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1. Introduction

Consider linear partial differential equations:
P(@t, &ﬂ)u =0.

The characteristic equation is:  P(\, &) = 0.
Let A = A\(i€) be the dispersion relation.

Dissipative structure: Key to the stability for t — oo.

o Dissipativity:  Re (i) <0 for any &.
@ Strict dissipativity: ReA(i§) <0 for any £ # 0.
Type (I): ReA(i€) < —c[[*/(1 + [¢)

Type (I1): ReA(i€) < —c[¢]?/(1 + |€]?)?
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Strict dissipativity

Strict dissipativity of Type (p,q):

ReA(E) < —en(€), () = 6% /(1+[¢)

Regularity-loss index: o =2(q —p)

e Type (I):  Type (1,1), o=
o Type (I): Type (1,2), o=2
e Type (2,2): o0=0

o Type (2,3): o=2
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Strict dissipativity

Type (I): ReA(ig) < —cl¢]/(1+[¢*)
ReA(i€) O —c|¢|? for [¢] — 0,
ReA(i€) O —c for [£] — oo.

General framework:

@ Symmetric hyperbolic-parabolic systems

@ Symmetric hyperbolic systems
o T. Umeda, S.K & Y. Shizuta (1984): Condition (K)
o Y. Shizuta & S.K (1985): (SK) stability condition
o K. Beauchard & E. Zuazua (2010): Kalman rank condition

@ Symmetric hyperbolic-elliptic systems
o S.K, Y. Nikkuni & S. Nishibata (1998)
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Strict dissipativity

Type (1): ReA(i€) < —cl¢?/(1 + [¢[*)?
ReA(i€) O —c|¢|? for [£] — 0,
ReA(i€) O —cl¢|72 for [¢] — oo.
A(i€) may approach the imaginary axis Re A = 0 for || — oo.

Decay property of regularity-loss type:

@ Dissipative Timoshenko system
o J.E.M. Rivera & R. Racke (2003)
o K. Ide, K. Haramoto & S.K (2008)
o N. Mori & S.K (2014)

o Euler-Maxwell system
o R. Duan (2011)
oY. Ueda & S.K (2011)
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Strict dissipativity

Type (2,3): ReA(i€) < —c[¢*/(1+[¢[?)?
ReA(i€) O —c|¢|* for [¢] — 0,
ReA(i€) O —c|¢|72 for |€] = oo.

Decay property of regularity-loss type:

@ Timoshenko-Fourier system
o J.E.M. Rivera & R. Racke (2002)
o N. Mori & S.K (2014)
@ Timoshenko-Cattaneo system
o H.D.F. Sare & R. Racke (2009)
o M.L. Santos, D.S.A. Jinior & J.E.M. Rivera (2012)

Stability number
o N. Mori & S.K (2014 preprint)
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@ To survey the general theory for Type (I).

o To study the dissipative Timoshenko system

as an example of Type (II).

{@tt —(pz =)z =0,
it — 0 Yz — (Pr — ) + 71 = 0,
where a, v > 0 are constants.
e To study the Euler-Maxwell system as an example of Type (I1).

@ To report a general framework for Type (I1).
o A joint work with Y. Ueda and R. Duan (2012)

@ To study the Timoshenko-Cattaneo system as an example of
Type (2,3).
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2. Motivation of general formulation

Compressible Navier-Stokes equation: The simplest model is given by

Pt+ux :07
Ut + Pr = Ugy-

Standard energy: Multiply the first and the second equations by p and

u, respectively, and add them. This yields

1
5( 24w + (pu — ung)y +u2 = 0.

Similarly, we have

1
5(0925 + Ul + (Prtle — Usligr)s + Uz, = 0.
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Special technique

Special technique: The technique due to Kanal' (1968) and Matsumura

& Nishida (1981) is as follows. Substitute u, = —p; to the second
equaion:

Pzt + pr +up = 0.
Multiply by ps:
1 5 2
Here the last term can be rewritten as

PzUt = (qu)t — PtaU

= (pzu)t — (pru)z + ey = P

Il

|
<
8

= (pou)t — (pru)s — uj.

Thus we obtain

1
5(/}3 + 2ppu) — (pr)e + p2 — uZ = 0.

