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1. The old Model

I Ω: bounded C2-domain.



∂tu + (u · ∇)u − µ∆u +∇π = − λdiv([∇d ]T∇d) (0, T )× Ω,
∂td + (u · ∇)d = γ(∆d + |∇d |2d) (0, T )× Ω,

|d | = 1 (0, T )× Ω,
div u = 0 (0, T )× Ω,

(u, ∂νd) = (0, 0) (0, T )× ∂Ω,
(u, d)|t=0 = (u0, d0) Ω.

( )

u : (0,∞)× Ω→ Rn : velocity,
π : (0,∞)× Ω→ R : pressure,
d : (0,∞)× Ω→ Rn : macroscopic orientation of a molecule.

µ,λ, γ > 0: physical constants.
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2. How to reasonably add Temperature to

New quantity
I ϑ > 0: absolute temperature.
I µ = µ(ϑ, |∇d |2/2),λ = λ(ϑ, |∇d |2/2), γ = γ(ϑ, |∇d |2/2).

Modeling goals
I Closed model: No flux boundary condition.

I §1 First law of thermodynamics: Energy is preserved,

∂tE = 0.

I §2 Total entropy Φ is a strict Lyapunov functional,

∂tΦ ≤ 0, ∂tΦ = 0⇔ system in equilibrium.

How to realize this in an extended system ?
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3. Basic Ideas of

I Equations for u and d from slightly updated to .
I Velocity equation {

∂tu + (u · ∇)u +∇π = divS,
div u = 0,

( -u)

where D := 1
2 ([∇u]T +∇u), S := 2µD − λ[∇d ]T∇d .

I Orientation equation{
∂td + (u · ∇)d = γ(ϑ div(λϑ∇d) + λ|∇d |2d),
|d | = 1.

( -d)

I On the boundary (u, ∂νd) = (0, 0).
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4. Internal Energy of new System

Total energy

E = Ekin + Eint =
∫
Ω

1
2
|u|2 + e dx ,

where e = e(ϑ, |∇d|2
2 ) : internal energy.

Internal relations 
e = ψ + ϑη,
η = −∂1ψ, κ0 = ∂1e, λ = ∂2ψ,
ψ′′ > 0.

where ψ = ψ(ϑ, |∇d|2
2 ) : free energy, η = η(ϑ, |∇d|2

2 ) : entropy density.

Connection to ( -d) and ( -ϑ)
(∂t + u · ∇)e = ∂1e(∂t + u · ∇)ϑ + ∂2e(∂t + u · ∇)(|∇d |2/2).

= κ0(∂t + u · ∇)ϑ + (λ− ϑ∂1λ)(∂t + u · ∇)(|∇d |2/2).
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5. Clever RHS for ( -ϑ) leads to §1

Idea

I Choose right-hand side of ( -ϑ) such that

∂t

∫
Ω

e dx = −∂t

∫
Ω

1
2
|u|dx .

Suitable right-hand side

κ0(∂tϑ + (u · ∇)ϑ) + div q = 2µ|D|2 − ∂1λϑ([∇d ]T∇d) : ∇u

− (λ− ϑ∂1λ)∇d : ∇[γ(ϑ div(
λ

ϑ
∇d) + λ|∇d |2d)]

( -ϑ)

Boundary condition
I Temperature flux q := −κ∇ϑ− (κ‖ − κ⊥)(d · ∇ϑ)d ,
I Boundary condition q · n = 0.
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6. Clausius-Duhem Assumption leads to §2

Clausius Duhem

( -CL)

{∫
Ω

(∂t + u · ∇)η + div
( q
ϑ

)
dx ≥ 0,

with equality iff the system is in an equilibrium state.

with η = η(ϑ, |∇d |2/2) : entropy density.

Equilibria
I Clausius-Duhem and |d | = 1 implies

E = {(0,ϑ∗, d∗) : ϑ ∈ R+, d∗ ∈ S2}.
Lyapunov Property

I Use chain rule trick again,

∂tΦ = ∂t

∫
Ω

η dx =
∫
Ω

∂1η(∂t + u · ∇)ϑ + ∂2η(∂t + u · ∇)
|∇d |2

2
dx ,

I ( -d) + ( -ϑ) + ( -CL)→ §2.
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7. Consequences

Modeling

I is a priori extension of .

I is a priori thermodynamically consistent.
I Lyapunov functional “for free” (→ asymptotics).

As parabolic quasilinear equation one obtains
Dynamics

I Local (strong) well-posedness,
I Solution is “as regular” as physical coefficients (Angenent’s trick).

Asymptotic behavior

I Exponential stability for solutions with initial data close to equilibria.
I Exponential stability for solutions which are eventually bounded on their

maximal existence interval.
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