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]
Phases

The fluid has three phases.

bt b Sk (gas)
Multiphase Flows Bk (liquid)

B (solid)

&% Z#85% (solid-liquid
two-phase flow)

[E 5 — 48 5i(gas-solid
two-phase flow)

=#ik(three phase
- flow)
& — #B R (liquid-liquid
two-phase flow)
S = tH 7t (gas-liquid
two-phase flow)
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.
Navier-Stokes-Fourier equations

@ Balance of Mass
Orp + div (pu) =0

@ Balance of Momentum
O¢(pu) + div (pu @ u) —div T = pf

@ Balance of Energy
Oe(5lul? + pe) + div {(§|u]* + pe)u} — div (Tu) + divg = pf - u + pr

p: mass field, u = (u1,. .., uy): velocity field, 7: pressure field,
0: absolute temperature field, e: internal energy, n: entropy, T: stress tensor,
q: heat flux

the i-th component of u @ u = ZN

j=1 Uilj,

f: external force, r: heat source
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N —
Interface condition

@ . : region occupied by a gas, Q_: region occupied by a liquid

@ 0Q, = 0Q_ =T: its common boundary, RV =Q, uQ_UT.

the time evolution 'y, Q4 are given by

rt:{X:QD(f,t)‘é'Gr}, Qti:{XZ@(gat)|§€Qi}’ t>0.

(A) L fon f(x,t) dx = [ Oef dx+ [ [[F]]v - nr dT.
o v =20,

@ nr is the unit outer normal to I'; pointing from Q. to Q_,,

[([f1] = (fla., — fla_.)|r,: the jump quantity of f accross the '
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N —
Interface condition

@ Following the argument due to Jan Priiss and Yukihito Suzuki
e % fRN pdx =0 + Balance of Mass + (A) =

d

— pdx:—/ div(pu)dx+/[[p]]v-nrdr
dt RN RN I

e A O B

[[p(u=v)]] -nr =0 (1)
= j=pi(uy —v) -nr = p_(u_ —v)-nr: phase flux,
@ j#0and [[p]] #0 = j =[[u]] - nr/[[1/p]] : with phase transition.

@ j =0 : without phase transition = [[u]] - nf = 0.
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N —
Interface condition

% f]RN pudx = fRN pf dx + Balance of Momentum + (A) =
[[pu ® (u - V) - T]]I"Ir = div rTr. (2)

@ Tr: stress tensor on . Assume that div rTr = oHrnr (the surface tension
only acts on ;)

@ o : positive constant (the coefficient of the surface tension)

Hr: double mean curvature of ;.

(2) + phase flux j = j[[u]] — [[Tnr]] = oHrnr.

@ Thus, we have

p(Osu+u-Vu) —DivT = pf (x e RV\T,),
[lu]j = [[Tnr]] = oHrnr (x € Ty)
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N —
Interface condition

o L(L fan(plul® + pe) dx + a[Te]) = fou pf + pr dx
+ Balance of Energy + (A) =

[(5lul? + pe)(u—v) —Tu+ al] -nr = oHenr -v.
@ Using Balance of Mass, (3) and j, we have
p(Ore +u-Ve)+divg—T:Vu=pr (xc RV\T)),

1 1 (4)
([[el] + [[5 = vI"Dj = [[(u = v) - Tar]]l + [[a - nr]] = 0 (x € ).
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N —
Constitutive Laws in the Phases

e T=S—nl,S=2uD+ (A—p)(divv)l, D = 1(Vu+ "Vu) (Newton’s law)
p=pu(0,p) >0, A= A(0,p), A+ 2 p>0.

