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Existence of a weak solution



The Peterlin viscoelastic model (P)

Let Q C RY, d = 2,3 be a bounded smooth domain and T > 0.

We consider the system of equations describing a motion of an
incompressible viscoelastic fluid together with the boundary and
initial conditions

ov

Pt +p(v-V)v=nAv+divT — Vp (v)
divv=20
T = ¢(tr C)C
g—f + (v-V)C = (VVv)C + C(Vv)" + x(tr C)l — ¢(tr C)C + eAC

(©)
inQx(0,T)

8Cv:0 on 9Q v(0)=wvo in Q

— =0 on 00 C(O):Co in Q.

on

Michael Renardy: Mathematical Analysis of Viscoelastic Flows
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Assumptions (A)

(A1) 1, x, ¢ are positive functions definied on [0, co)
(A2) ¢ € C* is nondecreasing
(A3) x and ¢ are Lipschitz - continuous functions
(A4) there exist constants «, 3 and 7 s.t.
lim (s) =A>0
s—oo S¢
lim M =B>0
s—00 56
lim & =C>0
s—oo SY
and
d=2 d=3
a>2 2<a<3
B=a-1 B=a-1
y<a+1l y<a+l
T = ¢(tr C)C

oc

Sp T VIC=(Tve+ c(vv)7 + x(tr C)l — $(tr C)C + eAC
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Energy estimates

® multiply (v) by v and integrate

t
B/MZ dx —B/\vo|2dx +n/ /|Vv\2 dx dt =
2 Ja 2 Ja 0 Ja

t
= —/ / Vv : 9(tr C)C dx dt (Ev)
0 JQ
® multiply (C) by ¢(tr C), take half the trace and integrate
1 1
7/\Il(tr C) dx — 7/\Il(tr Co) dx +
2 Ja 2 Ja
t t
+ E/ / ¢/ (tr C)|Vitr C|2 dx dt + 1/ / P(tr C)o(tr C)tr C dx dt =
2 Jo Ja 2 Jo Ja
t
_ %/ / (tr C)tr [(VV)C + C(Vv)T] dx dt +
0 JQ

+ %/0 /Q31[)(tr C)x(tr C) dx dt (Ec)
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® multiply (v) by v and integrate

p p ¢
—/ [v|2 dx — —/ [vo|? dx +7]/ /|Vv|2 dx dt =
2 Ja 2 Ja o Ja

== = —/t/ Vv : (tr C)C dx dt (Ev)

0 Ja

1 ® multiply (C) by (tr C), take half the trace and integrate

.
__- . 2/\Il(tr C) dx — 7/\Il(tr Co) dx +

/ / ¢/ (tr C)|Vtr C|2 dx dt + - / /¢(tr C)¢(tr C)tr C dx dt =

: =+ > / / Y(tr C)tr [(VV)C + C(VV)T} dx dt +
0o Ja
s +1 / t / 3(tr C)x(tr C) dx dt (Ec)
2Jo Ja

=0



Energy estimates

Thus, adding (E,) and (Ec¢) yields

1 t
B/M2 dx +—/\U(trC) dx +n/ /|Vv\2 dx dt +
2 Ja 2 Ja 0o Ja

+£/*/¢/(tr C)|Vtr C)? dx dt +1/ /1/;(tr C)g(tr C)tr C dx dt =
2Jo Ja 2 Jo Ja

1 1t
= B/ lvo|? dx + —/ W(tr Cp) dx + —/ /3w(tr C)x(tr C) dx dt ,
2 Ja 2 Ja 2 Jo Ja

which, using the assumptions (A), gives us the a priori bounds

v € L2(0, T; HY(Q)) NL>(0, T; L3(Q))
tr C € LP(0, T; LP(Q)),

where p = 2a.
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Energy estimates

® C is positive - definite, tr C € LP(0, T; LP(R2)), thus
C € LP(0, T; LP(R2))

® multiply (C) by C and integrate

1 1 t
—/|C\2 dx ——/\Co|2 dx +e/ /\VCF dx dt +
2 Ja 2 Ja 0o Ja

+/t/q5(trC)C2 dx dt =
0o JQ

= /Ot/ﬂ [(Vv)C+C(Vv)T] : C dx dt +/Ot/93x(tr C)tr C dx dt

These estimates together with the assumptions (A) yield
the a priori bound for C

C € L2(0, T; HY(Q)) N L>=(0, T; L3(Q)) N LP(0, T; LP(Q)).
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Existence of a weak solution

Theorem

Let the assumptions (A) be satisfied. Then there exists a weak solution
to the Peterlin viscoelastic model (P) s.t.

