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The Incompressible Case

up —vAu+u-Vu+Vp = f in Q(t)
divu = 0 in Q(t)
u = wAzxz  on JQ(t)
U — Uso at oo

@ The exterior domain €2(¢) depends on ¢

@ General assumption: uy, = kes, k = |uoo| > 0 and w = e3




The Incompressible Case

up —vAu+u-Vu+Vp = f in Q(t)
divu = 0 in Q(t)
u = wAzxz  on JQ(t)
U — Uso at oo

The exterior domain €Q(¢) depends on ¢

General assumption: us = kes, k = |tuoo| > 0 and w = e3

Work in a t-independent domain = coordinate transform

Yy = O(t)—rxa U(y, t) = O(t)—r(u(m’ﬂ o Uoo)a o

cost —sint 0
O(t) = | sint cost 0
0 0 1

Linearize v w.r.t. v =0

Consider the stationary problem in R? < t-periodic solutions
of the original problem in R3:




The Linear Problem

—VAV— (WAY) - VU4 tUoo - VU +wAv+ VD
divo

(

f inR3
0 in R3

0 at oo




The Linear Problem

VAV — (WAY) VU + U - Vo+wAv+Vp = finR3
divve = 0 in R3

v — 0 at oo

e Apply the Helmholtz projection P =
Modified Stokes/Oseen operator

Apue (V) = —VPAV— (WA Y) - VUo+wAU+ us - VU

e T. Hishida (1999, 2000): A, ., does not (!) generate an
analytic semigroup



The Linear Problem

VAV — (WAY) VU + U - Vo+wAv+Vp = finR3
divve = 0 in R3

v — 0 at oo

e Apply the Helmholtz projection P =
Modified Stokes/Oseen operator

Ap e (V) = —VPAV— (WA Y) - VU + WAV + U - VU

e T. Hishida (1999, 2000): A, ., does not (!) generate an
analytic semigroup

e Analysis of the fundamental solution in L?-spaces:

R. F., T. Hishida, D. Miiller: Pacific J. Math. (2004)

R. F.: Thoku Math. J. (2005)

G.P. Galdi, M. Kyed: Proc. Amer. Math. Soc. (2013), (2013)

R. F., M. Krbec, S. Netasova: Ann. Univ. Ferrara (2008)

R. F., M. Krbec, S. Netasova: Math. Methods Appl. Sci. (2008)
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Further Literature

e Spectral properties of A, :
R. F., J. Neustupa: Integral Equations Operator Theory (2008)
R. F., 5. Netasova, J. Neustupa: J. Math. Soc. Japan (2011)

e Explicit representation of the fundamental solution:
R. F., R.B. Guenther, S. Netasova, E.A. Thomann: DCDS-A
(2014)

e Semigroup estimates:
M. Geissert, H. Heck, M. Hieber: J. reine angew. Math. (2006)
T. Hishida, Y. Shibata: Arch. Ration. Mech. Anal. (2009)

e Numerous results on the nonlinear problem, e.g. by
F.-Hishida, F.-Galdi-Kyed, Galdi-Kyed, Galdi-Silvestre,
Geissert-Heck-Hieber, Goetze, Hansel, Heck-Kim-Kozono,
Hieber-Shibata, Hieber-Sawada, Hishida-Shibata, et al.
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L9-estimates for the Fundamental Solution

Determine the fundamental solution, prove L9-estimates

@ Use cylindrical coordinates y ~ (r,60,y3), r = |(y1,y2)| > 0 =
(WAy) V=20

@ Use Fourier transform and cylindrical coordinates
£~ (s,0,83) = pu(§) = 0,u(§) =



L9-estimates for the Fundamental Solution

Determine the fundamental solution, prove L9-estimates

@ Use cylindrical coordinates y ~ (r,60,y3), r = |(y1,y2)| > 0 =
(WAy) V=20

@ Use Fourier transform and cylindrical coordinates
§~ (s,0,83) = Ogu(§) = 0,0(¢) =

o We get a first order ODE w.r.t. ¢:

V|€1%0 4 k€30 — D0 + WA D = Pf, i€-0 =0,

where © has to be 2m-periodic in ¢



The solution of the First Order ODE (v = 1)

B 1
- 1 — e—2m¢2

() /0 - e PG o) TPF(O(1)E) dt

_ / " P oM T E(P(O) - —ktes)) dt
0




The solution of the First Order ODE (v = 1)

1

2 ) P
= | RSOy TPrO®)E) dt
1—e¢e 2m|€] 0

_ / " P oM T E(P(O) - —ktes)) dt
0

o If k=0and O@)" ((Pf)(O(t)-) is t-independent =

(&) = @2 PF(E) = [IV20llq < el fllq for 1 < g < o0



The solution of the First Order ODE (v = 1)

