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Introduction

Timoshenko system with the Cattaneo law:

Pet — ((Pz — )z =0,

Yit — 0P Pe — (P2 — ) + b, = 0,

0t + gz + bihe = 0,

T0qs + q + Kbz = 0,
where a > 0,5 >0, kK > 0and 0 < 79 <1 are constants. ¢ € [0,00) is a
time variable, and x € R is the spacial variable which denotes the point on

the center line of the beam.

@ (x,t): the transversal displacement.
@ (x,t): the rotation angle of the beam.
@ O(x,t): the temperature.

@ ¢(z,t): the heat flow.
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Previous results

Timoshenko system with the Cattaneo law:

o1t — (e — V) =0,

Yit — 0P Pe — (P2 — ) + 0, = 0,
0t + qo + biprz = 0,

Tog: + q + kb, = 0.

@ Timoshenko system
o S.P. Timoshenko (1921)
o S.P. Timoshenko (1922)
@ Timoshenko system with friction
o J.E.M. Rivera & R. Racke (2003)
o K. Ide, K. Haramoto & S. Kawashima (2008)
o K. Ide & S. Kawashima (2008)
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Previous results

Timoshenko system with the Cattaneo law:

ott — (o — )z =0,

Vit — *ge — (o — 1) + b0, = 0,
0t + gz + bhry = 0,

Toq: +q + kO, = 0.

@ Timoshenko system with heat conduction
o J.E.M. Rivera & R. Racke (2002)
o H.D.F. Sare & R. Racke (2009)
o M.L. Santos, D.S.A. Junior & J.E.M. Rivera (2012)
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Main results

The equivalent system is

(

v —ugy +y =0,

Y — azgy — U+ b0, =0,
ur — vz =0,

2t — ayy =0,

0t + VKo + by = 0,
(7ot + G+ /Kb =0,

where

/U:SOCC_¢7 U = P, Z:C“/}x: y:wta q: q.

S-
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Main results

The system is written as

AU, + AU, + LU =0,

(a) A is real symmetric and positive definite.
(b) A is real symmetric.
(c) L is nonnegative definite but not real symmetric.

Naofumi Mori (Kyushu University) Timoshenko System November 5-8, 2013



Main results

The system is written as

AU, + AU, + LU =0,

(a) A is real symmetric and positive definite.
(b) A is real symmetric.
(c) L is nonnegative definite but not real symmetric.

— The general theory is not applicable.
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Main results

where U = (v,y,u, z,0)7,
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Decay estimate

Theorem (Decay estimate)
When P := 79(1 — a® — b?) + r(a® — 1) = 0, we have

J0SU (1) 122 < COL+ ) T 7T Upl| o + Ce|05Uol| 2, (1)
while in the case of P # 0, we have

_ 101 1N\ Kk _ 1
18T ()]lz2 < CA+ 1)1 =074 || Up| 1o + C(1 + )77 |05 Tp |l 12, (2)

where 1 <p <2, and k, [ > 0.

e Decay estimate of the regularity-loss type
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Pointwise estimate

Lemma (Pointwise estimate)
When P = 0, we have

U (&,1)] < Cem @D (&), (3)
while in the case of P = 0, we have

U (€,)] < Cem =T, (€)], (4)

where p1(§) = £*/(1+&%)% and pa(€) = £1/(1 +€%)°.
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Dissipative structure

Dissipative structure:

o If P =0, then Re\(i&) < —c&*/(1+ £2)2.
— Standard type.

o If P#0, then ReA(i§) < —c&*/(1+¢&%)3.
— Regularity-loss type.

When P # 0, calculating the asymptotic expansion of A(i&) for || — oo,

we have

Bre2 00 (j=1,2),
Re\j(i€) =1
~Z+0(¢7Y  (j=3,4,5,6),

where P := 719(1 — a® — b%) + r(a* — 1) and §; > 0 for any j = 3,4,5,6.
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Proof of pointwise estimate

Proof of pointwise estimate: The system in the Fourier space:

Oy —1u+ 19 =0,

G — aifs — 0 + bicd = 0,
iy — 66 =0,

% — aiff = 0,

0y + \/ri€q + bigy = 0,
06t + G + /i = 0.

