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Weak Solution to:

ou+u-Vu+V - -Vu+u-VV = Au—Vp
divu=0 in R™ x (0, 00)
u(+,0) = ug € L3 (n=3,4)

V =V(z,t) Dbasic flow (Navier-Stokes flow)



Assumption

V =V(x,t) Navier-Stokes flow, small
V€ L>(0, 00; L™) N Cu ([0, 00); L™)

Example

Solution to the Cauchy problem
Forward Self-Similar Solution
Time-Periodic Solution



Assumption
V =V (x,t) Navier-Stokes flow, small
V e L°(0, 00; L™*°) N Cyw ([0, 00); L™°)

Known Result (Karch-Pilarczyk-Schonbek)

Jim [lu(t)]| 2 = 0

Question: Structure of decay rate



Case V=0
Leray, Masuda, Kato

Schonbek, Wiegner, Kajikiya-Miyakawa, ...

et Pugll;2 = O@1™%) ast— oo
— Every Weak Solution with (SEI)

[u(®ll 2 =0, s=min{a,

S



Some other stability of time-dependent flow
e Yamazaki (2000)
V € BC(0,00; L") small
L" stability (n < r < co) for small ug € L™
e Kozono (2000)
V e LI(0, oo: LT, j+";: 1, 2<qg< oo

L2 stability for every ug € L2



Linearized system

ou—Au—+V - -Vu+u-VV4+Vp=20
divu=20 in R™ x (s, 00)

U(', S) — f

u(-,t) =T(t,s)f (t>s>0)



What we need:

1T ) fllr < CCt— )2 ) £l 10

|T(t, s)Pdiv F|rq < C(t —s) 2| F||14

for 0<s<t<



Theorem 1 n =34, wug€ L2, sup|V(t)|rn small
t

1. Every Weak Solution with (SEI)

Ilm |u(t)||;2 =0

-l>|3

1
lu(t) — T(t,0)upll;2 = Ot 412) ast— oo



2.

1T(t,0)ugll;2 =0(F"%) ast— oo

— Every Weak Solution with (SEI)

1

U(t) 2 :O(t_5>7 5: min Q, E—I———g
L
4 2
( n_y 1

Ot~ aT32aTe <1
Ju(®) - T(t,Ougl o = { OV 277 ) @S2
\ O(t a7 27°) a> 5




Corollary 1 Let n= 3,4

1. ug € L2N LY for some q € [1,2)
n{l 1
== t = 0 t_ﬁ, = — | — — —
ull;2 = 0 2 (3-3
2. ug € L2 N LY, /\:B|]uo(:c)|d:c < 00
_ n 1
=  |u@®l2=00""), B= 4Z-c

4 = 2



Ingredients of the proof

(1)
(2)
(3)
(4)

Generation of {T'(t,s)}
Li-L" estimate of T'(¢t, s)
Integral equation for weak solution

Fourier splitting method



a(t;u,w) = (Vu, Vw)+{V(t)-Vu,w)—(V(t)®u, Vw)
for u,w € HX. Define L(t) : HX — (H1)* by

(L(t)u,w) = a(t; u, w)

J.L. Lions’ theorem implies:



(d
< d_?:+L(t)u =0 a.e. tec (S,OO) in (Hgyk

u(s) =f € L(Qf
admits a unique solution

we L?(s,T; HY) N C([s, 00); L2)

d
d—? e L2(s, T; (HL)Y) VT € (s,00)

Define T(t,s) : L2 — L2 by

T(t,s)f := u(t), t € [s,00)



Another existence theorem
Vri € (2,00) 3I6>0 such that Slgp |V ()] e < O
—
u(t) = =B — [ "e(t=DAPdiv (W@ V 4+ V @ u)(F)dr
admits a unique solution that satisfies
[u(®) |z < O — 3G £]] 2
for felL? rel2,r), 0<s<t<oo



Yamazaki (2000)

"

o
L IVE 2 Fll ra < Clfll o

< . 1 1 1
provided 1<g<r<oo, ———=—
q T n

\

from which one can estimate
t
L@@WﬁFV®mvé“ﬂAwm-

t _
< C [( IVl gnoollullprac[Fe@ D) 0 dr
_/(S-I-t)/2
IR S

t 1_q_1_1
+/(s+t)/2 where b= 1 n



Relation between both solutions

w(t) == u(t) —T(t,s)f € L®(s,00; L2) obeys

(w(t), ) = —/ (WwRV 4V @w Velt= A\ dr

lw(@) 200 < ClIV | Loo(0,00: L) [wl foo (s.00: £2.00)

we obtain u(t) =T(¢,s)f



Proposition 1 g€ [1,0)

