
Numerical analysis
of a viscoelastic fluid flow

Hana Mizerová
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Existence of a weak solution



The Peterlin viscoelastic model (P)

Let Ω ⊂ R
d , d = 2, 3 be a bounded smooth domain and T > 0.

We consider the system of equations describing a motion of an
incompressible viscoelastic fluid together with the boundary and
initial conditions

ρ
∂v

∂t
+ ρ(v · ∇)v = η∆v+ div T−∇p (v)

div v = 0

T = ψ(tr C)C

∂C

∂t
+ (v · ∇)C = (∇v)C+ C(∇v)T + χ(tr C)I− φ(tr C)C+ ε∆C

(C)

in Ω× (0,T )

v = 0 on ∂Ω

∂C

∂n
= 0 on ∂Ω

v(0) = v0 in Ω

C(0) = C0 in Ω.

Michael Renardy: Mathematical Analysis of Viscoelastic Flows
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Assumptions (A)

(A1) ψ, χ, φ are positive functions definied on [0,∞)

(A2) ψ ∈ C1 is nondecreasing
(A3) χ and φ are Lipschitz - continuous functions
(A4) there exist constants α, β and γ s.t.

lim
s→∞

φ(s)

sα
= A > 0

lim
s→∞

ψ(s)

sβ
= B > 0

lim
s→∞

χ(s)

sγ
= C > 0

and

d = 2 :

α ≥ 2

β = α− 1

γ < α+ 1

d = 3 :

2 ≤ α < 3

β = α− 1

γ < α+ 1

T = ψ(tr C)C

∂C

∂t
+ (v · ∇)C = (∇v)C + C(∇v)

T
+ χ(tr C)I − φ(tr C)C + ε∆C
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Energy estimates

• multiply (v) by v and integrate

ρ

2

∫

Ω

|v|2 dx −
ρ

2

∫

Ω

|v0|
2 dx + η

∫ t

0

∫

Ω

|∇v|2 dx dt =

= −

∫ t

0

∫

Ω

∇v : ψ(tr C)C dx dt (Ev )

• multiply (C) by ψ(tr C), take half the trace and integrate

1

2

∫

Ω

Ψ(tr C) dx −
1

2

∫

Ω

Ψ(tr C0) dx +

+
ε

2

∫ t

0

∫

Ω

ψ′(tr C)|∇tr C|2 dx dt +
1

2

∫ t

0

∫

Ω

ψ(tr C)φ(tr C)tr C dx dt =

=
1

2

∫ t

0

∫

Ω

ψ(tr C)tr
[

(∇v)C+ C(∇v)T
]

dx dt +

+
1

2

∫ t

0

∫

Ω

3ψ(tr C)χ(tr C) dx dt (EC )
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1

2

∫

Ω

Ψ(tr C) dx −
1

2

∫

Ω

Ψ(tr C0) dx +

+
ε

2

∫ t

0

∫

Ω

ψ′(tr C)|∇tr C|2 dx dt +
1

2

∫ t

0

∫

Ω

ψ(tr C)φ(tr C)tr C dx dt =

= +
1

2

∫ t

0

∫

Ω

ψ(tr C)tr
[

(∇v)C + C(∇v)T
]

dx dt +

+
1

2

∫ t

0

∫

Ω

3ψ(tr C)χ(tr C) dx dt (EC )

= 0
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Energy estimates

Thus, adding (Ev ) and (EC ) yields

ρ

2

∫

Ω

|v|2 dx +
1

2

∫

Ω

Ψ(tr C) dx + η

∫ t

0

∫

Ω

|∇v|2 dx dt +

+
ε

2

∫ t

0

∫

Ω

ψ′(tr C)|∇tr C|2 dx dt +
1

2

∫ t

0

∫

Ω

ψ(tr C)φ(tr C)tr C dx dt =

=
ρ

2

∫

Ω

|v0|
2 dx +

1

2

∫

Ω

Ψ(tr C0) dx +
1

2

∫ t

0

∫

Ω

3ψ(tr C)χ(tr C) dx dt ,

which, using the assumptions (A), gives us the a priori bounds

v ∈ L2(0,T ;H1(Ω)) ∩ L∞(0,T ; L2(Ω))

tr C ∈ Lp(0,T ; Lp(Ω)),

where p = 2α.
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Energy estimates

• C is positive - definite, tr C ∈ Lp(0,T ;Lp(Ω)), thus
C ∈ Lp(0,T ;Lp(Ω))