1

2 ) P
= | RSOy TPrO®)E) dt
1—e¢e 2m|€] 0

- / " O TF(PF)(O() - —ktes)) dt
0

o If k=0and O@)" ((Pf)(O(t)-) is t-independent =
0(§) = ﬁﬁ?(f) = [[V20]lg < | fllg for 1 < g < o0

o For ¢ = 2: L?-estimates of V2v by Plancherel’'s Theorem



The solution of the First Order ODE (v = 1)

1

2 ) P
= | RSOy TPrO®)E) dt
1—e¢e 2m|€] 0

- /OO KO TF((PF(O®) - —ktes)) dt
0

o If k=0and O@)" ((Pf)(O(t)-) is t-independent =
0(§) = ﬁﬁ?(f) = [[V20]lg < | fllg for 1 < g < o0

o For ¢ = 2: L?-estimates of V2v by Plancherel’'s Theorem
@ Evidence that the integral kernel I' satisfies



Partition of Unity and Littlewood-Paley Theory (k =

e To control VZu ~ Av let

B(E) = |£12e— 61 _ 2
$(&) = ¢ , i(z) =t w(\/)

o Decompose ¢ = Y. xj * P =: >
@ Use Littlewood-Paley theory for || - ||4:

151~ ([ o 1OPZ) .
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Partition of Unity and Littlewood-Paley Theory (k = 0)

e To control V2v ~ Av let
p(&) = [€[Pe7F, (@) =172y

X

t>0
t)’>

<

o Decompose ¢ = Y. xj * P =: >
@ Use Littlewood-Paley theory for || - ||4:

151~ ([ o 1OPZ) .

@ Decompose operator

T f s Ao(z) = /R K (z,y)Pf(y) dy,

into pieces 7} via ¢/, i.e. T = > T
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Estimate of T} (1)
°

1/2
1T lle < 27NN SR oy 1l

where




Estimate of T} (1)
°

1/2
1T lle < 27NN SR oy 1l

where

167 .
Mg(z) = sup/ (7] * |9|)(O(t)Tx)%

r/16

@ Prove that

Mig(z) < 27 M(Mapg)(z)

@ M is the classical Hardy-Littlewood maximal operator,

bounded on L4 for each 1 < ¢ < 00
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Estimate of T} (Il)

(Mag)(@) =sup [ |g(0(0) Tl
r>0 Jr/16

behaves like a 1D maximal operator in 6 for each
r = |(x1,x2)|,x3 and is bounded on L7 for each 1 < ¢ < 0o




Estimate of T} (Il)

(Mag)(@) =sup [ |g(0(0) Tl
r>0 Jr/16

behaves like a 1D maximal operator in 6 for each
r = |(x1,x2)|,x3 and is bounded on L7 for each 1 < ¢ < 0o

End of Proof - Incompressible Case

T fllq < 02*2|j|||f|]q = T is bounded on LY, g > 2

Complex interpolation = T is bounded on L4, 1 < g < o0




The Compressible Case

@ Flow of a viscous, compressible fluid around (u, = 0) or past

(0 # uxo//e3) a rotating obstacle with angular velocity

w = €3//Uoo:
ou .
Poe + pu - Vu — pAu — (p+ v)Vdivu + Vp(p) =
% +div(pu) =

together with the boundary conditions

u(z,t) =wAz at |J 9Qt) x{t}
te(0,00)
u(z,t) > uso  as |x| = oo

p(x,t) = po  as |z| = o0.

pf
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The new system (1) in v, o
@ The exterior domain €2(¢) depends on ¢

@ Use a coordinate transform as before to work in a
t-independent domain:

y=0()"z, v(y,t) = O0@)" (u(z,t) —ucc), Aly,t) = p(z,1)

@ Linearize v w.r.t. v = 0, linearize p w.r.t. to poo = 1 :
p=1+4+o0

o Consider the stationary problem in R?® < t-periodic solutions
of the original problem in R?