@ g =: —dV# (Fourier's law) d = d(6, p) > 0.
® de=0dn+ %dp (the first law of the thermodynamics)
@ 1 := e — On: Helmholtz free energy =—> dyp = p%dp —ndf =
__ %
00"
@ x: specific heat at constant volume
8e 21/1
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|
Entropy Production

@ the first law of the thermodynamics =
p(Ore +u-Ve) = 0[0:(pn) + div (pnu)] — ndivu + (4) =

1
O(pn) + div (pnu) = a[wdivu —divg+T:Vu+pr].

° %fRandXZO:

d _ V6> | 2uD]* | (A= p)(divu)?
dt RNp”dX_/RN{d e Tt 9 } ox

—l—/RNprdx—i—/r[[pn(u—v)—l—g]]-nrdrzo.

o [0l =0+ [[on(u—v)+ 9] -nr=0=
J[07]] — [[dOn0]] = O (Stefan Low)

® j=0 = [[ddn0]] =0.
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-
generlized Gibbs-Thomson law

@ Stefan Law + the second eq of (4) (the energy balance) + ¢ = e — 0y +
[[6]] =0+ [[u']] =0 (v = u— (u-nr)nr : the tangent component of u =

) +ﬁn§]] - [[%nr Te)) =o.

o j#0 = [[¥]] +j2[[ﬁ]] — [[%nr - Tnr]] = 0 (generalized Gibbs-Thomson
law).

@ de = kdf+ g—de + Newton's Law + Fourier's Law + the balance of energy
—

pr(0:04+u-V8)—div (d V) —[2p|D|*+(A—p)(div v)2]+(7r—p2g—;)div u=pr.
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|
Equations, j # 0, with phase transition

p+(Oruy +uy - Vuy) = Div Ty =0, 9epy +div(pruy) =0,
p+f€+(8t9+ =+ u, - V9+) — V(d+V9+)

) 5 Oeg .
— (2u D4+ (A — p)(divuy ) + (my — pi o S)divuy =0 in Qe

pe—(Opu_+u_ -Vu_)=DivT_ =0, divu_ =0,
Kk (0:0_ +u_-VO_)—div(d_VO_)—2u_|D_>=0 inQ,,

[[%]]f"r ~[(Toe]l = oHrnr, [[u]] = [[%]]j"n
041l ~ [l = 0. (1] =0,
01+ (5512 = (e Tl =0, Ve =v-nr = [fpu-nel}/[[A] on T
(Ut 1505 ) =0 = (U0, puy + pots Ouy +001) in RY = {xy > 0}

— ; N _
(U,,ef)ltzo = (UO,,H*, + 90,) in RY = {X/V < 0}
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-
Equations

@ p.4, 0.1 are reference densities and temperatures, respectively.

(] T+ = ,LL+D+ —+ ()\+ — ,LL+)C11V u+| — 7T+|, Tf = Mfo — T_

® ryp =ri(p,0) >0, py = pi(p,0) >0, Ay = Ay (p,0) >0,
dy =di(p,0) >0, e =ey(p,0): C> functions defined on p € (0, 00) and
6 € (0, 00).

o m = P(p,0), 0P/0p > 0, C* function defined on p € (0, c0) and
6 € (0, 00).

k—=k_(0) >0, d_ =d_(0) > 0: C™ functions defined on 6 € (0, ).

ne =n(p,0), v = (p,8): C> functions defined on p € (0,00) and
6 € (0, 00).

n— =n_(0), Y— = _(#): C> function defined on 6 € (0, 0).
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|
Equations, j = 0, without phase transition

p+(Owuy +uy - Vuy) —DivTy =0, Oepy +div(ppuy) =0,
p+l-£+((9t9+ + u, - V@_,.) — V(d+V9+)

. ey | .. .
— uy|DL? + (A — p)(divuy)?) + (my — pia—;)dlv u, =0 in Qy,

pe—(Opu_+u_ -Vu_)=DivT_ =0, divu_ =0,
peti(00_ +u_-VO_)—div(d_VO_)—2u_|[D_?=0 inQ,_,
([Tor]] = —oHrar,  [[u]] =0,

00
[[daTr]] =0, [[0=0,

Vi=u-nr onl;.

