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ABSTRACT. The goal of this short course is to review the analysis and the systematic dis-
cretization of saddlepoint systems that arise in the weak formulation of certain fluid flow
problems by Galekrin methods. To demonstrate the applicability of the main arguments
in various situations, we consider the slow flow of water through a channel surrounded by
a porous aquiver. While the free flow of the fluid may be described by the Stokes system,
the flow of the water through the confining porous medium is governed by the Darcy
equations. The coupling of these two rather different fluid flow models is accomplished
by the interface conditions of Beavers, Joseph, and Saffmann. We establish the well-
posedness of this interface problem in the framework of mixed variational problems by
verifying the assumptions of Brezzi’s splitting theorem. Based on the proper variational
setting, we then discuss the Galerkin discretization for the Darcy and Stokes problem.
The discretizations are analyzed with the same arguments as the continuous problem,
and we will highlight the importance of discrete stability conditions for the construction
of reliable schemes. In particular, we will illustrate by explicit examples, that a straight
forward discretization will in general not lead to stable numerical schemes. Based on
appropriate discretization strategies for the Darcy and Stokes problems, we then pro-
pose a combined finite element method which yields quasi-optimal approximations for
the coupled Darcy-Stokes flow problem.

1. INTRODUCTION

1.1. The model problem. We consider the flow of an incompressible viscous fluid
through a bounded Lipschitz domain Q@ C R d = 2 or 3, which is separated by an
interface [I'gp into two parts 2g and €2p. In the subdomain g, the fluid can propagate
freely and the steady flow is governed by the Stokes equations

—vAug + Vpg = fs, in Qg, (1a)
diVllS = 0, in Qs, (lb)
Ug = 0, on FS- <1C)

Here ug denotes the velocity field, pg the pressure, and fs is the density of external forces.
The viscosity v is assumed to be a positive constant. For ease of presentation, we use
homogeneous Dirichlet boundary conditions at the outer boundary I's = 02 \ I'sp, but
the incorporation of more general boundary conditions is straight forward.

The second subdomain §2p is assumed to be covered by a porous medium and the flow
is described by the Darcy equations

pup + Vpp =0, in Qp, (2a)
diVllD = dJp, n QD, (2b)
np-up =0, on I'p. (3b)
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As before, up and pp denote the fluid velocity and pressure and np is the normal vector
pointing to the outside of Qp. The constant p = k! is the inverse of the hydraulic
permeability of the porous medium, and the function gp represents the density of sources
and sinks. Homogeneous boundary conditions are again presecribed at the outer part of
the boundary I'p = 0Qp \ I'sp for simplicity.

The coupling of the flow velocity and the pressure field over the interace ['gp is described
by the following set of conditions

ng - Ug = Ng - Up, on I'sp, (3a)

ng - (—vo,ug + psng) = pp, on I'gp, (3b)

ng X (—vod,ug) = vp?ng x ug, on Igp. (3c)

Here ng = —np denotes the normal vector at the interface I'sp pointing to the outside

of Qg. The first condition expresses the mass conservation due to incompressibility of the
fluid, and the second models the equilibrium of normal forces at the interface. The mo-
mentum balance is completed by the third equation, which relates the tangential forces to
the tangential velocity. The interface condition (3c) has been first derived experimentally
in a slightly different form by Beavers and Joseph [2], and then simplified and justified
theoretically by Saffman [23]. A rigorous mathematical justification for the complete
model (1a)—(3c) via homogenization was given by Jéger and Mikelic [18].

1.2. A variational characterization. Let (u,p) be a smooth solution to the cou-
pled Darcy-Stokes problem, i.e., such that the restrictions us = ulq,, ps = plas and
up = ulg,, pp = pla, solve (la)—(1c) and (2a)—(2c), respectively, and also satisfy (3a)—
(3¢). Multiplying (1a) by a smooth test function vg, integrating over g, and employing
integration-by-parts, we get
(fs,vs)as = (—vAugs + Vps, vs)ag
= (vVugs, Vvg)ag — (ps, divvs)ag + (—v0,us + psns, Vs)aas-

By testing the (2a) with a smooth function vp, we obtain in a similar manner
(f,vp)ap, = (pup + Vpp,vp)a,
= (pup, vp)a, — (pp,divvp)a, + (Ponp, Vp)oa,-

The boundary terms can be simplified by utilizing the interface conditions (3b)—(3c) and
by imposing appropriate boundary and interface conditions on the test function vg and
vp. Let us therefore assume that vg = v|q, and vp = v|q, are the restriction a function
v defined on €2, which is smooth on the two sub-domains, and additionally satisfies

vg=0 on g, np-vp=0 onIp, and ng-vg=mng-vp on gp. (4)

