pass to the limit: monotonicity (Minty-Browder trick);
pressure gradient I': non null-flux test functions;
unigueness: monotonicity;

continuos dependence by the flow-rate;

L* estimate: parabolic regularity.
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