v € L%(0, T; Hg 4, (2)) N L>(0, T; L, (%))
C € L%(0, T; HY(Q)) N L>=(0, T; L%(R)) N LP(0, T; LP(Q))
satisfying v(0) = vp, C(0) = Co and

0
p/—v-wdx +p/(v-V)v~wdx +17/Vv:dex
o Ot Q Q

= —/ Vw : ¢(tr C)C dx
Q

VweHj 4, (Q), ae te(0,T)
oC

— D dx +/(V-V)C:Ddx +5/VC:VDdx =
Qat Q Q

:/ [(VV)C + C(Vv)T] : D dx +/ Ix(tr ©)l — 6(tr €)C] : D dx
Q Q

V D e HY(Q), ae t€(0,T).
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The Galerkin approximations

The Galerkin approximations:

vm(t) = Zgim(t)wi Cn(t) = Z Gim(t)D;

i=1 i=1
(v (£), ;) + (v (t) - V)Vim(t), w)) + 1 (Vum(t), Vwj) =
= —(Vwj, ¥(tr Cm(t))Cm(t))

(C(1),D5) + ((vm(t) - V)Cm(t), D;) +e(VCm(t), VD;) =
= ((VVm(t))Cm(t) + Cm(t)(Vm(t)) T, D;)+

+ (x(tr Cm(t))1, D)) — (#(tr Cm(t))Cm(t), D))

Vm(0) = vom

Cm(0) = Com

forj=1,...,m, t€[0,T]
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The Galerkin approximations

A priori estimates:

€ L%(0, T Hg 4, () NL>(0, T;LZ, ()
Cm € L2(0, T; HY(Q)) N L>(0, T; L3(Q)) N LP(0, T; LP(Q))
v, €LY3(0, TiH,! () (d=3)
Vi, € L2(0, T Hg; () (d =2)
C, e Y30, T;H Y(Q))

Compact embeddings:

The Lions - Aubin lemma =
{vm € L2(0, T; Hp 4, (Q)), vi, €L°(0, T; HdNO(Q))} —— L%(0, T; L5, ()

{cm € L2(0, T; HY(Q)), C, e L*3(0, T; H—l(Q))} s L2(0, T; LP(Q))
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The Galerkin approximations

Passing to the limit:

Vm =% v in L%(0, T; L%, (Q)) Cm —*C in L%(0, T;L%(Q))
vm = v in L2(0, T; Hf 4, (Q)) Cm — C in L2(0, T; HY(Q))
vm — v in L2(0, T;LF, (Q)) Cm— C in L*(0, T;LP(Q))

Using the assumptions (A) and the convergences above,
we can pass to the limit in each term, for instance:

ltr CE))C(E) — (tr Cm(£))Con(t)) dx dt
_2p_ pT_pz g 1/p
SqHVWjHLz(Q)(/ (/ (e €(8)) — w(tr Crn())| P2 dx) ([ 1emter ax )" et
2 1/
+/0T(/Q\w<trcaw_5 dx) (/ 1€06) ~ (o) o ) ”dr)g

<cl VWl 2 ( w1t € =t Canll 20 71p(@ | Emlli20, Tap () +

+ [l(tr c)“LZ(o,T;LP(Q))“c - Cm“|_2(0,7';|_P(Q))> -0

aam — oo
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Passing to the limit:

vm =% v in L2(0, T; L%, (Q)) Cm—*C in L(0, T;L%(Q))
vm = v in L2(0, T; Hp 4, () Cn— C in L2(0, T; HY(Q))
prre vm — v in L2(0, T; L5, (Q)) Cm— C in L3(0, T;LP())
= Initial values:
el
= By comparison:

- p(vo —v(0),w) =0 V w € Hg 4, ()
(Co —C(0),D) =0 V¥ D e HY(Q)




Numerical analysis



Model for numerical simulation (M)

Let us consider
Y(tr C) =1tr C, x(tr C) =tr C and ¢(tr C) = (tr C)°.
Then, the assumptions (A) are satisfied in both dimensions with

a=2 f=~v=1and p=4.

Thus, our model now reads as follows:

p% +p(v-VIv=nAv+divT —Vp
divv=20
T=trC.C
ocC T 2
ot +(v-V)C=(Vv)C+C(Vv) +trCl—(tr C)°C+cAC
inQ2x(0,T)
8Cv:0 on 9% v(0) =w in Q
5 =0 on 9Q C(0)=Co in Q.

v € L2(Hg 4,) N L= (L) and € € LP(HY) nL>®(1%) nL*(Lh)
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Weak formulation

Definition
The triple (v, p,C) : (0, T) — V x Q x W satisfying
Dv
(D—t,w) + av(v,w) + b(w, p) = (Vw, tr C.C)
b(v,q) =0
D
(5:2) + ac(€. D) = o(v.€.D) + H(C. D)
vV (w,q,D)eVXQxW, ae tc(0,T)

and v(0) = vg, C(0) = Cy is called a weak solution to (M).