Note that the conditions in (4) corresponds to the boundary conditions (1¢) and (2¢), and
to the interface condition (3a). The sum of the two bundary terms then reads
(—vOnus + psns, Vs)oas + (Pphp, VD)o,
= (—v0uus + pshs, Vs)rsp — (PpNs, VD)Tgp
= (ng - (—vdyus + psns — pp, Ns - Vs)ry, + (s X (—rdyus), ng X Vg)rg),
= ('ypl/2n5 X Ug,Ng X Vg)rgp-

For the last transformation, we used the interface conditions (3b) and (3c), and in the line
before, we employed to normal continuity of v across the interface. We thuse observe that
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any piecewise smooth solution of the coupled Darcy-Stokes problem (1a)-(3c) satisfies
v(Vu, Vv)as + p(u, v)a, + 72 (ng x ug,ng X ve)re, — (p,divv)q = (f,v)a,  (5a)

The first equation holds for any piecewise smooth test function v that satisfies the bound-
ary and interface conditions given in (4), and the second in this variational prinicple, which
was added to give a complete characterization, is valid for any sufficiently integrable test
function q.

1.3. Weak formulation. The equations (5a)—(5b) can be written in compact form as

a(u,v) + b(p,v) = U(v), (6a)
b(u, q) = j(v), (6b)
with bilinear forms defined by
a(u, V) = (z/Vu, VV)QS + (pu, V)QD + <’Y,01/21’13 X Ug,Nng X VS>FSD? (6C)
b(v,q) = —(q,divv)q, (6d)
and linear forms given by
l(V) = (fvv)Q and ](q) = _<gv Q)Q (66)

For simplicity, we extended f and g by zero to the whole domain. The bilinear and linear
forms are well-defined for functions

u,v € H(div;Q) with ulgg, v]a. € H'(Qs)? and p,q € L*(Q).

The Hilbert space
H(div;Q) = {v € L*(Q)* : divv € L*(Q)} (7)

of vector fields with square integrable divergence will play a major role in our considera-
tions and is equipped with the graph norm [|ul|3; .00 = [[ullZ2(q) + ldivul|Z2q,. Incor-
poriating the boundary and interface conditions, and the usual scaling condition fQ p=20
in order to guarantee uniqueness of the pressure, we obtain the following function spaces

V={veH(div;Q) :v|g, € H(Qs)", u=0o0nTg, n-vp=0onIp}, (8a)
Q= {0 2%@): [ ads =0} (sb)
Q

which can be considered to be the natural choice for the problem under investigation.
Summarizing we arrive at the following weak formulation

Problem 1. Let f € L*(Q)? and g € L*(Q) with [,gdz = 0. Findu €V and p € Q,
such that (6a)-(6b) holds for allv € V and q € Q.

The scaling condition on the function ¢ is required to ensure the existence of solutions.
Using the theory of mixed variational problems, we will be able to establish the well-
posedness of this weak formulation for the Darcy-Stokes problem.

Theorem 2. Problem 1 has a unique solution, and
lull zaiv.e) + [ulogsllai@s) + 1Pllz2) < CUIEl L2 + l9llz2@)-

A complete proof of this result will be given at the end of the next section.
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1.4. Plan for the rest of the lecture. In Section 2, we review the basic existence and
ungiqueness results about mixed variational problems of the form (6a)—(6b). In particular,
we present an extension of the Lax-Milgram lemma due to Brezzi [5], which is suitable
for the analysis of problems of this form. Sufficient conditions on the bilinear forms a
and b for the well-posedness of the mixed problems will be discussed, and their necessity
for many relevant cases will be highlighted. Based on the abstract framework, we then
present short proofs for the existence and uniqueness of weak solutions to the Stokes, the
Darcy, and the coupled Darcy-Stokes problem.

In Section 3, we then discuss the systematic approximation of mixed variational prob-
lems (6a)-(6b) by Galerkin methods. We recall the abstract stability and error estimates,
and highlight the importance of two discrete stability conditions, which are sufficient and
in many cases also necessary for a stable discretization. As a preparation for the last
section, some basic results about piecewise polynomial approximations are recalled.

Section 4 is then devoted to the stable discretization of the flow problems under consid-
eration by appropriate finite element methods. We first discuss the discretization of the
Stokes problem and illustrate that not every approximation, that might seem reasonable
at first sight, yields a stable discretization. We then investigate finite element methods
for the Darcy problem, and again highlight that seemingly reasonable discretization may
fail in practice. In both cases, standard choices of approximation spaces may lead to
instability and possible non- or suboptimal convergence. For both problems, stable finite
element approximations will be discussed as well. These can finally be combined to a
valid and convergence discretization for the coupled Darcy-Stokes problem (1)-(3).