Shuichi Kawashima (Kyushu University)
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Simpler technique

Simpler technique: The above computation is perfect. But it is too

technical and not suitable for the general framework. A simpler
computation is as follows. Multiply the first and the second equations by

—ug and p,, and add them. This yields
(pzut — prug) + pgc — PzUzz — ui =0

with pyus — prugy = (pgu)r — (peu),. This computation can be expressed

as

Cor) ()=o) () () = () (5 o) ()

which suggests a formulation in terms of a skew-symmetric matrix.
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3. General theory for type (I)

Symmetric hyperbolic systems:

n
Aout—i-ZAjuxj + Lu =0, (1)
j=1
where u = u(x,t): m-vector function of z = (x1,--- ,x,) € R” and ¢ > 0.

(a) AY is symmetric and A% >0 on C™,
(b) A7 is symmetric for each j,
(c) L is symmetricand L >0 on C™.

(c) L >0 on C™ (not necessarily symmetric) such that
Ker(L) = Ker(Ly),

where L is the symmetric part of L.

Shuichi Kawashima (Kyushu University) Dissipative structure June 17-18, 2014



Condition (K)

Symmetric hyperbolic systems:

n
Ay + ZAjuxj + Lu =0,
j=1

Apply the Fourier transform:
A% + i) €| A(w)i 4 Li = 0, (2)

where A(w) =37, Aw;, w=¢E/|Ele St

e Dispersion relation A\ = A(i€):

det(AA° + i|¢|A(w) + L) = 0.
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Condition (K)

Condition (K): Umeda, S.K. & Shizuta (1984)
There exists K (w) with the following properties:

(i) K(w)A° is skew-symmetric.
(i) (K(w)A(w))1 >0 on Ker(L),
where X is the symmetric part of X.

When L is symmetric, the following two conditions are equivalent:
(a) (K(w)A(w))1 >0 on Ker(L),
(b) a(K(w)A(w))1+L >0 on C™,

where « > 0 is a suitably small constant.
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Decay property

Theorem 1 (Pointwise estimate) Umeda, S.K. & Shizuta (1984)

Under the condition (K), we have
[a(€,8)] < Ce™ P Jao(€)), (3)

where p(&) = [€2/(1+ [£]?).

Corollary (Decay estimate) Umeda, S.K. & Shizuta (1984)

Under the condition (K), we have

105u)llze < CL+ )4 2 ug|| 11 + Ce|OFuoll 2, (4)

where £ > 0.

e Decay estimate of the standard type (without loss of regularity)
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Lyapunov function

Lyapunov function:

Bla] = (4%, a) — —5L_ ik () 4%, 4),

1+ ¢
where @ > 0 is a small constant. We have
0 C\§|2 2 2
— FE4 U I-P)al* <0,
g P10+ g 1 el = Pyaf? <

where P is the orthogonal projection onto Ker(L). Therefore we have

= Bl + pl€) Bla] <0,

where p(€) = |€]2/(1 + |€|?). This is solved as

Ela)(¢,t) < e~ Elag)(€),

which gives the desired pointwise estimate (3).
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Energy estimate

Energy estimate: As a simple corollary of

9 cl¢f?

ZEli |2 I—-P)a* <
BT [u]+1+,£|2 |a” 4 cl( )a|” <0,

we have the energy estimate of the form

t
lu(t)]|7: +/O 10zu(T) [ -1 + (T = PYu(r)|[Fs dr < Clluol[F,
where s > 0.

e Energy estimate of the standard type (without loss of regularity)
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Dissipative structure

(SK) stability condition: Shizuta & S.K. (1985)
Let p € R™, p€Rand w e ™1

If Lo=0 and pA% + A(w)p =0, then ¢ =0.

Theorem 2 (Characterization of dissipativity)

Shizuta & S.K. (1985), Beauchard & Zuazua (2010)
The following five conditions are equivalent.

(a) (SK) stability condition.

(b) Condition (K).