• multiply (C) by C and integrate

1

2

∫

Ω

|C|2 dx −
1

2

∫

Ω

|C0|
2 dx + ε

∫ t

0

∫

Ω

|∇C|2 dx dt +

+

∫ t

0

∫

Ω

φ(tr C)C2 dx dt =

=

∫ t

0

∫

Ω

[

(∇v)C+ C(∇v)T
]

: C dx dt +

∫ t

0

∫

Ω

3χ(tr C)tr C dx dt

These estimates together with the assumptions (A) yield
the a priori bound for C

C ∈ L2(0,T ;H1(Ω)) ∩ L∞(0,T ;L2(Ω)) ∩ Lp(0,T ;Lp(Ω)).
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Existence of a weak solution

Theorem
Let the assumptions (A) be satisfied. Then there exists a weak solution
to the Peterlin viscoelastic model (P) s.t.

v ∈ L2(0,T ;H1
0,div (Ω)) ∩ L∞(0,T ; L2div (Ω))

C ∈ L2(0,T ;H1(Ω)) ∩ L∞(0,T ;L2(Ω)) ∩ Lp(0,T ; Lp(Ω))

satisfying v(0) = v0, C(0) = C0 and

ρ

∫

Ω

∂v

∂t
· w dx + ρ

∫

Ω
(v · ∇)v · w dx + η

∫

Ω
∇v : ∇w dx =

= −

∫

Ω
∇w : ψ(tr C)C dx

∀ w ∈ H1
0,div (Ω), a.e. t ∈ (0,T )

∫

Ω

∂C

∂t
: D dx +

∫

Ω
(v · ∇)C : D dx + ε

∫

Ω
∇C : ∇D dx =

=

∫

Ω
[(∇v)C+ C(∇v)T ] : D dx +

∫

Ω
[χ(tr C)I− φ(tr C)C] : D dx

∀ D ∈ H1(Ω), a.e. t ∈ (0,T ).
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The Galerkin approximations

The Galerkin approximations:

vm(t) =
m
∑

i=1

gim(t)wi Cm(t) =
m
∑

i=1

Gim(t)Di

ρ
(

v′m(t),wj

)

+ ρ
(

(vm(t) · ∇)vm(t),wj

)

+ η
(

∇vm(t),∇wj

)

=

= −
(

∇wj , ψ(tr Cm(t))Cm(t)
)

(

C′
m(t),Dj

)

+
(

(vm(t) · ∇)Cm(t),Dj

)

+ ε
(

∇Cm(t),∇Dj

)

=

=
(

(∇vm(t))Cm(t) + Cm(t)(∇vm(t))T ,Dj

)

+

+
(

χ(tr Cm(t))I,Dj

)

−
(

φ(tr Cm(t))Cm(t),Dj

)

vm(0) = v0m

Cm(0) = C0m

for j = 1, . . . ,m, t ∈ [0,T ]
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The Galerkin approximations

A priori estimates:

vm ∈ L2(0,T ;H1
0,div (Ω)) ∩ L∞(0,T ;L2div (Ω))

Cm ∈ L2(0,T ;H1(Ω)) ∩ L∞(0,T ; L2(Ω)) ∩ Lp(0,T ;Lp(Ω))

v′m ∈ L4/3(0,T ;H−1
div,0(Ω)) (d = 3)

v′m ∈ L2(0,T ;H−1
div,0(Ω)) (d = 2)

C′
m ∈ L4/3(0,T ;H−1(Ω))

Compact embeddings:

The Lions - Aubin lemma ⇒

{

vm ∈ L2(0,T ;H1
0,div (Ω)), v′m ∈ Le(0,T ;H−1

div,0(Ω))

}

→֒→֒ L2(0,T ;Lpdiv (Ω))

{

Cm ∈ L2(0,T ;H1(Ω)), C′
m ∈ L4/3(0,T ;H−1(Ω))

}

→֒→֒ L2(0,T ;Lp(Ω))
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The Galerkin approximations

Passing to the limit:

vm ⇀∗ v in L∞(0,T ; L2div (Ω))

vm ⇀ v in L2(0,T ;H1
0,div (Ω))

vm → v in L2(0,T ;Lpdiv (Ω))

Cm ⇀∗ C in L∞(0,T ;L2(Ω))

Cm ⇀ C in L2(0,T ;H1(Ω))

Cm → C in L2(0,T ; Lp(Ω))

Using the assumptions (A) and the convergences above,
we can pass to the limit in each term, for instance:
∣