The following notation is adopted:

Dv 15} DC 15}

—:(—+V~V>v, —:<—+V~V>C

Dt ot Dt ot

av(v,w):n/2D(v):D(w) dx , aC(C,D)zs/ VC:VDdx, b(v,q)= / div v g dx
Ja JQ JQ

o(v,C,D) = /ﬂ ((VV)C + C(VV)T) :Ddx, h(C,D)= /Q (tr C.l — (tr C)2C) : D dx

and for the spaces V = H(l)(Q), Q=

L2(Q) and W = H1(Q).
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Error estimates

for a semi-discrete finite element approximation

Theorem

Let d = 2. Let (v, p,C) be the weak solution to (M) satisfying
additionally the following assumptions

v e L0, T;W22(Q)) nL>=(0, T; W>2(Q)), v: € L2(0, T; WH2(Q))
C e L2(0, T; W22(Q)) NL>®(0, T; W 2(Q)), C: € L2(0, T; W'?(Q))
p € L2(0, T; WH2(Q)).

Let us consider P2 /Py finite element for the velocity and the pressure

and P finite element for the conformation tensor.
Then there is a constant C > 0 independent of h such that

sup (llev(r I3 + llec(r, )I3) +
7€(0,T)

T T
+/ Ve |3 + [Vecl? dt +/ lesl3 ot < Cr?,
0 0

where (ev, ep, ec) = (Vv — Vi, p — pn, C — Cy) denotes the error.
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Method of characteristics

Having v : Q x (0, T) — R as a given function
and f: Q x (0, T) — R? as an unknown function,

the material derivative — 0 4+ u-V | f can be discretized as follows:
Dt at
Df n ny __ d _ f(X(t")7 tn) — f(X(t"_1)7 tn_l)
E(X(t )t") = af(x(t),t)h:t" = At ;
where X(.;x) : (0, T) — R? is a solution to
o x=X(2")
X'(t) = u(x t) in (£"1 ") 5
X(t") =
X(t" ) =x—u" AL
Thus,
Df Y — FX(t"),t") — f(x — u" Y(x)At, t"1)
Dt(X( 0t = At '
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® P,/P; for veocity v and pressure p .V, Qn

® P, for conformation tensor C W,
® the method of characteristics .. t" = nAt
; Find {(v], pJ, C)I"T, C Vy x Qy x Wy sit. forn=1,..., Ny
— =]
3 v — vn—l ° Xn—l
<=5 ("#,wh a0 (vfwn) + b(wi, ) + b(v], a1) =
3 n—1 ~n—1
- = (Vwp,tr C,77.C,77)
cp—cyitox! R
. —h —h "7 p C",Dy) =
oy ( AT b | +ac(Cp, Dn)
i = o(vi ™1, €p 1, Dy) + h(Cp 1, D)
= - h o%n »Uh hn s Yn
- V (Wh, Gn, Di) € Vi X Qp X Wy,
e where X"il(x) =(x— v"il(x)At).



Numerical scheme (II)

® P, /P; for veocity v and pressure p oV, Qn
+ pressure stabilization
® P, for conformation tensor C Wy
® the method of characteristics ... t" = nAt

Find {(v}, p}, CZ)}Q’L CVpX QynXWpyst. forn=1,...,Nr

n_  n—1 n—1
<vh —v; T oX

n n n 1
Ar ,wh> + av(vy, wh) + b(ws, p) + b(vy, Qh)+775(Ph: an) =

= (Vwy, trCjhCp )
Ccr_ 1o xn-1
<%7 Dn) +ac(C,,Dp) =
_ n—1 n—1 n—1
=o(v, ,Cy” ", Dp) + h(Cy™ ", Dp)
YV (Wh, qn, Dn) € Vi X Qp X Wi,

where the stabilization term is

s(p,q) = —do Z hf((Vp, Vq)k, 6o > 0 constant.
KET),

H.Notsu, M.Tabata: Error estimates of a Pressure-Stabilized Characteristics Finite Element

Scheme for the Navier - Stokes equations
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Future goals

p% + p(v-V)v =nAv +div (tr C.C) — Vp
divv=20
oc T 2
F + (v:-V)C=(Vv)C+C(Vv)' +1trCl—(tr C)"C+eAC

(1) error estimates of a (pressure-stabilized)
characteristics finite element scheme

(2) numerical simulations by using the schemes (1) and (I1)
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Thank you for your attention!

J, TECHNISCHE ) ) — S
UNIVERSITAT WASEDA University BEEEEeacldl |
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