2. MIXED VARIATIONAL PROBLEMS

Let V and @ be separable Hilbert spaces, a: V xV — R and b:V x () — R be given
bilinear forms, and f: V — R and j : @ — R be some prescribed linear functionals. We
consider mixed variational problems of the following abstract form:

Problem 3. Find u € V and p € QQ such that

a(u,v) + b(p,v) = l(v), for allv eV, (9a)
b(u,q) = j(v), for all g € Q. (9b)
This problem is equivalent to the system of operator equations
Au+B'p=1 iV’ (10a)
Bu=j in Q', (10b)

where A:V = V', B:V — @', and B’ : Q — V' are linear operators associated to the
bilinear forms a: V XV — Rand b: V x Q — R by

(Au,v)yrvy = a(u,v) and  (Bu,q)gxg = b(v,q) = (u, B'q)vxv.
Here V', ) denote the dual spaces of V and @, and (-, )y« is the duality product on
V' x V. The operator B’ is called the adjoint operator of B. The kernel
N(B)=ker(B)={veV:Bv=0}={veV:bv,q) =0V e Q} (11)

of the operator B will play an important role in the subsequent analysis.
If the bilinear form a is symmetric and non-negative, then the problem (9a)—(9b) is the
first order optimality system for the constrained minimization problem

szlei\l/l sa(u,u) —1(u), such that Bu = j.
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In fact, the solution of (9a)—(9b) characterizes the saddlepoint of the Lagrangian

[’(u7p> = %a(ua u) - l(u) + b(uap) - ](p)a
which uniquely decribes the solution of the constrained minimization problem, if the
variational problem (9a)—(9c) is uniquely solvable. For this reason, problems of the form
(9a)—(9b) are usually called saddlepoint problems.

2.1. Brezzi’s theorem. The well-posedness of the mixed variational problem (9a)—(9b)
and of the system (10a)—(10b) is guaranteed by the following result due to Franco Brezzi [5].

Theorem 4 (Brezzi’s splitting theorem).
Assume that the bilinear forms a and b are continuous, i.e., that

(a1) a(u,v) < Collul|lv||v|v for all u,v € V, (continuity of a)

(b1) b(u,q) < Cyllullvllgllv for alluw eV and q € Q, (continuity of b)
with some C,, Cy, > 0, and that for some a, 3 > 0 there holds

(a2) a(ug,ug) > a|lugl||? for all ug € N(B), (kernel ellipticity)

(b2) sup,cy b(u, q)/||ullv > Bllqllo for all g € Q. (inf-sup stability)

Then for any data |l € V' and j € Q)', Problem 2 has a unique solution, and

[ullv + lplle < CUlUv +1lille),
with C depending only on the constants «, B, C, of the conditions (al)-(b2).

Before we present the proof of this result, let us collect some remarks on the meaning of
the conditions and their necessity for the well-posedness in many situations.

2.2. Discussion of the conditions. The continuity conditions (al) and (b1) ensure that
A: V>V  B:V =@, and B’ : Q — V' are bounded linear operators. The stability
conditions (a2) and (b2), on the other hand, imply that the combined operator

L:VxQ—V xq, L(u,p) = (Au+ B'p, Bu)

is boundedly invertible. Together the four conditions of Brezzi’s theorem thus guarantee
that the combined operator L is an isomorphism between the solution and the data space.

Let us now discuss in bit more detail the two stability conditions: The condition (a2)
ensures that the operator A is invertible on the kernel N(B), which could also be guaran-
teed under more general conditions on a. Provided that a is symmetric and non-negative,
which is the case for the problems under consideration, the condition (a2) is however
necessary to guarantee invertibility of A on N(B). Condition (b2) can also be written as

o b(u,
(b2) inf,eq sup,ey Hu\l(vH(iI)HQ 2 B,

which explains the name inf-sup condition. For many problem including those under
consideration, the conditions of Brezzi’s theorem can be shown to be not only sufficient
but even necessary for the well-posedness.

The conditions (b1) and (b2) on the bilinearform b imply some properties of the oper-
ators B and B’, which we summarize for later reference.

Lemma 5. Let (b1) and (b2) hold. Then

(i) B :V — Q' is surjective, i.e., for any j € Q' there exists a unique solution u; € N(B)*
such that Buy = j. Moreover, ||u|yv < %||j||Q/.