∣

∣

∣

∫

T

0

∫

Ω
∇(ϕ(t)wj ) :

(

ψ(tr C(t))C(t)− ψ(tr Cm(t))Cm(t)
)

dx dt

∣

∣

∣

∣

≤

≤c1‖∇wj‖L2(Ω)

(

∫ T

0

(

∫

Ω
|ψ(tr C(t))− ψ(tr Cm(t))|

2p
p−2 dx

)
p−2
2p

(∫

Ω
|Cm(t)|

p
dx

)1/p
dt +

+

∫ T

0

(

∫

Ω
|ψ(tr C(t))|

2p
p−2 dx

)
p−2
2p

(∫

Ω
|C(t) − Cm(t)|

p
dx

)1/p

dt

)

≤

≤c‖∇wj‖L2(Ω)

(

Lψ‖tr C − tr Cm‖
L2(0,T ;Lp (Ω))

‖Cm‖
L2(0,T ;Lp (Ω))

+

+ ‖ψ(tr C)‖
L2(0,T ;Lp (Ω))

‖C − Cm‖
L2(0,T ;Lp (Ω))

)

→ 0

as m → ∞
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The Galerkin approximations

Passing to the limit:

vm ⇀∗ v in L∞(0,T ; L2div (Ω))

vm ⇀ v in L2(0,T ;H1
0,div (Ω))

vm → v in L2(0,T ;Lpdiv (Ω))

Cm ⇀∗ C in L∞(0,T ;L2(Ω))

Cm ⇀ C in L2(0,T ;H1(Ω))

Cm → C in L2(0,T ; Lp(Ω))

Initial values:

By comparison:

ρ(v0 − v(0),w) = 0 ∀ w ∈ H1
0,div (Ω)

(C0 − C(0),D) = 0 ∀ D ∈ H1(Ω)
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Numerical analysis



Model for numerical simulation (M)
Let us consider

ψ(tr C) = tr C, χ(tr C) = tr C and φ(tr C) = (tr C)2.

Then, the assumptions (A) are satisfied in both dimensions with

α = 2, β = γ = 1 and p = 4.

Thus, our model now reads as follows:

ρ
∂v

∂t
+ ρ(v · ∇)v = η∆v + div T−∇p

div v = 0

T = tr C.C

∂C

∂t
+ (v · ∇)C = (∇v)C+ C(∇v)T + tr C.I− (tr C)2 C+ ε∆C

in Ω× (0,T )

v = 0 on ∂Ω

∂C

∂n
= 0 on ∂Ω

v(0) = v0 in Ω

C(0) = C0 in Ω.

v ∈ L
2
(H

1
0,div ) ∩ L

∞
(L

2
div ) and C ∈ L

2
(H

1
) ∩ L

∞
(L

2
) ∩ L

4
(L

4
)
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Weak formulation

Definition
The triple (v, p,C) : (0,T ) → V× Q ×W satisfying

(

Dv

Dt
,w

)

+ av (v,w) + b(w, p) = (∇w, tr C.C)

b(v, q) = 0
(

DC

Dt
,D

)

+ aC (C,D) = o(v,C,D) + h(C,D)

∀ (w, q,D) ∈ V ×Q ×W, a.e. t ∈ (0,T )

and v(0) = v0, C(0) = C0 is called a weak solution to (M).

The following notation is adopted:

Dv

Dt
=

(

∂

∂t
+ v · ∇

)

v,
DC

Dt
=

(

∂

∂t
+ v · ∇

)

C

av (v,w) = η

∫

Ω
2D(v) : D(w) dx , aC (C,D) = ε

∫

Ω
∇C : ∇D dx , b(v, q) =

∫

Ω
div v q dx

o(v, C,D) =

∫

Ω

(

(∇v)C + C(∇v)
T
)

: D dx , h(C,D) =

∫

Ω

(

tr C.I − (tr C)
2
C
)

: D dx

and for the spaces V = H1
0(Ω), Q = L20(Ω) and W = H1(Ω).
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Error estimates
for a semi-discrete finite element approximation

Theorem
Let d = 2. Let (v, p,C) be the weak solution to (M) satisfying
additionally the following assumptions

v ∈ L2(0,T ;W2,2(Ω)) ∩ L∞(0,T ;W1,2(Ω)), vt ∈ L2(0,T ;W1,2(Ω))

C ∈ L2(0,T ;W2,2(Ω)) ∩ L∞(0,T ;W1,2(Ω)), Ct ∈ L2(0,T ;W1,2(Ω))

p ∈ L2(0,T ;W 1,2(Ω)).