Vry€(qo0) 385>0 such that if
Slép |V ()| proe <6

then
1

_n 1
1Tt ) fllpr < O — )25 £l q

for fe LE, relq,r1) (r>1 wheng=1)



Composite operator T(t,s)Pdivon L9, 1 <q< oo

O O T REA RS

max{n’, q} < ro < oo,
q ToO N 2\qg 1o 2

E(t) = sup (r — s)?||T(r,s)Pdiv F||;ro0, F € C
T€(s,t]

T hen

E(t) < C||F|lpa + ClIVI £oo(0,00;m00) E(¥) Ve (s,00)



Proposition 2 Vge(l,00) 36 >0

such that if
Sup |V ()| oo < 6
then
|T(t, ) Pdiv Flla < C(t — )" /2| F|| g

for Fe€ LY and 0 <s <t< oo



Adjoint of generator L(t)
a(t;u,w) = (Vu, Vw) + (V - Vu, w) — (V ® u, Vw)

a*(t;u,w) = a(t, w,u)

for u,w € HL. Define M(t) : H} — (HL)* by
(M()u,w) = a™(t; u,w)

T hen

L(t) = M(t)", M(t) = L(¢)”



Backward perturbed Stokes system

( d

| d” FL(s)*v =0  a.e. sc[0,t)in (HL)*
S

v(t) =g ¢ L?, final condition at ¢t > O

admits a unique solution

v e L2(0,t; HY) no([0,t]; L?)
d
e 12(0,t; (HHYY

ds



Duality

Define S(t,s) : L2 — L2 by
S(t,s)g : = v(s), s € [0, t]
Then
T(t,s) = S(t,s)", S(t,s) =T(t,s)"

in £L(L2)



Weak formulation of NS
(w(®), (1) + [ [(Vu, V) + (u- Vu, )
+ (V- Vu, @) — (V @ u, Vo) |dr
= (u(s), () + [ (u, Orp)dr
for allt > s >0 and
p € C([0,00); LZ) N L{S.([0,00); L™)
Ve e L2 .([0,00); L2),  8rp € L2.([0,00); L?)



Integral equation for weak solution

Set

(1) =S, 7)Y =T(t, 7)Y, Y € Co

to obtain

(u(t),¥) = (T(t, $)u(s),$) — [(T(t, )PV (u®u), ) dr



Idea of Fourier splitting (Schonbek 1985)

Suppose
d
u@IZ2 4+ 1Vu@®)llze < 0
u(g, )| < g7, £l <1
T hen
n_o

lu(®)]lf2 < C(A 1) 42



(&, t)]%dg
lu@®72= | |

R 24¢ +
elep(ny [HEDPdE+ |

1>p(1)

- 2ja(e, ) 2de
SC/|£|<p<t) %7 de o(t)? /|£|2p(t) €%l

1 2
e Vu(t)]72
< Cp(t) ! p(t)QH L



d
%lm(t)”%? + p(®)?Ju(t)||22 < Cp(t)"T2712
Use p(t)? = {%; with m > 0 large (fixed)

m )34‘74—1

jt A+ )Mu®)72] <O+ )™ (1+t

implies

[u()lI72 < u(0)22(1 + )™ + C(1 + )57



Li-estimate of nonlinearity

(u(t) = T(t,0)ug, ) = — [(T(t, 7)Pdiv (u®u), ) dr

Take g > 1 closeto 1

Ju(®) = T(t,0)ugl| e
t _ o
< [ =) Y2l Vull)2 dr

t —1 1-6/2
< Clluollfz ( f; ¢ = )7 lul22 dr



Estimate in low frequency region
. 2
Dt oy 186 DI

n(2— s
< |IT(t, 0)ugll22 4+ Co(1)" ™ Vllw(1)12,

taking  p(t) = Mll—l—t

n(t-1
<T@ 0uolZ2+C (155) "7 eI

where w(t) = u(t) — T'(t,0)ug



Proposition 3 Suppose sup ||V (t)|pn~ is small enough.
t

Every weak solution with (SEI) enjoys
(1 + O)™u®)]72

t _
< |luollF2 + C [ (1 + )" YT (r, 0)uo| 72 dr

t n T —1 2-0
+C [A+n ([ 97l ds)  dr



