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Overview

@ Variable Exponent Spaces

© Applications to Fluid Dynamics
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Variable Exponent Lebesgue Spaces

o p:QCR? - [1,00] measurable is called exponent.
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Variable Exponent Lebesgue Spaces

o p:QCR? - [1,00] measurable is called exponent.

e pti=esssup,cqp(x) p~ = essinfyeq p(x)
@ For measurable f define the modular

(1) = 1P iy 4 [ gy

) Lp()(Q) = {f : Qp()(f) < OO} Wlth norm

, f
[ fllp) = inf{A >0: gy, ()\) <1}
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Variable Exponent Sobolev Spaces
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Variable Exponent Sobolev Spaces
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o Define the modular g, ,y(f) = > 0p()(9af)
0<a<k
o WHhrPL)(Q) = {f: Ok,p(-)(f) < oo} with norm

. f
||f”k,p() = mf{)\ >0: Ok,p(") ()\> < ]_}

K
@ This norm is equivalent to > [[|[V™f[[[5(,)
m=0

o Let Wok’p(')(Q) be the closure of C§°(2) w.rt. |- [lxp()
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Basic Properties of LP()(Q), Wkr()(Q),
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Properties of Variable Exponent Spaces

Basic Properties of LP()(Q), WkP()(Q), W0k~P(')(Q)

@ Banach spaces

@ pT < co = separable
e 1< p <pt <oo= reflexive

v

Further Properties of the Lebesgue Spaces

@ Holder inequality
Ja IF(x)g(x)l dx < 2[5 1€l where——{—%:la.e.

° (LP(')(Q)) =1P0(Q)

o If Q is bounded and p > g a.e., then
LPO)(Q) — LIO)(Q)
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log-Holder Continuity

An exponent p on a bounded domain € is called log-Hélder continuous if

C
Ip(x) — p(y)| < I X,y €Qx#y.

B |Og(e + |X7y‘)
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log-Holder Continuity

An exponent p on a bounded domain € is called log-Hélder continuous if

Cc

lp(x) = p(y)| < og(e ©

I X,y € QU x#y.
IXfy\)

For d > 2 and an exponent p define the Sobolev-conjugate exponent

dp(x) .
p*(x) = d—p(x) ° p(X) <d
00 :p(x) > d.

Martin Rapp (TU Darmstadt) Variable Exponent Spaces November 7, 2013 6 /14



p log-Holder Continuity

If Q is bounded and p is log-Holder continuous, then the following
theorems hold:
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From now on we assume
e Q C RY bounded domain
@ p is log-Holder continuous
o felPO(Q)orfe Q)
e6>0
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Navier-Stokes equations

Navier-Stokes equations

—div (6 4 |Du|)PO)2Du+div(u@u) +Vr = f inQ
dvu = 0 inQ
u 0 on 99
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Navier-Stokes equations

Navier-Stokes equations

—div (6 4 |Du|)PO)2Du+div(u@u) +Vr = f inQ
dvu = 0 inQ
u = 0 ondQ

Solving Methods

@ Classical theory of monotone operators:
Existence of weak solution u € Wol’p(')(Q)d for p~ > d+2

@ Method of Lipschitz-Truncations:
Existence of weak solution u € Wol’p(')(Q)d for p~ > d+2
(Diening, Mdlek, Steinhauer 2008 and Diening, Rizi¢ka 2010)
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convenction-diffusion equations

convection-diffusion equations

—div(6 + |Vu|)P)2Vu+a-Vu = f inQ
u 0 on 00

where a € L"()(Q) with div a = 0 is given.
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convenction-diffusion equations

convection-diffusion equations

—div(6 + |Vu|)P)2Vu+a-Vu = f inQ
u = 0 ondQ

where a € L"()(Q) with div a = 0 is given.

Theorem

| A\

Forl<p <pt<dord<p <ph<oo. Letac L;(')(Q)d, where r
is continuous and r > (p*)’ a.e. or r = 1 respectively. Then there is a
weak solution u € Wol’p(')(Q) of the equation.
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Sketch of the Proof
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Sketch of the Proof

@ Solve by classical theory of monotone operators for every n € N
/(6 + |Vun|)PO 2V u, - Vo dx — / upan - Vo dx
Q Q

1
+/ |un| T2 upgp dx = (£, )
nJjo

in Wol’p(')(Q) N L9(Q2) where the a, are smooth divergence free
functions with a, — a in L"()(Q)
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Sketch of the Proof

@ Solve by classical theory of monotone operators for every n € N
/(6 + | Vun|)PD 2V u, - Vo dx — / upan - Vi dx
Q Q

1
+/ |un| T2 upgp dx = (£, )
nJjo

in Wol’p(')(Q) N L9(Q2) where the a, are smooth divergence free
functions with a, — a in L"()(Q)

e Get a sequence u, € Wol’p(')(Q) N L9(2) which is bounded in
WQLP(')(Q)

@ There is a weakly convergent subsequence: u, — v in Wol’p(')(Q)

e For limit in nonlinear p(-)-Laplacian use method of
Lipschitz-Truncations
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Sketch of the Proof

@ u solves then
/Q(é + Vu)PO2V0u - Ve dx — /Q ua, - Vo dx = (f,¢)

for all p € Wy ™(Q)
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