(up, p1,04)e=0 = (Uoy, puy + pots Our + 004) in RY = {xn > 0}
(u_,0_)|t:0 = (Uo_,o*_ + 00_) in RIX = {XN < 0}
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-
reduction of the problem

@ Assume that the reference temperatures 6, satisfy the equation:

P(psxt, 0. o
0e(0) = v-(0.) = (PPt Teny

with some constant m._.
@ We consider the problem nearly flat interface represented by a graph over
RN-1 .
Me={xeR" | xy=h(x',t) for X' = (x1,...,xn_1) € RV"T and t > 0},
Qex = {x e RN | £(xy — h(x', t)) > 0 for x' € RV~ and t > 0}.

o H(x,t) sol. to (1— AYH =0in RN, Hlx,_o = h(x, t).
@ H.(x,t)=H(x,exn,t), 1 + %XNHE > 1/2 with some small ¢ > 0.

o x s 1) = (w1 Ha(x, 1) =
Fe={y=p(x0,t)| x € RN"1}, Q;p = {y = o(x,t) | £xn > 0}.
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-
reduction of the problem

o nr=(V'h,—1)/\/[VAE+1, V'h=(dih,...,0n_1h)
(] Vr:atsﬁ'nr:_atH// |V,H|2+1

o _ 0 _ _H 8 o _ 8 _ _H o — =9
° ot — Ot 1+Hy Oxn' Oy; — Ox; 1+HN8xN'HO_8tH5' HJ_aij'

0 div,a=0<+=
diva+ 0 {52 (Hnar) — o (Heag)} = diva+ 30 (Hy — Hi) 92 = o.

Oepy +div (pyuy) =0 = Oipy +div(pyiiy) +py G =0in RV

@ i, = (@i41,...,Uyn): Lions extension of uy(x,t) to RN for each t > 0.
G = i (0N i + Ho) + (OwH) B — S5 Hydjie )

S IV ()l @mds < € << 1= € = x(&, t) is diffeomorphism on
RN, where x is the solution to the Cauchy problem:

d
Ex(fa t) =t(x,t), x(£0)=¢ e RV,
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o J(& t) :=det 55, DeJ(&,t) = (diviay )(x(§, 1), 1) J(E, 8).

® Oi(p4(x(&t), 1) (&, 1) = (Oeps + div (p4 4 )(x(E, 1), 1) (€, t) =
—(p+(x(&, 1), £)J(&, ) G(x(&, 1), t)

O p(x(6:£).6) = (puy + p(E)(e, &) Telk (a9 o

0 0,J(¢, 1) = (div )(X(E ), DI 1) — J(E,1) — eilvinltes))as,

° (57 )(5 §)+ fo 0, (x(&,s),5)ds = & = £(x,t) : the inverse map of

pe(x, 1) = (pus + p(E))J(E, t)—lefJ(G(x(s,s)-s)—(divﬁ+)(x(£,s),s)) B et

@ Insert this formula into the equations.
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-
Final form of the equations, j # 0, with phase transition

p+3tu+ — Div S+ = f+ in Rﬁ X (O, T),

p_Ou_ —DivS_ =f_, divu_ = f_ =divfy_ in RN x (0, T),

[[Sn]] + o(A’h)n=g, [[W]]=0, [[pIn-Sn]]= g, on RY x (0, T),

_ _ - _ N

O:h <p+ - Uin = UfN) gn+1 on Ry’ x (0, T),
(5)

K+8t9+ — d+A9+ = f-,—+ in RQ’ X (0, T),

ko0 —d DO =f,_  inRYx(0,T), (6)

[(0]] =0, [[dowd]l=g,  onRg x(0,T),

(us,04)|e—0 = (Uox,00x) inRY, hl_o=hy inR{, (7)

when j # 0.

o RY = {x e RV [ £xy > 0}, RY = {x € RV | xy = 0},
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|
Final form of the equations, j = 0, without phase transition

p+3tu+ — Div S+ = f+ in RQ’ X (0, 7_)7
p_Owu_ —DivS_ =f_, divu_ = fh_ =divf_ in RN x (0, T), ®)
[[Sn]] + o(A’h)n =g, [[u]] =0, on RY x (0, T),

8th —Uyn = 8N+1 on R(I)V X (07 T)7
Iﬁ}+6t6+ — d+A9+ = f-,—+ in RQ’ X (07 T),

K_Of_ —d_AO_ = f_ in RY x (0, T), (9)
[[9]] =0, [[dond]] =0 on R(’)\’ x (0, T),

(us,04))t=0 = (Uox,00+) inRY,  hl—g=ho inRY, (10)

when j = 0.
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.
Local Wellposedness

Q@ P4 = Pu+, d+ = d+(9*+7p*+) > O, d_ = d_(9*_) > 0.
S+ =A:D(uy) + (A — p)(divu )l S = p_D(u_) — 71
fro = pi(Oits pit) > 0, Ay = Ay (O, pis) >0, p = p(6-) > 0.