(i1) B': Q — V' is injective with closed range, and for any

le N(BY ={le V' :(l,u)yxy =0 Vv, € N(B)} = R(B),
there exists a unique solution p to B'p =1 and ||p|lq < %||l~||vf
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Remark on the proof: The inf-sup condition implies that B’ is injective and has closed
range. The assertions then follow by appropriate restriction of the operators and duality.

2.3. Proof of Brezzi’s theorem. We are now in the position to present a short proof
of Brezzi’s theorem. The proof is constructive and follows in three steps:

STEP 1: By Lemma 5(i), there exists u; € N(B) such that Buy = j and [Jui]lv < g]l;lle-
STEP 2: In order to satisfy (9b) respectively (10b), we have to find the solution u in the
form u = uy + u; with up € N(B). We test (9a) with v = vy € N(B) to get

l(vo) = a(ug + u1, vo) + b(vg, p) = alug, vo) + alus, vo),

where we employed that b(vg,p) = (Bvg,p)grxg = 0 since vg € N(B). By the Lax-
Milgram lemma and the conditions (al) and (a2), the problem

a(ug, vo) = l(vg) — ay(u1,vo) =: l(vp) for all vy € N(B),

has a unique solution ug € N(B) and [luollv < ||y < Z(|[{lv: + Callur]lv). Summa-
rizing, we have obtained u = wuy + u; satisfying (9a) and (9b) for all v = vy € N(B). It
remains to define p such that (9a) holds for all v € V.

STEP 3: By rearranging (10a), we get the condition
Bp=1—Au=:1.

By construction of u in Step 1 and 2, we have (I, vo)v/xy = l(vo) — a(u,v5) = 0 for all
vg € N(B), i.e., [ e N(B)°. Hence by Lemma 5(ii), there exists a unique solution p € Q
for this problem and there holds ||p|lg < %HZNHVI < %(HZHV’ + Cylullv)-

This complete the proof of existence; uniqueness and the estimates are left as an exercise.

2.4. Application to model problems. We now illustrate the application of Brezzi’s
theorem by establishing well-posedness for the flow problems considered in Section 1.

2.4.1. Stokes flow. Let us consider the Stokes problem

—vAu+ Vp =1, in €, (12a)
diva = 0, in €, (12b)
u=0, on 02, (12¢)

which arises from the problem of Section 1 as a special case by setting Qp = {}. The
weak formulation leads to a mixed variational problem of the form (9a)—(9b) with spaces
V = Hi()* = {v e H(Q)? : vjso = 0} and Q = L§(Q) = {¢ € L*(?) : [,q = 0},
with bilinear forms a(u,v) = v(Vu,Vv)q and b(v,q) = —(divu, q)q, and with linear
functionals I(v) = (f,v)q and j(q) = 0. The linear forms can easily be shown to be
continuous, and by the Cauchy-Schwarz inequality, we have a(u,v) = v(Vu,Vv)g <
vl [Vl @ and b(u,g) = —(diviqle < |divalalalle < valullm oz,
Thus (al) and (b1) hold with C, = v and C, = v/d. Using the Friedrichs inequality, we
get a(u,u) = v[|Vullg, > Crv|ull? g for all u € Hj(Q)? Thus kernel ellipticity (a2)
holds with &« = vCr. The remaining inf-sup stability condition (b2) is provided by
Lemma 6 (Necas/Nitsche/Bramble). There exists a constant § = $(Q2) such that

sup  (divw, q)o/||ullmo) > Bllllz@  for all g € L§(Q). (LBB)

ueH} Q)¢

A recent proof of this important result for Lipschitz domains can be found in [3]. By
using the previous estimates and applying Brezzi’s theorem, we obtain

Theorem 7. The Stokes problem (12a)-(12c) has a unique solution u € H}(Q)4, p €
L3(Q2), and ||ull g ) + Pl 2@) < Cllf|l12() with C only depending on Q@ and v.
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2.4.2. Darcy flow. The flow in the porous medium is governed by

pu+ Vp =f, in Q, (13a)
divu = g, in €, (13b)
n-u=0, on Of). (13c¢)