The new system (Il) in v, o

@ Determine the fundamental solution, prove L9-estimates
—uAv — (p+v)Vdivo + (U —wAY) - Vo+wAv+ Vo = F
divo + div (0(te —w A Y)) =

)

v
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The new system (Il) in v, o

@ Determine the fundamental solution, prove L9-estimates
—uAv — (p+v)Vdivo + (U —wAY) - Vo+wAv+ Vo = F
divo + div (0(te —w A Y)) =

)

Apply div to get for g := divv and o the system

—Qu+v)Ag+ (oo —wAYy)-Vg+Ac = divF
g+ (U —wAY) Vo

|
@

v
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The new system (Il) in v, o

@ Determine the fundamental solution, prove L9-estimates
—uAv — (p+v)Vdivo + (U —wAY) - Vo+wAv+ Vo = F
divo + div (0(te —w A Y)) =

)

Apply div to get for g := divv and o the system

—Qu+v)Ag+ (oo —wAYy)-Vg+Ac = divF
g+ (U —wAY) Vo

|
@

Simplify to get for g = divo

Ag — ((uso —w/\y)-V)zg—i—(uoo —wAy)-V(2u+v)Ag
=H
= AG — (uso —w A y) - V(divF).

v
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The new system (lll) in g

@ Use cylindrical coordinates y ~ (7,60,y3), r = |(y1,y2)| > 0 =
(@AyY)-V =20y

@ Use Fourier transform and cylindrical coordinates
§~ (s:,83) = Fpu() = 0p0(§) =
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The new system (lll) in g

@ Use cylindrical coordinates y ~ (7,60,y3), r = |(y1,y2)| > 0 =
(@AyY)-V =20y

@ Use Fourier transform and cylindrical coordinates
£~ (s,0,83) = Opu(§) = 9,0(§) =

o With k = |uso|, tso = kes we get a 2" order ODE w.r.t. ¢

29+ 0,9 ( — (2p+v)|E” — 2ikEs)
+G(1612 + @u+ v)ik& e — k%) = H
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The new system (lll) in g

@ Use cylindrical coordinates y ~ (7,60,y3), r = |(y1,y2)| > 0 =
(@AyY)-V =20y

@ Use Fourier transform and cylindrical coordinates
£~ (s,0,83) = Opu(§) = 9,0(§) =

o With k = |uso|, tso = kes we get a 2" order ODE w.r.t. ¢

039+ 0,9( — (2u + v)I€|* — 2ikes)
+9(1€1° + (2 + v)ik&s|g|* — k?63) = H
o Characteristic polynomial

X(N) = A2 — ((2p + v)|€]? + 2ik€s) A
+ (€1 + (2p + v)ik&s|¢|? — K2€3)

@ Characteristic zeros

Mal€) = ¢ (@t v)IEP + 2ikes + /@t VPIER — 4EE).

i3

v

25



The solution g

With - for simplicity 2p4 + v = 2 - and the zeros

A2(8) = |67 + ikés £ V/]€]* — |€]2

we get a unique 27-periodic solution g:

. 1 2m 6—)\2t 6—>\1t R
00 =115 | (o - 1) O at
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The solution g

With - for simplicity 2p4 + v = 2 - and the zeros

A2(8) = |67 + ikés £ V/]€]* — |€]2

we get a unique 27-periodic solution g:

. 1 2m 6—)\2t 6—>\1t R
00 =115 | (o - 1) O at

If H and H are independent of 8 and ¢, resp., then

9(6) = 2mH(E) (1€ + 2ikes|e? — K22) .
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The solution g

With - for simplicity 2p4 + v = 2 - and the zeros

A2(8) = |67 + ikés £ V/]€]* — |€]2

we get a unique 27-periodic solution g:

. 1 2m 6—)\2t 6—>\1t R
00 =115 | (o - 1) O at
If H and H are independent of 8 and ¢, resp., then
§(€) = 2mH(€) (I€[? + 2ikes|e[? — k2e3) 7.

We also have, with u1.2(6) = ¢[2 + /[E[T— €],

. - o] ef,ugt _ e*#lt e
4(6) = /0 e F(H(O()  —kten) ()t
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Fourier Analysis

Note: 111 2(€) is a smooth multiplier function on R3\ {0} \ 0B,
Use a partition of unity 1 = ng + 1 + 72 where

1 , .
o € G5 (Bja): m(€) =1for 5 <[¢] <2, n2=1in(By)
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Use a partition of unity 1 = ng + 1 + 72 where

1 , .
o € G5 (Bja): m(€) =1for 5 <[¢] <2, n2=1in(By)

For |£] > 4 all multiplier functions are smooth, Hérmander-Mikhlin
multiplier theory = L%-estimates, 1 < ¢ < o©
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Fourier Analysis

Note: 111 2(€) is a smooth multiplier function on R3\ {0} \ 0B,
Use a partition of unity 1 = ng + 1 + 72 where

1 , .
o € g (Buja), m(§) =1for 5 <[¢] <2, n2=1in(By)

For |£] > 4 all multiplier functions are smooth, Hérmander-Mikhlin
multiplier theory = L%-estimates, 1 < ¢ < o©