Ky = P*+H+(9*+,P*+)r K- = P*JL(G**)-

@ The maximal L,-L, regularity result for the linearized equations yields that
for given time T there exists a small number € such that initial data satisfy
the compatibility condition and smallness condition:

160-+ 1| g2t-1/0) ey y + W0 [| g2a-1700 gy + [P0+ [T wp ey + ol g3-1/0 gy < €
then, the local wellposedness holds in the following solution classes:

uivei € LP((O7 T)v Wg(Rﬁ)) N Wpl((o’ T)? Lq(Ri))a
i € WA(0. T), Lo(RM) 1 Ly((0, T). W2EY)).
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|
Introduction for the linear theory
Quasilinear Parabolic Equations:
ur—A()u=0, B(u)ulr=0, ult—o=uo
Maximal Regularity for the corresponding linearized equations:
u—AQu="f, BOu=g, uli=o=uo
with f = (A(u) — A(0))u and g = —(B(u) — B(0))u.
Maximal regularity

[utllo + [|AQ)ullo < C(llwoll + [Ifllo + llgll)-

@ Solonnikov: Potential estimate

Mucha - Zajaczkowski: Fourier multiplier theorem

Pruess..: H*® calculus

@ Shibata: R bounded solution operators
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Maximal Regularity for Model Prob. j # 0

pyOuy —DivS, =0 in RY x (0, T),
p_Ou_ —DivS_ =0, divu_ =0 in RN % (0, T),

[[Sn]] + o(A"h)n =g, [[w]] =0, [[%" -Sn]] =g on Ry x(0,T),

P+ P— N
O¢h — uyy — u_n | = on Ry x (0, T

t (p+ e +N o — p_ N) EN+1 0 *( )
(uiagi)|t:0 = (070)3 (11)

where n = (0,...,0,1).
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.
Generalized Resolvent Problem j #£ 0

@ Laplace transform with respect to t
°
p+/\u+ — DiVS+ =0 in R_,X,
p_Au_ —DivS_ =0, divu_ =0 in RV,
1
[Snl) + o(&'hn =g, W] =0. [[;n-Snl]=g on .

Ah — ( P+ uyrn — P U,N> = 8N+1 on R(I)V
P+ — P- P+ — P-

where n = (0,...,0,1).

@ Laplace inverse transform + Weis Operator Valued Fourier Multiplier
Theorem
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- |
Theorem
Letl<p,g<ooand 0 < T < oo. Let go,
g=(g1,---.8n) € Lp((0, T), Wg(RY)) n W((0, T), W (RY)),
gn+1 € Lp((0, T), W2(RN)) N W2((0, T), Lg(RN)). Assume that gi|e—o = O for

i=0,...,N+1. Then, problem (11) admits a unique solutions uy, 7_ and h
with

us € Lp((0, T), W(RY)) N Wi ((0, T), Ly(RY)), 7 € Ly((0, T), Wy (RY)),
he Ly((0, T), W2(RY)) n W}((0, T), W2(RY))

possessing the estimate:

[0ehll 1, (0,6, wzmy) + IV All 0,0, wany) + Ul (0.6), Loz )
+ 10eu£| 1, (0,6, wz(ryy) < Ce“(”(go,g)||L,,((o,t),W;(RN))

+ 110:(80, &)l (0,0, Wi (rvy) + l8n1ll (0,00, w2(mmy) + 028N+l L, ((0,0), La(RY)))

for any t € (0, T) with some positive constants C and 7.
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Generalized Resolvent Problem, j # 0

We consider the following two problems:

p+Aiup —DivS, =0

p_Au_ —DivS_ =0, divu_ =0

(S]] =g, (] =0, u%n-Snn .

p+)\u+ — Div S+ =0

p_Au_ —DivS_ =0, divu_

nl) = ~oa’h. [[w]] =0, [[_n-Sn] =0

1

AR (p+p—+p

Y.Shibata (Waseda)

N — U—N) = 8o

P+ — P-

Two phase problem

Junel7-18,2014
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N
Partial Fourier Transform of (13)

