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An overview of different models

Navier Stokes

{ Re(% +u-Vu) = -Vp+ V- (20D(u) + o)
V-u=0

u: velocity,

p: pressure,

Re: Reynolds number,

«: ratio of Newtonian viscosity,
o elastic viscoiity ,

D(u) — Vu 2Vu )
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or r 1
E-I-(U-V)T—VU-T—T-(VU) 7We(| T)
where o = 122 (7 —1).

7: conformation tensor, symmetric positive definite
We: Weissenberg number, relaxation time over characteristic time
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or r 1
E-I—(U-V)T—VU-T—T-(VU) 7We(| T)
where o = 122 (7 —1).

7: conformation tensor, symmetric positive definite
We: Weissenberg number, relaxation time over characteristic time

I oce!

or

T
—4+Ww-V)r-W.71—7- W = —(I -7
5 T (V) el —7)
_ l1-« _ Yu—Vu”

where o = W(T — I),W =5
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or 1
a—i—(u-V)T—Vu-T—T (Vu)" We(|—7')
where o = 122 (7 —1).

7: conformation tensor, symmetric positive definite
We: Weissenberg number, relaxation time over characteristic time

I oce!

%—i—(u VT -W-1—7- W' = (I-7)

_ l1-« Yu— Vu
where o = 72(T — 1), W = 4=

I oce

or r 1 5
E-F(U'V)T—VU-T—T-(VU) —m(trrl—(tm-) T)

where o = - (trT)T.
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—+u-V)r=Vu-7—71-(Vu)

where o0 = L2 (7 —1).

We

T

1
=wel-7)

7: conformation tensor, symmetric positive definite

We: Weissenberg number, relaxation time over characteristic time

I oce!

1
%+(U-V)T—W-T—T-WT:W6(|—T)
—a u—Vu'
where o = L22(7 — 1), W = Yu=Vu_
I oce
o7 +U-V)T=Vu-7—1-(Vu)" = L(trTI — (tr7)?T)
ot - We
where o = - (trT)T.
model global weak solution | numerics
Oldroyd-B no no
Rotational yes yes
Perterlin yes yes
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. 1 = sqrt(7) Square root(SR)
. 1 = log(7) Logarithm conformation representation(LCR)




some stability results

. 1 = sqrt(7) Square root(SR)
. 1 = log(7) Logarithm conformation representation(LCR)

If T is symmetric positive definite, matrix Vu can be decomposed
as following
Vu=B+Q+Nr .

where N, Q anti-symmetric, B symmetric and commutes with 7.
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some stability results

. 1 = sqrt(7) Square root(SR)
. 1 = log(7) Logarithm conformation representation(LCR)

If T is symmetric positive definite, matrix Vu can be decomposed
as following
Vu=B+Q+Nr .

where N, Q anti-symmetric, B symmetric and commutes with 7.
RTTR = diag(\1, \2)

( L e ) = RT(Vu)R.

mz1  ma2

N=r( O "VrT.B=r( ™ O \gra_pr( © ¢“)\g?
—-n 0 0 moo —w 0

with n = (m12 + m21)/()\2_1 — )\1_1),60 = ()\2/7’712 +)\1m21)/(>\2 — )\1)
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some stability results

. 1 = sqrt(7) Square root(SR)
. 1 = log(7) Logarithm conformation representation(LCR)

If T is symmetric positive definite, matrix Vu can be decomposed
as following
Vu=B+Q+Nr .

where N, Q anti-symmetric, B symmetric and commutes with 7.

RTTR = diag(\1, \2)

( L e ) = RT(Vu)R.

mz1  ma2

N=r( O "VrT.B=r( ™ O \gra_pr( © ¢“)\g?
—-n 0 0 moo —w 0
with n = (m12 + m21)/()\2_1 — )\1_1),60 = ()\2”’712 +)\1m21)/()\2 — )\1)

Vu-7+7-(Vu)" =Qr —7Q +2BT
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Oldroyd-B
or
ot
Apply LCR: ¥ = log(T)

1
u-T=0r—-77Q+2B — (1 —
T—7Q+ T~|—We( T)



Oldroyd-B

or 1
T w7 =Qr—7Q+ 2B+ —(1—
8t+u T T —7Q+ T+We( T)

Apply LCR: ¥ = log(T)

(1)Advection: 2T+ (u-V)r =0 = 22 4 (u-V)yp =0.
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Oldroyd-B

or 1
Z r=Qr—1Q+2B — (1=
8t+u T T—70+ T+We( T)

Apply LCR: ¥ = log(T)

(1)Advection: 2T + (u- V)7 =0 = %% 4 (u- V)3 =0.