() ReA(i€) < —cl¢[*/(1 + [¢[*) for any £ € R™. Type (1)
(d) ReA(i€) < 0 for any £ # 0. Strict dissipativity
(e)

Kalman rank condition.
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4. Dissipative Timoshenko system

Dissipative Timoshenko system:

{SOtt — (e —¥)z =0,
i — a? Ve — (e — V) + vy = 0,

where a@ > 0, v > 0 are constants. The equivalent 1st order system is

v —uy +y =0,
Yt —azg —v+yy =0,
ur — v = 0,

2t — AQYg = 07

where

U = P, U:S%—T/)’ y:d}ta Z:(Ml}x-

Shuichi Kawashima (Kyushu University) Dissipative structure June 17-18, 2014 19 / 53



Dissipative Timoshenko system

The system is written as

U, + AU, + LU = 0,

where
v 0 010 0 1 00
1y _ 1900 0 a -1 ~ 0 0
U= u |’ A= 10 0 0]’ L= 0 0 0 O
z 0 a 00 0 0 0 O

L > 0 is not symmetric but satisfies the (SK) stability condition:

If Lo=0 and pp+ Ap =0, then ¢ =0.

In this case, however, ker(L) # ker(Ly).
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Dissipative structure

Dissipative structure:

o Ifa=1, then ReA(i€) < —c&2/(1+&2). Type (1)
o Ifa#1, then ReA(i€) < —c€2/(1+&%)2. Type (1)

When a # 1, for || — oo, the eigenvalues satisfy

o —= 207, =12
Re \;(i€) =
’ -3+00¢™, =34,

where P = a2 — 1.
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Decay property

Theorem 3 (Pointwise estimate) Ide, Haramoto & S.K (2008)

When a # 1, we have
U (&, 1)] < Cem @Dy (8)), (6)

where 7(§) = £2/(1 + £%)?.

Corollary (Decay estimate) Ide, Haramoto & S.K (2008)
When a # 1, we have

105U )22 < O+ )"V 2 Ugl| 1 + O + )20 Vol g2, (7)

where k, [ > 0.

e Decay estimate of the regularity-loss type
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Lyapunov function

Lyapunov function: Ide, Haramoto & S.K (2008)
When a # 1,

a2
52

— [0 + {(Bi+aBy) + 1755 (B + Ba) },

aq
e
where a1, ag > 0 are small constants, and

E1 = Re(itt), FE; = Re(i2), Skew symmetric

E; = —Re(9§), Fo= —Re(42). Symmetric

We have 5
—F D <0
g TP =0
where
m Rl —S (a3,
14 ¢2 (1+&%)?
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Energy estimate

Therefore we obtain

0
—F E <L

where (&) = €2 /(1 + £€2)2. This yields the desired pointwise estimate (6).

Energy estimate: The corresponding energy estimate is

t
WU(6)113 + /0 () e+

+ (D) s + 100 (u, 2)(7) |32 dr < CUoll,

where s > 0.

e Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity loss for (v,u, z). Not optimal
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Lyapunov function (Refinement)

Lyapunov function (Refinement): Mori & S.K (2014)
When a # 1,

B=[0P+ 1 n {(By+aBy) + 1‘1222{& +(1+ &) B},

where a1, ag > 0 are small constants, and

E1 = Re(itt), FE; = Re(i2), Skew symmetric

E; = —Re(9§), Fo= —Re(42). Symmetric

We have 5
—F D <0
g TP =0
where
SRS S S Y SR S P S Sl
e e el
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Energy estimate (Refinement)

Energy estimate (Refinement): The corresponding energy estimate is

t
U3 + / () 2o+
e+ 100 2z + [02(7) 2ot dr < CllUl e,

where s > 0.

e Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity loss only for (v, u). Optimal
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Proof of decay estimate

Proof of Corollary: We have

105U ()2, = / PRI (e, 0)2 de < 0/ € 2R e Ty (6) 2 de

:/ —|—/ =11 + I,
|€1<1 1€1>1

Low frequency term I is estimated as

L<Of el Oy ()2 de
|€]<1

< C sup [0o(6)? / ¢[Peelet ge
|€]<1 |€]<1

< O(L+ 62 MU
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Proof of decay estimate

High frequency term I can be estimated as

L<C / €[2ke=ct/€ | D (€) 2 de
[€]>1

L el
< Csup ———
g1 €%

< O+ )05 Uo7

/Ig M GIRE

This shows the desired decay estimate (7).
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5. Euler-Maxwell system

Euler-Maxwell system in R? :

ny + div(nu) =0,
(nu); + div(nu ® u) + Vp(n) = —n(E + u x B) — nu,

(8)
E; —rot B = nu,
By +rot E =0,
divE = ne —n, div B =0, (9)

Here n > 0: mass density, u € R3: velocity, E € R3: electric field, and
B € R3: magnetic induction; p(n): pressure satisfying p’(n) > 0 for
n > 0, and ny > 0: a constant.