PV + pi|€Pvij — iy Dyvey — vii§(i€ - vi + Dyvin) = 0,
piAvin + iy € Pvin — py Dyvin — vy D (i€ - v + Dyvyn) = 0,
p-AV_j+ p_|€'Pv_j — uy Dyv_j + igm_ =0,
p-Avon + iy |€' v — py Djyv-n — Dym— =0,
i€ v 4+ Dyv_ny =0
py (Dnvij + i&vin) xw=04 — p—(Dnv_j + i§v_n)|xy=0— = 1,
(201 Dnvan + (v4 — pg ) (i€ - vy + Dnvien)) =0+

= (2u-Dnv_py — 7-)|xq=0— = i,

Vi jlxy=0+ — V—jlxy=0— =0
el !
2p4 Dyvin + (v — pg ) (i€ - Vi + Dnvan)
er XN:0+
2u_Dyv_y —7_
_ =f
p_ XNZO—
Two phase problem Junel7-18,2014



Solution formula

o vy y= Q+J(E*B+XN _ e*A+XN) + 5+Je*B+XN’

o v j=a_yeBwn M) B jeBow g = eAw

0 Ay = \/pi(py +v4) A+ A2, Be = \/papit + A2, A= [¢/].

Insert these formulas into the equations and we have

p (AL = B )ayj + (v4 +0)ig(i€' - oy — Arain) =0,

p (AL = BY)ayn — (v4 + )AL (i€ - oy — Arain) =0,

i§'-aly —ainBy +i€ - B — BBy =0,

p_ (A= B2)a_;j+igy- =0, p_(A*—B2)a_n+Ay_ =0,

i€ o +a_nyB_+i¢ B +p_NB.=0, i -a +Aa_n=0.
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i€ oy = 54 g (i€ By — BLBin), aun = 75— (i€ - B — By By),
ig' -l = gA5(i€ - B+ B_Bn), a-n = — 55 (i€ - 8. + B-B-n),
— —%(i{ Bl +B_B-n),  Byj= DB

,75. —

p4-((By = Ao+ By By — i€ Bn) — p—((B— — A)a—j+ BB +i;B-n)

—fn = 2u1((By — Ay)oen + BiBin) + (v4 — py)(—i€ - By + (By —
Ap)agn + Byfin) +2p-((B- — A)a_n + B_f_n) —7-

—fo = 2M((B+ — Aoy + By fin) + = (—iE ﬁ+ (B4
AQ)agn + BiBin) + 2=((B- — A)a_y + B_B-n)— 1=
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Lopatinski matrix

Lil +Ly
o L=|Lnt+Lly
Ly 4 Ly
P+ pP—
A (B2 —A?
° Lfl = K+ ;JrBi_Az
Lo=p-(B--A
Ly=p-(B-—A
i Bl
o L| fyn =
B-n
°

+ -
L}EA L1H,A
LA Ly

LA Ly

P+ P—

_ ARRA. B, —A*—B?

), n=n-(A+B-), L =py ( ABA =3
AL (By—A A2 A2

), Ly = ALp A2 — (v — ) e )

B, (A2 —A% _
) L= (s +v) 555 Ly =0 (A+B)B_.

—ig - f
—Afy

ig B =N tigBoy, g f = igh
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Estimate of Lopatinski determinant

@ We prove
|det L] > c(|A\[Y2 + A)® forany A € . and & € RV"1\ {0},

where £, = {A € C\ {0} | |arg \| <7 — €} (0 < e < 7/2).

@ We analyze the following three cases:
Case 1. Ri|\|Y/? < |¢/| with some large Ry > 0, Case 2: Ry|¢'| < |A[Y/2,
Case 3: R7ME| < IMY2 < Ro¢/).

@ Incase 3, we set A = A/(JNY2+[¢')2 and & = &/(|\[Y/? + |¢']). Then, we
have det L = (|A|Y/2 + |¢/|)° det L.