Let us consider P2/P1 finite element for the velocity and the pressure
and P1 finite element for the conformation tensor.
Then there is a constant C > 0 independent of h such that

sup
τ∈(0,T )

(

‖ev (τ, ·)‖
2
2 + ‖eC (τ, ·)‖

2
2

)

+

+

∫ T

0

‖∇ev‖
2
2 + ‖∇eC‖

2
2 dt +

∫ T

0

‖ep‖
2
2 dt ≤ Ch2,

where (ev , ep , eC ) = (v − vh, p − ph,C− Ch) denotes the error.
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Method of characteristics

Having u : Ω× (0,T ) → R
d as a given function

and f : Ω× (0,T ) → R
d as an unknown function,

the material derivative
Df

Dt
=

(

∂

∂t
+ u · ∇

)

f can be discretized as follows:

Df

Dt
(X (tn), tn) =

d

dt
f (X (t), t)|t=tn =

f (X (tn), tn)− f (X (tn−1), tn−1)

∆t
,

where X (.; x) : (0,T ) → R
d is a solution to

X
′(t) = u(x , t) in (tn−1

, t
n)

X (tn) = x .

Thus,

Df

Dt
(X (tn), tn) =

f (X (tn), tn)− f (x − un−1(x)∆t, tn−1)

∆t
.
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Numerical scheme (I)

• P2/P1 for veocity v and pressure p . . .Vh, Qh

• P1 for conformation tensor C . . .Wh

• the method of characteristics . . . tn = n∆t

Find {(vnh , p
n
h ,C

n
h)}

NT
n=1 ⊂ Vh × Qh × Wh s.t. for n = 1, . . . ,NT

(

vnh − v
n−1
h ◦ X n−1

∆t
,wh

)

+ av (v
n
h ,wh) + b(wh, p

n
h ) + b(v

n
h, qh) =

= (∇wh, tr C
n−1
h .C

n−1
h )

(

Cn
h − C

n−1
h ◦ X n−1

∆t
,Dh

)

+ aC (C
n
h,Dh) =

= o(v
n−1
h ,C

n−1
h ,Dh) + h(C

n−1
h ,Dh)

∀ (wh, qh,Dh) ∈ Vh × Qh × Wh

where X n−1(x) = (x − vn−1(x)∆t).
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Numerical scheme (II)

• P1/P1 for veocity v and pressure p . . . Ṽh, Qh
+ pressure stabilization

• P1 for conformation tensor C . . .Wh

• the method of characteristics . . . tn = n∆t

Find {(vnh , p
n
h ,C

n
h)}

NT
n=1 ⊂ Ṽh × Qh × Wh s.t. for n = 1, . . . ,NT

(

vnh − v
n−1
h ◦ X n−1

∆t
,wh

)

+ av (v
n
h ,wh) + b(wh, p

n
h ) + b(vnh, qh)+

1

η
s(ph, qh) =

= (∇wh , tr C
n−1
h .Cn−1

h )
(

Cn
h − C

n−1
h ◦ X n−1

∆t
,Dh

)

+ aC (C
n
h,Dh) =

= o(vn−1
h ,Cn−1

h ,Dh) + h(Cn−1
h ,Dh)

∀ (wh, qh,Dh) ∈ Ṽh × Qh × Wh,

where the stabilization term is

s(p, q) = −δ0
∑

K∈Th

h2K (∇p,∇q)K , δ0 > 0 constant.

H.Notsu, M.Tabata: Error estimates of a Pressure-Stabilized Characteristics Finite Element

Scheme for the Navier - Stokes equations
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Future goals

ρ
∂v

∂t
+ ρ(v · ∇)v = η∆v + div (tr C.C)−∇p

div v = 0

∂C

∂t
+ (v · ∇)C = (∇v)C+ C(∇v)T + tr C.I− (tr C)2 C+ ε∆C

(1) error estimates of a (pressure-stabilized)
characteristics finite element scheme

(2) numerical simulations by using the schemes (I) and (II)
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ρ
∂v

∂t
+ ρ(v · ∇)v = η∆v + div (tr C.C)−∇p

div v = 0

∂C

∂t
+ (v · ∇)C = (∇v)C+ C(∇v)T + tr C.I− (tr C)2 C+ ε∆C

(1) error estimates of a (pressure-stabilized)
characteristics finite element scheme

(2) numerical simulations by using the schemes (I) and (II)

Thank you for your attention!
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