Solutions of (8) satisfy (9) for £ > 0 if the initial data verify (9).

June 17-18, 2014 29 /53
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Euler-Maxwell system

The system (8) is written as

3
A (w)wy + > AT (w)wg, + L(w)w =0,
j=1

where w = (n,u, E, B)T and

p'(n)/n 0
Afw) = S A I
1 0
[ 2
;A%w)sj— i 0 —0
QO
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Euler-Maxwell system

Here I and O denotes the 3 x 3 identity matrix and the zero matrix,

respectively, and ¢ is the skew-symmetric matrix defined by

0 —& &
Qe=| & 0 =&
& &0

for £ € R3. Note that Q¢ = ¢ x E as a column vector in R3.

Constant equilibrium: The Euler-Maxwell system admits a constant

equilibrium state
woo - (nOO7O7O7BOO)T7

where n,, > 0 and By, € R? are constant states. Note that L(w)ws = 0

for each w.
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Linearized Euler-Maxwell system

Linearized Euler-Maxwell system:

3
AU+ AU, + LU =0, (10)
j=1

div E = —p, divh =0, (11)

where U = (p,u, E,h)T with p = n — n., and h = B — B, and
A% = A%wy,), AT = Al (ws) and L = L(wso).
Apply the Fourier transform:

AU, + i|¢|A(w)U + LU = 0, (12)

ilEE w=—p, il{fh-w=0, (13)
where A(w) = 2?21 Awj, w=E¢/|¢ e S2
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Claim: Ueda, Wang & S.K (2012)

L > 0 is not symmetric but satisfies the following modified (SK)
stability condition: Let ¢ = (p,u, E,h)T € R10.

If Lp=0, pA’p+ A(w)p=0 and h-w=0, then ¢ =0.

In this case, however, ker(L) # ker(L1).

Let ¢ = (p,u, E,h)T. Then Ly = 0 gives
Noo(U — Boo X u) + N = 0, —Neott = 0,

which shows that u = E = 0. Then ¢ = (p,0,0, )T For this ¢, we
suppose that A% + A(w)p =0 and h - w = 0. This implies

Paoop =0, boopw =0, hxw=0, ph=0 h -w=0,

where a0 = p'(Noo) /Moo and boe = p'(noo) are positive constants. This

shows that p = h = 0 and hence ¢ = 0.

Shuichi Kawashima (Kyushu University) Dissipative structure June 17-18, 2014 33 /53



Decay property

Theorem 4 (Pointwise estimate) Ueda & S.K (2011), Duan (2011)
We have

U(&,1)| < Cem @ T(€)], (14)
where 7(€) = [¢[2/(1 + [¢]2)2.

Corollary (Decay estimate) Ueda & S.K (2011), Duan (2011)
We have

105U Oz < O+ )42 Ug|| .1 + O (L +6) 72|05+ Vol 2, (15)

where k, [ > 0.

e Decay estimate of the regularity-loss type
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Lyapunov function

Lyapunov function:

E[U]:E + {El‘i‘aoo’f‘El"i_ a2‘§| EQ}?

\£I2 14 [¢]?

where
Ey = (AU, U) = aco|p|?® + nool@|® + |E* + |2|%,
= Re(piw | @), Ey = Re(E|h x iw), Skew symmetric
E; = Re(a| E). Symmetric

Here a1, g > 0 are small constants, aoo = p'(n00) /Moo, and (-] +) is the

inner product of C3.