@ In case 3, we use the uniqueness of solutions to the ordinary differential
equations to prove that det L # 0.
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N
Partial Fourier Transform of (14)

P+AVLj + M+|§/|2V+j - M+D/2\/V+j —v4ig(i€" - vl + Dyvin) = 0,
prAvin + pp €' Pvin — py Djvan — v Dn(i€' - v + Dyvin) =0,
p-Av_j+ pu_|€'Pv_j — py Dyv_j + i§m_ =0,

p- Ao+ pyl€Pvon — py Djvon — Dy =0,

i€ v 4+ Dyveny =0

fi+-(Dnvij + i&vin) =0+ — #—(Dnv—j + i§v_n)|=0— = O,

(2414 Dnvin + (4 — s ) (i€ - Vo + Dnvin)) =0+

— (2u_Dyvy — 7 )|xy—o— = —0A%h (g = —0A'h = fy = 0 A%h),
Vijla=o0+ = Vojlw=0- =0
2us Dyvin + (v — pg ) (i€ - er + Dnvin) B 2u_Dyv_y —m_ —0
P+ xv=0+ p— w=0—
P P+ p—
)\h—(iv Nxy=0 _7V7Nx:07):fN 1 17
p+_p_+|l\1 + 04— p ‘N + ( )

Y.Shibata (Waseda) Two phase problem
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ig" - L 0 L11 Lo Li3
o L| Bin |=[-0Mh|. L= | L Lo L
B-n 0 L31 L3 L33

@ Vin|g=ot = By = _Jde22 A3h V_oN|xy=0_ = B_ = _Jdesz A3h

A A . _ 3 ~
M oKh = fygq with K = Efaoes o o o 3oy

We prove that there exist positive constants ¢y and A such that

AN+ 0oK| > a(|]A| +A)  forany A€ X, and & € RN\ {0},

where Xy, ={A € C||arg\| <7 —¢ |A] > X} (0<e<7/2).

We analyze the following three cases:

Case 1: Ry|A\|Y/2 < |¢'| with some large Ry > 0,

Case 2: Ry|¢'| < |AY2 for A € X, 5, with large Ry and g > 0.

Case 3: Ry ME'| < |AY? < Ry|¢’| and A € X, 5, with large \g > 0.
A+ o] > (A2 + A) X = M)A+ A) = o M2 (1A + A) >
ci(JA| + A) when || is large enough.
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.
Generalized Resolvent Problem, j =0

We consider the following two problems:
p+)\u+ — Div S+ =0
p_Au_—DivS_ =0, divu_ =0
[(Sn]]l = &, [[ul] =0,

prAup —DivS, =0

p—Au_ —DivS_ =0, divu_ =0
[ISnl] = —o&'h, [ful] = O,
Ah—upny = g
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N
Partial Fourier Transform of (18)

PV + i |€Pvij — iy Dyvi — v i&(i€ - vi + Dyvin) = 0,
paAvin + i€ Pvin — pa Dyvien — vy D (i€’ - V. + Dyvan) =0,
P+ pu_|€'Pvj — pyD3v_; +igm_ =0,
p-Av_n + pi|€'Pvon — py Dyv_n — Dym— =0,
i€ v 4+ Dyv_y =0 (20)
p+ (D vy + i&vin) w=o+ — p—(Dnv—j + i§v-n)|xw=0- = f,
(244 Dnvien + (v — pi ) (i€ - Vi + Dvvien)) =0+
— (2u_Dnv_n — 7_)|xy=0— = fn,
Vijlxw=0+ = V_jly=0— =0
Vin|xy=0+ — V=n|xy=0— — 0 (21)
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Solution formula

o vy y= Q+J(E*B+XN _ e*A+XN) + 5+Je*B+XN’

o v j=a_yeBwn M) B jeBow g = eAw

0 Ay = \/pi(py +v4) A+ A2, Be = \/papit + A2, A= [¢/].

Insert these formulas into the equations and we have

p (AL = B )ayj + (v4 +0)ig(i€' - oy — Arain) =0,

p (AL = BY)ayn — (v4 + )AL (i€ - oy — Arain) =0,

i§'-aly —ainBy +i€ - B — BBy =0,

p_ (A= B2)a_;j+igy- =0, p_(A*—B2)a_n+Ay_ =0,

i€ o +a_nyB_+i¢ B +p_NB.=0, i -a +Aa_n=0.
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i§ ol — ﬁz_;\z(if/ Bl = Byfin), aun =
(ig- B +B_p_pn) an =