For 0 < |¢| < % all multiplier functions are smooth,
Hormander-Mikhlin multiplier theory = L%-estimates, 1 < g < o0
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Fourier Analysis

Note: 111 2(€) is a smooth multiplier function on R3\ {0} \ 0B,
Use a partition of unity 1 = ng + 1 + 72 where

1 . .
o € g (Buja), m(§) =1for 5 <[¢] <2, n2=1in(By)

For |£] > 4 all multiplier functions are smooth, Hérmander-Mikhlin
multiplier theory = L%-estimates, 1 < ¢ < o©

For 0 < |¢| < % all multiplier functions are smooth,
Hormander-Mikhlin multiplier theory = L%-estimates, 1 < g < o0

Analysis near |[¢| = 1: multiplication of smooth multiplier
functions (okay) with the crucial multiplier functions

1— [€Pxm, () ~ (1— €37,

m@)MP—um@%wMQ%F—W¥2
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Bochner-Riesz Means

Theorem: The Bochner-Riesz multiplier operator BY/2 defined by
the multiplier function (1 — |£]%)}/* on R3 can be represented by
convolution with the kernel cJo(|z|)|z|~2 and is L9(R3)-bounded if
and only if ¢ < ¢ <6.
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Bochner-Riesz Means

Theorem: The Bochner-Riesz multiplier operator BY/2 defined by
the multiplier function (1 — |£]%)}/* on R3 can be represented by
convolution with the kernel cJo(|z|)|z|~2 and is L9(R3)-bounded if
and only if ¢ < ¢ <6.

Let the Bochner-Riesz multiplier operator B* on R? be defined by
the multiplier function (|¢|? — 1)27:(€) and let K (x) denote the
corresponding integral kernel:

Ky(z) ’33‘/ sin(|z|7) (T )%’\ iSAln(r? )7171(7) dr
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Bochner-Riesz Means

Theorem: The Bochner-Riesz multiplier operator BY/2 defined by
the multiplier function (1 — |£]%)}/* on R3 can be represented by
convolution with the kernel cJo(|z|)|z|~2 and is L9(R3)-bounded if
and only if ¢ < ¢ <6.

Let the Bochner-Riesz multiplier operator B* on R? be defined by
the multiplier function (|¢|? — 1)27:(€) and let K (x) denote the
corresponding integral kernel:

Ky(z) ’3«"‘/ sin(|z|7) (T )%’\ iSAln(r? )7171(7) dr

Theorem: For A € C, R\ > —1

1+ | P2
(1 e |x|)%>\+2

| Kx ()| §C( (x log(2+ |z|) when R\ € Np).

16 /25

Proof: Integration by parts (with sin(|z|7) to get |z|~(FA*2)




Details of Proof

o Ky = (|¢> — 1)2nm1(€) defines an L*-multiplier operator
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Details of Proof
o Ky = (|¢> — 1)2nm1(€) defines an L*-multiplier operator
o Choose a partition of unity (1;);en, on R3 with
supp ¢o C By, supp ¥j C Byj+1 \ Byj-1, define K3 = ¢, K
so that
eo .
K=K+ K]
j=1
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Details of Proof

o Ky = (|¢> — 1)2nm1(€) defines an L*-multiplier operator

o Choose a partition of unity (1;);en, on R3 with
supp ¢o C By, supp ¥j C Byj+1 \ Byj-1, define K3 = ¢, K
so that

oo
Ky=K)+ qu
j=1

° Kg is a bounded convolution operator on each L9.
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Details of Proof

Ky = (J€> — 1)2n1(€) defines an L>-multiplier operator
Choose a partition of unity (1;);en, on R3 with
supp ¢o C By, supp ¥j C Byj+1 \ Byj-1, define K3 = ¢, K
so that
&9 .
K=K} +> Kj
=il

Kg is a bounded convolution operator on each L9.