2014 35 /53
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Lyapunov function

We have 9
—E[U] +¢D[U] <0
o El0] + eD[0] <0,
where . ‘§|2
DU] = |p]* + |a> + EP+ —5__1h)2
01 =19 +10P + T B + e

Therefore we obtain

£ BI0] + en(€) B0 < 0,

where (&) = [£]2/(1 + |£]?)?. This yields the desired pointwise estimate
(14).
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Energy estimate

Energy estimate: As a simple corollary of

0

E[U DU <
5 [U] +cD[U] <0,

we have the following energy estimate:

U3 + / 10, ) (7)o

B+ 10:h() [ Fe-2 dT < Cl| Ul

where s > 0.

e Energy estimate of the regularity-loss type: In the dissipation part, we
have the regularity loss for (E, h).
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6. A general framework for type (II)

Symmetric hyperbolic systems:

n
A + Z Ajuxj + Lu =0, (16)
j=1
where u = u(z,t): m-vector function of x = (x1,--- ,x,) € R” and ¢ > 0.

(a) A° is symmetric and A% >0 on C™,
(b) A7 is symmetric for each j,

(c) L >0 on C™ (not symmetric) such that
ker(L) # ker(Ly),

where L1 is the symmetric part of L.
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Structural conditions

Apply the Fourier transform:

Ay + i|€|A(w)a + La = 0. (17)

Condition (S): Ueda, Duan & S.K (2012)

There exits S with the following properties:
(i) SAYis symmetric.
(i) (SL)1+ L1 >0 on C™and Ker((SL); + L1) = Ker(L).

When we use the condition (S), we additionaly assume one of the

following conditions:
(a) i(SA(w))2 >0 on Ker(Ly),
(b) i(SA(w))2 >0 on C™,

where X3 is the skew-symmetric part of X.
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Structural conditions

Condition (K): Umeda, S.K. & Shizuta (1984)

There exists K (w) with the following properties:
(i) K(w)A® is skew-symmetric.
(i) (K(w)A(w))1 >0 on Ker(L),

where X7 is the symmetric part of X.

When L is not symmetric, under the condition (S), the following two
statements are equivalent:

(a) (K(w)A(w))1 >0 on Ker(L),
(b) a(K(w)A(w))1+ (SL)1+L; >0 on C™,
where o > 0 is a suitably small constant.
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Decay property

Theorem 5 (Pointwise estimate) Ueda, Duan & S.K (2012)

Under the conditions (K) and (S) with i(SA(w))2 > 0 on Ker(L;), we
have
[a(€, )] < Ce=ag (€)], (18)

where 7(€) = [¢[*/(1 + [¢]?)*.

Corollary (Decay estimate) Ueda, Duan & S.K (2012)

Under the conditions (K) and (S) with i(SA(w))2 > 0 on Ker(L;), we
have

105u®)llze < CL+ )4 2 ug| 11 + C(L + ) 7/||05 ol 2, (19)

where k, [ > 0.

e Decay estimate of the regularity-loss type
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Lyapunov function

Lyapunov function:

Bla] = (4%, a) + —2L 1 (5%, a) — 221 A%, 4y,
6] = (A%, 8) + 1 em { (54%, 8) - (s K @) A%, )}
where a1, ap > 0 are small constants. We have

9 cl¢? .12

Eli
o e
c 2 12
— <
4+ — T |(I — P)a|* + c|(I — Py)d| 0,

where P and P; are the orthogonal projections onto Ker(L) and Ker(L;),

respectively. Therefore we have

= Bla) + en(€) Bla) <0,

where (&) = [€]2/(1 4 |£]?)2. This gives the desired pointwise estimate
(18).
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Energy estimate

Energy estimate: As a simple corollary of

o e
a2t T e

5 ja?
(I — P)a> 4+ ¢|(I — P)af*> <0,

-
1+ (¢?

we have the energy estimate of the form

t
()| %e + /0 10st(r)|[2yes
I = PYu(r) s + 11 — Pyu(m) 3 dr < Clluol e,
where s > 0.

e Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity loss for the component Pju.
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Decay property in a special case

Theorem 6 (Pointwise estimate) Ueda, Duan & S.K (2012)
Under the conditions (K) and (S) with i(SA(w))2 > 0 on C™, we have

(¢, )] < Cem P g (€)], (20)

where p(&) = [¢[*/(1 + [¢]?).