= W) (e 3 LB B ), Bii=Bj Bin=0-n

ifl e B,A—A

v
—f =

b (i€ - B, — BiBy),

— 550 - B+ B_B_p),

p((By —Ap)ayj+ By By —i§iBin) — p—((B- —A)a—j+ B_B_j+i;B_n)

—fv = 2p4 ((B+ — Ap)agn + BiBin) + (v — pi)(—i€' - B + (Bt —
Ap)agpn + Byfin) +2p-((B- — AJay + B-S_n) — 7-,

Y.Shibata (Waseda)

Two phase problem

Junel7-18,2014 35 /39



.
Lopatinski matrix

L +Ly LLA+ L,

A (B2—A? _ ARRA B, —A*—B?
Lﬁ:/“r%v n=Hn-(A+B-), szzlhrwy

_ — A2 — A2
Lp=p-(B-—A) Ly = AQ/H% — (s =)z 5z}

_ B, (A2 —A% _
Loy =p(B- — A), L3 = (s +v) 5522 Ly = u_(A+B_)B_.

7))
B-n —Afy

i Bl =0 igB, ig - L= igh

- (Lﬁ +Ly (Lh+ L1_2)A>
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Estimate of Lopatinski determinant

@ We prove
|detL| > c(|A\[Y2 + A)®  forany A € . and & € RV"1\ {0},

where £, = {A € C\ {0} | |arg \| <7 — €} (0 < e < 7/2).

@ We analyze the following three cases:
Case 1. Ri|\|Y/? < |¢/| with some large Ry > 0, Case 2: Ry|¢'| < |A[Y/2,
Case 3: R7ME| < IMY2 < Ro¢/).

@ Incase 3, we set A = A/(JNY2+[¢')2 and & = &/(|\[Y/? + |¢']). Then, we
have det L = (|A|Y/2 + |¢/|)3 det L.

@ In case 3, we use the uniqueness of solutions to the ordinary differential
equations to prove that det L # 0.
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N
Partial Fourier Transform of (19)

PV + i€ Pvij — g Djyvyj — vii& (i€ vi + Dyvyn) = 0,
prdvin + pi €' Pvin — py Djvin — v D (i€’ - v + Dyvin) =0,
p-Av_j+ p_|€'Pv_j — uy Dyv_j + igm_ =0,

p-Av_n+ pi|€Pvon — py Dyv_n — Dy =0,

i€ v 4+ Dyveny =0

p (Dnvaj + i&van) xy=0+ — ti—(Dnv—j + i&v_n)|xy=0— = 0,
(2p1 Dnvin + (v4 — i )(i€ - v + Dnvien))=o+

— (2u_Dyvoy — T )|xy—o— = —0A%h (gny = —0A'h = fy = 0 A%h),
V+j|><lv:0+ - V—j‘XN:O— =0
VN =0+ = V-N|xy=0— =0
~ p+ —
)\h—<7v N|xw=0 77V7Nx:07):fN 1 22
p+_p_+|N + 04 — p_ |N + ( )

Y.Shibata (Waseda) Two phase problem Junel7-18,2014 38 /39



& Bl _ 0 1 _ 1 L11 L2
° L( B-n ) B (—0A3f7 T aEt L Ln)
@ Vin|xy=0+ =By =B-n= _‘TclléfZLA3/A7

o Al/:)+0'Ki7: fN+]_ with ’{:O'Ldzeztl?_3 — E: ﬁfN+1

We prove that there exist positive constants ¢y and A such that
A+ oK| > q(|]A| +A)  forany A€ T, and ¢ € RN\ {0},

where .y, ={A € C||arg\| <7 —¢ |A] > X} (0<e<7/2).

We analyze the following three cases:

Case 1: Ry|A\|Y/? < |¢'| with some large Ry > 0,

Case 2: Ry|¢'| < |AY/2 for A € X, 5, with large \g > 0.

Case 3: R7HE'| < |AY? < Ry|¢’| and A € X, 5, with large Ao > 0.
A+ aK| > (A2 + A) X = M)A+ A) = o AM2(IA? + A) =
c1(|A| + A) when |A] is large enough.
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