Using the energy method in the Fourier space, we construct the Lyapunov

function for P = 0 and P # 0, respectively.
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Proof of pointwise estimate

Lyapunov function: When P # 0,

& &
1+¢&2 (1+&2)3
+ Oé3012(1+1§2)2 ((€Es + 6By + B5) + (1 + €)(¢Eq + Bn)},

1 .
E:§|U’2+C¥3 Eoy + asasay {E1+ 1+§ )EQ}

where aq, ag > 0 and ag > 0 are small constants. Also, we put

U =18 + 191° + [a* + |21° + 161 + To!Q\2

Eo = 1oRe (i03), E) = Re (ivd), =Re(i2)), E3= —Re(97),
Ey= —Re(af), Es=—Re(af), FEg=Re(igh), Er=roRe(8§).

Moreover,

1—a?—b?
Es = bE3 + abEy + (a® — 1)Es — “7\/%&,

Es=-bFE 1+ FEs, Eg=—-bFE>y+aFkg, E;=0bFE4s+ aks.
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Proof of pointwise estimate

We have 5
—F <
5 +cF <0,
where
S ¢t 2 £ 12
“wrep Tt (1 Tepit ayeplt
P SN P ST )
1 + 62 1 + 52

Therefore we obtain

0
8tE +cp2(§)E <0,

where po(&) = €*/(1 4 &£2)3. This yields the desired pointwise estimate (4).
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Energy estimate

Energy estimate: When P # 0, as a simple corollary of

0
E+cF <
7% + cF <0,

we have the following energy estimate:

t
105U ()12 + /0 (0 20 ()| 2emics + |05 T2y(7) |2 emis
+ 105 ()| 2o+ 10T 2 (7) |2
+ [ OEFO(T) |2 emis + (05 q(T) |2 )d
< C| kU (0)[[3o-n

where s > 0and 0 < k < s.

e Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity-loss for the component (v, u).
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Proof of decay estimate

Proof of decay estimate: When P = 0, we have

105U (1) |2y = C / MU (¢, 1) de

<C [ e i opas
R

()

=: 11 + I5.
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Proof of decay estimate

Here we have p1 (&) = €*/(1 4+ €2)2 > c£* for |€] < 1 so that low frequency
term Iy is estimated as

L =C |1 T (¢, 0)2de
[€1<1

<c / €260 (¢, 0) e
|€]<1

We choose p’ such that }D + z% =1for 1 < p <2, and take r such that
% + 1% = 1. Then applying the Holder inequality and the Hausdorff-Young

inequality, we have
et ~
I < OIEP*e ) rg1<y 10013

< C(1+8) %2 (|0ol2,,
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Proof of decay estimate

On the other hand, in high frequency region || > 1, we have
p1(&) = &*/(1 + €)% > ¢ and hence

L=C / €% ©T (¢, 0)2de
|€]>1
< Ot / €10 (€, 0)|de
|€]>1
< Ce |0k Uy |22

This shows the desired decay estimate (1).

Naofumi Mori (Kyushu University) Timoshenko System November 5-8, 2013



Proof of decay estimate

Next we consider the case of P # 0.
5Tl ey = C [ €410, 0)Pde

<C [ e 0,0
R

()

=:J1 + Jo.

Since pa(€) = £4/(1 4 €2)3 > c£* for |€] < 1, the low frequency part J; is

estimated just in the same way as in the case of P = 0.
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Proof of decay estimate

On the other hand, in high frequency region |£| > 1, we see that
p2(&) = €4/(1 +€2)3 > c[¢|~2. Thus we have

Jy=C g2remer2O1 T (¢,0)|2d¢
[€]>1

<C 2kt |11, 0)2dg
[£1>1

< C sup (§_2le_cg_2t)/ 52(k+l)‘U(§,0)|2df
l€[>1 [€[>1

< C (140705 Uo7 2 gy

This shows the desired decay estimate (2).
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Summary:

@ Timoshenko system with the Cattaneo law
o Decay estimate
o Pointwise estimate
o Decay structure

o Energy estimate
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Summary:

@ Timoshenko system with the Cattaneo law
o Decay estimate
o Pointwise estimate
o Decay structure

o Energy estimate

Thank You for Your Attention
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