Claim: For p > 1 satisfying 2 < 124 RN (= RA> 1)
1565+ £llp < C<A>j2*ﬁufup;

here § = 1 (1+2§]?>\)—3(7—7)>0

Consequence: K is a bounded convolution operator on LP
with p as above

L7
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Proof of Claim, j € N (Part I)

@ It suffices to consider f with supp f C cube of side length 2J
= supp Kf\ % f lies in a cube of side length 3 -2/
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Proof of Claim, j € N (Part I)

@ It suffices to consider f with supp f C cube of side length 2J
= supp Kf\ % f lies in a cube of side length 3 -2/

° Kﬁ\ and IA(ﬁ\ are radial = for such f

i 65 ( 1_ l 65 ( 1_ l
1+ £II2 < 267 2| K« £1I3 = 267 2| K f13,

183713 = [ g 0.02( [ 17002 a0)ar
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Proof of Claim, j € N (Part I)

@ It suffices to consider f with supp f C cube of side length 2J
= supp Kf\ % f lies in a cube of side length 3 -2/

° Kﬁ\ and IA(ﬁ\ are radial = for such f
1K+ 12 < 29672 K + £} = 2672 KYfI,
00
118 = [183,0.02 ( [ 172 a0)r2 ar
0 2
Fourier Restriction Theorem, 1 < p < % =

/ F(r0)do < Cro®=D/p| £ |2
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Proof of Claim, j € N (Part II)

!Wﬁﬁé@Wﬁ/MﬂmmWﬂ%wwwr
0

= 212 [ IBSOR 167 &¢
R3
(decompose integral into parts on B/, and Bf/z,

use 1;,1; € S(R®) or pointwise estimate of K)(z))

< (22~ (14205 ¢ 2

Summary: it holds

1 1

1K £llp < €5 28G5 D22 1),




Proof of Claim, j € N (Part II)

!Wﬁﬁé@Wﬁ/MﬂmmWﬂ%wwwr
0

= 212 [ IBSOR 167 &¢
R3
(decompose integral into parts on B/, and Bf/z,

use 1;,1; € S(R®) or pointwise estimate of K)(z))

< (22~ (14205 ¢ 12
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Proof of Claim, j € N (Part II)

!Wﬁﬁé@Wﬁ/MﬂmmWﬂ%wwwr
0

= 212 [ IBSOR 167 &¢
R3
(decompose integral into parts on B/, and Bf/z,

use 1;,1; € S(R®) or pointwise estimate of K)(z))

< (22~ (14205 ¢ 12

Summary: it holds

1 1

155 £llp < €5 28G5~ 0 2 (HE g,

19 /25
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Theorem |

K, defines a bounded convolution operator on each LP, p > 1
satisfying % < % < %(24—%)\), i.e. for H% <p< % and for p = 2.

Complex interpolation = ﬁ <p<L2
Duality =

1 1 1

For A = % this condition reduces to % <p<6.

20/25



Theorem Il

Let & < g <6 and |us| < 3. Furthermore, let G € LY(R?) and let
F =div® where @, (w A y) - V®, uy - VO € LI(R3)

= the linear problem has a unique solution g € L9(R?) such that

lgllq < c(lIGllg + lw®llg + l(w Ay) - VOlg + [luce - VOIq)

21/25



Theorem Il

Let & < g <6 and |us| < 3. Furthermore, let G € LY(R?) and let
F =div® where @, (w A y) - V®, uy - VO € LI(R3)

= the linear problem has a unique solution g € L9(R?) such that

lgllq < c(lIGllg + lw®llg + l(w Ay) - VOlg + [luce - VOIq)

Get v, o from the system
—pAV + (U —wAY) - Vo+wAv+ Vo = F+ (u+1v)Vg
divv = g
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Theorem Il

Let & < g <6 and |us| < 3. Furthermore, let G € LY(R?) and let
F =div® where @, (w A y) - V®, uy - VO € LI(R3)

= the linear problem has a unique solution g € L4(R?) such that

lgllq < c(lIGllg + lw®llg + l(w Ay) - VOlg + [luce - VOIq)

Get v, o from the system
—pAV + (uoo —wAY) - Vo+wAv+ Vo = F+ (u+1v)Vg
divv = g

Let F' = div®, g as before, let g < q < 6. Then v, o satisfy

IV2ollg + Vol »

< c(||F+ (1 +v)Vyllq + |0Vg + (W Ay)g — tuseglly)
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From Incompressibility to Compressibility
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From Incompressibility to Compressibility

Standard estimates for incompressible fluid flow around/past a
rotating obstacle:
l<g< oo
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From Incompressibility to Compressibility

Standard estimates for incompressible fluid flow around/past a
rotating obstacle:
l<g< oo

Estimates for compressible fluid flow around/past a rotating
obstacle: 6
Only for 5 <q<6
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Bochner-Riesz Means

Let B* denote the Bochner-Riesz Operator defined by the
multiplier function (1 — |£|2)i‘L A >0, on R?

o If A > ”—_1 , then B is bounded on L7, 1<¢g< o0
o If X > 5=ty and |1 — f\ < o+ 2, then B is L9-bounded

o If A>0and | — 3| > 5 + 2, then B* is L%-unbounded

A

i,

2

B
|-
S{E| -

o
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