~

(2)Sources: %—’t' wm(l-7) = L )
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Oldroyd-B

or 1
T w7 =Qr—7Q+ 2B+ —(1—
8t+u T T —7Q+ T+We( T)

Apply LCR: ¥ = log(T)

(1)Advection: 2T+ (u-V)r =0 = 22 4 (u-V)yp =0.
(2)Sources: 2= = L (1-71) = 9% — L(e=¥ ).
(3)Rotation: 2T = Q1 — 7Q = 7(t) = e%roe

P(t) = log T(t) = eMrppe ¥ = 2L = Q1) — Q.
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Oldroyd-B

or 1
T w7 =Qr—7Q+ 2B+ —(1—
8t+u T T —7Q+ T+We( T)

Apply LCR: ¥ = log(T)

(1)Advection: 2T+ (u-V)r =0 = 22 4 (u-V)yp =0.

(2)Sources: %—}' =m(l-7) = %_’f = (e —1).
(3)Rotation: 2T = Q1 — 7Q = 7(t) = e%roe~ %,

P(t) = log T(t) = eMrppe ¥ = 2L = Qrp — Q.
(4)Extension: d—: =2BT = 7(t) = e®B'1y,

Y(t) = log T(t) = 2Bt + ¢, = 2£ = 2B.
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Oldroyd-B

or 1
T w7 =Qr—7Q+ 2B+ —(1—
8t+u T T —7Q+ T+We( T)

Apply LCR: ¥ = log(T)

(1)Advection: 2T+ (u-V)r =0 = 22 4 (u-V)yp =0.
(2)Sources: %—}' =m(l-7) = %_’f = (e —1).
(3)Rotation: 2T = Q1 — 7Q = 7(t) = e%roe~ %,

P(t) = log7(t) = eappe ¥ = T¥ = QY — Q.

—

(4)Extension: 7 = 2Bt = 7(t) = e?Brg,
P(t) =log(t) = 2Bt + ¢, — %_T — 9B,

o B 1
E+U-T/J—Q¢—¢Q+2B+We(e —|).

(IRTG 1529) Numerical tests on some viscoelastic flows 2013-11-08

5/13



Oldroyd-B

or 1
T w7 =Qr—7Q+ 2B+ —(1—
8t+u T T —7Q+ T+We( T)

Apply LCR: ¥ = log(T)

(1)Advection: 2T+ (u-V)r =0 = 22 4 (u-V)yp =0.

(2)Sources: %—}' =m(l-7) = %_’f = (e —1).
(3)Rotation: 2T = Q1 — 7Q = 7(t) = e%roe~ %,

P(t) = log 7(t) = eMeppe ¥ = ZL = Qy — Q.
(4)Extension: 7 = 2Bt = 7(t) = e?Brg,

P(t) = log 7(t) = 2Bt +1p, = 22 = 2B.

%—f+u-¢:Q¢—¢Q+2B+WLe(e’”’—I).

Note:
If Y is skew-symmetric, e’ is orthogonal,
If Y is invertible, then eYXY ™' = YeXY—1,
If XY =YX, then eXe¥ = eX*Y.

Y
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. positive preserving
« SR stable for relative high Weissenberg number,
LCR stable for arbitrary high Weissenberg number
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. positive preserving
« SR stable for relative high Weissenberg number,
LCR stable for arbitrary high Weissenberg number
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EOC for Oldroyd-B model with LCR

e(¢(N)) = [[o(N) — ¢(256)]|



EOC for Oldroyd-B model with LCR

e(¢(N)) = llo(N) — ¢(256)2

1. for low We
Table : We=0.5
t | e(y?r) | e(wii®) | EOC [ e(rif) [ e(rit") | EOC
1] 0.0722 | 0.0310 | 1.2225 | 0.6398 | 0.3212 | 0.9942
2| 0.0864 | 0.0381 | 1.1808 | 1.0305 | 0.5773 | 0.8358
4 1 0.0804 | 0.0381 | 1.1664 | 1.3045 | 0.7836 | 0.7354
8 | 0.0928 | 0.0414 | 1.1657 | 1.3245 | 0.8001 | 0.7273
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EOC for Oldroyd-B model with LCR

e(¢(N)) = llo(N) — ¢(256)2

1. for low We
Table : We=0.5
t | e(y?r) | e(wii®) | EOC [ e(rif) [ e(rit") | EOC
1] 0.0722 | 0.0310 | 1.2225 | 0.6398 | 0.3212 | 0.9942
2| 0.0864 | 0.0381 | 1.1808 | 1.0305 | 0.5773 | 0.8358
4 1 0.0804 | 0.0381 | 1.1664 | 1.3045 | 0.7836 | 0.7354
8 | 0.0928 | 0.0414 | 1.1657 | 1.3245 | 0.8001 | 0.7273
2. for high We
Table : We=2
t [ e(?r) | e(¥ii®) | EOC | e(rgf) | e(rii®) | EOC
1| 0.0989 | 0.0428 | 1.2095 | 1.2414 0.6129 | 1.0182
2| 0.1425 | 0.0630 | 1.1767 | 6.8478 4.1627 | 0.7181
41 0.1961 | 0.0882 | 1.1525 | 20.5848 | 15.0224 | 0.4545

(IRTG 1529)