Corollary (Decay estimate) Ueda, Duan & S.K (2012)
Under the conditions (K) and (S) with i(SA(w))2 > 0 on C™, we have

195u(®)]lz2 < O+ )™= luo| 1 + Ce™*|uoll 1z, (21)

where k£ > 0.

e Decay estimate of the standard type
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Lyapunov function in a special case

Lyapunov function: When i(SA(w))2 > 0 on C™,

) - oo lg] o
E[i] = (4%, @) + o { (54°%, u>—1+|§‘2( K(w)A%, @)},

where a1, as > 0 are small constants. We have

0 or clEf
aE[u] + T €2

[af* + el (T = P)al* <0,
where P is the orthogonal projection onto Ker(L). Therefore we have

= Bl + cpl€) Bla] <0,

where p(&) = [€]2/(1 + |£]?). This gives the desired pointwise estimate
(20).
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7. Timoshenko-Cattaneo system

Timoshenko-Cattaneo system:

Pt — (P — ¥)e =0,
Py — Cﬂw:m: - ((Pw - ¢) + b0, =0,
01 + 4o + bihty = 0,
104t + 4 + KOy =0,
where a, b, k, 79 > 0 are constants.

Timoshenko-Fourier system: When 15 = 0, we have formally

ot — (e —)s =0,
wtt - QZwa - (‘Pa: - ¢) + b0, =0,
0 + b¢tw = Kby
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Timoshenko-Cattaneo system

Timoshenko-Cattaneo system: The equaivalent 1st order system is

vy —ugy +y =0,

Yt — azgy + b, — v =0,
u — vy =0,

zt — ayy =0,

Or + byz + VKge = 0,
( T0gt + Kbz + ¢ =0,

where U = Pt, U:@m—wa y:wta Z:awmv q:ﬁ(j
The system is written as

AU, + AU, + LU = 0.
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Dissipative structure

Stability number: Santos, Jinior & Rivera (2012)

P:T—s(l—aQ—b2)—|—(a2—1).

Dissipative structure:

e If P=0, then ReA(i€) < —c&/(1+€2)%2 Type (2,2)
o If P#0, then Re\(i€) < —c&*/(1+€2)3. Type (2,3)

When P # 0, for |{| — oo, the eigenvalues satisfy

L2 0(€7?), j=12
Re \;(i§) =

_%6]+O(|£|_1)3 j:3)475767
where d; > 0.
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Decay property

Theorem 7 (Pointwise estimate) Mori & S.K (2014 preprint)
When P # 0, we have

U (€,t)] < Ce= 1Ty (€)], (22)

where 7(€) = £*/(1 +€%)°.

Corollary (Decay estimate) Mori & S.K (2014 preprint)
When P # 0, we have

105U 02 < O+ )" M2 Ug|| 1 + O (L +6) 72|05 ol 2, (23)

where k, [ > 0.

e Decay estimate of the regularity-loss type
o Weaker decay t—1/8
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Lyapunov function

Lyapunov function: Mori & S.K (2014 preprint)

When P # 0,
FE = |U’2 02_27'0 0+(j{71€2)2|:{(ﬂl _P*§2T0E~'Q)+
3
+1+ ) + G (B - 1+ @B,

where g, a1, ag > 0 are small constants,
Hy = b{*(Ey + aEy) — EE1} + (B3 + E3) + (a® — 1)€ s,
Hy = b(EEy + Es) 4 a(€E3 + E3).

and P, = ﬁ(l —a? — b?). Compare

=[O + “62{(E1+GE2) (f€2{E1+(1+52)E2}}.
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Lyapunov function

Here

By = Re(it@), B> = Re(ig3), E3 = Re(ig), Eo = Re(i]),

= —Re(09), Ey = —Re(02), E3 = —Re(ﬂg), Ey = Re(04).
We have 5
—F D <
o +cD <0,
where
& e & S
D= +
arep! ™ epl Y e
b s + 1P
14 &2

e Regularity-loss for (v, u).
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8. Open questions

Strict dissipativity of Type (p,q):

Re A(i€) < —cl¢[*/(1 + 1¢[%)4,

Open questions:

@ General framework (Structural conditions) for Type (p, q)

Open questions for Type (1,2):

o Characterization of (S) + (K)

@ Relation with Kalman rank condition (in progress)
Kalman rank condition = (K) Ueda, Duan & S.K (2012)

@ General framework for nonlinear problems
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Thank You for Your Attention
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