Numerical tests on some viscoelastic flows

2013-11-08

7/13



characteristic method
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characteristic method

material derivative

of Df 7 1o Xy(u" 1, At)

X =X+ u" At
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characteristic method

material derivative

n_ gn—1 n—1
g+u.f_>D_f:f fr=to Xy (u" 1t At)

ot Dt At

X =X+ u" At

. finite difference
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characteristic method

material derivative

of Df 7 1o Xy(u" 1, At)

X =X+ u" At

. finite difference

. finite element
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Part I. 1 1
«Q
v ——A - T V.
Ue U VU= AUt e we Y T

u=-Vp (V-u=0)




l1—-a 1
— A -
u;+u-Vu= e + Re WV T

u=-Vp (V-u=0)

= U* AtE(Us + Up) = Ut o Xy (uk1, At) +AtReWe(7'11x +Tl2y Y
- At& o S (Vi + V* V) = VE=1lo Xy (uk=1 At) + AtReWe(Tnx +T22y Y




Finite difference

Part I. ) )
« —«

—_—A V.

Re u+ Re We

u=-Vp (V-u=0)

T

u; +u-Vu=

U — At (U + Upy) = Ut o Xy (uk=t AL) + Atdge () + 7
Vi AR(VE V) = VI e X A0 At +

Chorin’s projection

uk—u* _
Vkétv* o _(P,;)X
At =—(P )y
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Finite difference

Part I. ) )
Q —
. - —A il v
u; +u-Vu e u-+ Re We T
u=-Vp (V-u=0)
U — At (U + Upy) = Ut o Xy (uk=t At) + At Ao (i + le;yl)
k=1

Ve — At (Vi + V) = VELo Xy (it At) + Atde (! + 5,")

Chorin’s projection

e _(’Dk)x

V*Atv* k
At = —(P )y
Part Il.
— — k=1
11bk B ,libk ! © X]-(uk 17At) — Qk*l¢k-1_¢k—lﬂk71+28k71+e ¥ - I
At We

JGlu
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Finite difference

Part I. 1 1
o -«
. = —A il v
u; +u-Vu Re AU + e we T
u=-Vp (V-u=0)
Ut — At (U + Ujy) = Ut o X (ukt At) + At ke (r ! + s, )
k>1

VE = At (Vi + V) = VE Lo Xy (uk = At) + AtAe (nn ! + 5,1

Chorin’s projection

uk—ur _ _(Pk)x

V*Atv* k
At = —(P )y
Part Il.
— — k=1
11bk B ,libk ! © X]-(uk 17At) — Qk*l¢k-1_¢k—lﬂk71+28k71+e ¥ - I
At We

IGlu Weakly coupled, iteration over u, p, T.
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Weak formula:
Rl 80 | Yk — 20V - D(u¥) = Lge v - (A1 - 1)
V-uk=0
k k—1 k
T =7 AOiﬁ(u At) Vukk-1 —|—Tk_1(Vuk)T + Wie(l N Tk)




Finite element

Weak formula:

N
Re X80 | gpk — 20V - D(u)

=WV (T =)
V-uk=0
k k—1 k
T T AO;G(U A _ gykrk-l 4 Th=H(vuR)T 4+ ﬁ(l — 7k

Re

A (Vo u) +2a(D(v), D(w)) = (V- v,p) = (V- u,q)

1—
(v,u" "o X (u* 1 At)) + ea(v,V.Tk_l)

1 1 P
(Az P W)@
1 1
= (0, VT TV T ) + (0 T e w4
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Finite element

Weak formula:

N
Re X80 | gpk — 20V - D(u)

=WV (T =)
V-uk=0
k k—1 k
T T AO;G(U A _ gykrk-l 4 Th=H(vuR)T 4+ ﬁ(l — 7k

Re

A (Vo u) +2a(D(v), D(w)) = (V- v,p) = (V- u,q)

1—
(v,u" "o X (u* 1 At)) + ea(v,V.Tk_l)

1 1 P
(Az P W)@
1 1
= (0, VT TV T ) + (0 T e w4

P2/P1/(P1)3? elements,
(P1/P1 + pressurestablization)/(P1)? elements.
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Finite element

Weak formula:

N
Re X80 | gpk — 20V - D(u)

=WV (T =)
V-uk=0
k k—1 k
T T AO;G(U A _ gykrk-l 4 Th=H(vuR)T 4+ ﬁ(l — 7k

Re

A (Vo u) +2a(D(v), D(w)) = (V- v,p) = (V- u,q)

1—
(v,u" "o X (u* 1 At)) + ea(v,V.Tk_l)

1 1 P
(Az P W)@
1 1
= (0, VT TV T ) + (0 T e w4

P2/P1/(P1)3? elements,
(P1/P1 + pressurestablization)/(P1)? elements.

Kk loX; (uk,At 1 k—1 k—1 k1w Ta
YN NLAD — iyt gkl 4 (e
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Thank you for your attention!