This problem results from the general model discussed in Section 1 when Qg = {}. The
weak formulation again leads to a mixed variational problem of the form (9a)-(9b) with
spaces V = Hy(div; Q) = {v € H(div;Q) :n-v =0 ondQ} and Q = L3(Q), with
bilinear forms a(u,v) = p(u,v)q and b(u,q) = —(divu, q)q, and with linear functionals
[(v) = 0 and j(q) = —(9,9)q. Again, continuity of the linear a bilinear forms is easily
established and (al) and (bl) hold with C, = p and C}, = 1, respectively. Note that ther
kernel of the constraint is given by N(B) = {uy € V' : divug = 0} and thus,

a(uo, ug) = plluolle, = p(l[uoll + divaollg) = pllwoll ey, Yuo € N(B),
which shows kernel ellipticity (a2) with @ = p. Let us emphasize that a is uniformly
elliptic only on the kernel N(B) here, but not on the whole space Hy(div;2)! Since
Ho(div; Q) D HY(Q)? with |[ul vy < Vd|[ul a1, the inf-sup condition (b2) follows
directly from Lemma 6. Application of Brezzi’s theorem thus yields

Theorem 8. The problem (13a)-(13c) has a unique solution u € Hy(div;Q), p € L3(Q),
and [ull e + Ipllzo) < CIEl oy + lgllzz(@) with C depending only on 2 and p.

2.4.3. Coupled Darcy-Stokes flow. Let us finally return to the full problem discussed in
Section 1. This problem can be cast in the form (9a)—(9b) with inhomogeneous spaces V'
and ) defined in (8a) and (8b), with bilinear forms a(u, v) and b(u, ¢) given in (6¢)—(6d)
and linear forms [(v) and j(q) defined in (6e). It is easy to verify that the linear forms
are continuous. Moreover,

a(u,v) < v||Vuslle,|Vvsllas + plluplle, [volla, + 700 x us|lrg, [0 x vslrg,.

The last term can be estimated via a trace inequality |us|rs, < C||ug| miog)- This
yields the continuity condition (al) for a with C, = C,(v, p, ;). The second continuity
condition (bl) holds with C, = 1 again. Because of the Friedrichs’ inequality and the
divergence free condition, we have

a(uo, ug) = v||Vuollaz + 700 x (wo)slEy,, + plluolls, > alluolf

for all uyg € N(B) = {u € V : divu = 0} with some o > 0 depending on p, v, and the
domain €2, which yields the kernel ellipticity (a2). The inf-sup condition (b2) finally is
guaranteed by Lemma 6. Theorem 1 now directly follows from Brezzi’s theorem.

3. FINITE ELEMENT APPROXIMATION FOR STOKES

The mixed variational framework (9a)-(9b) allows a systematic construction of nu-
merical approximations. We first introduce the general concept, discuss the conditions
required to ensure well-posedness of the numerical approximations, and then turn to the
construction of particular approximations for the problems under investigation.

3.1. Galerkin approximations. Let V}, C V and @, C @ be finite dimensional sub-
spaces of V and @, equipped with the norms of V' and (), respectively. As numerical
approximation for the problem (9a)—(9b), we consider the discrete variational problem

Problem 9. Find u, € V}, and p, € Qy, such that
a(up, vp) + b(vk, pr) = L(vn), for all v, € Vi, (14a)
b(un, qn) = j(qn), Jor all g, € Qp. (14b)
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This problem can again be written equivalently as a discrete operator equation
Ahuh + B;Lph = lh, in V}Z, (15&)
Brup = jn, in Qp,, (15b)
where Ay : Vi, = V), B, : V), =» @), and Bj : Q, — V] are restrictions of the operators
A, B, and B’ to the finite dimensional spaces V}, and @}, respectively. The kernel
N(Bh) = {Uh S Vh : Bhvh = O} = {Uh S Vh : b(vh,qh) = O, th S Qh} (16)
of the discrete operator B; will again be of special interest. By application of Brezzi’s
theorem to the discrete variational problem, we immediately obtain
Theorem 10. Assume that (al)-(a2) and the discrete stability conditions
(a2h) a(up,up) > apllup||? for all u, € N(By),
(b2h) sup,, cv;, b(un, qn)/lunllv > Bullanllq for all gn € Qn,
hold. Then Problem 9 admits a unique solution uy, € Vi, pn € Qn with
lunllv + llpnlle < Crllltllv: + lliller)
with Cy, depending only on the constants Cy, Cy, ap, B, of (al)—(b1) and (a2h)-(b2h).
Note that the two discrete stability conditions (a2h) and (b2h) are not only sufficient, but

if @ is symmetric and non-negative, which is the case for the problems of Section 1, they
are even necessary for the existence of a unique solution for the discretized problem!

3.2. Transformation to a linear system of equations. By choosing bases for the
finite dimensional spacesV}, and @)y, the discrete variational problem can be turned into
a linear system of equations: Let {¢;} and {¢;} be linear independent systems such
that V), =span{¢; : i =1,...,N} and @ =span{¢); : j = 1,..., M}. Then the discrete
functions can be expanded as up, =), u;¢; and p, = > ; Pj¥j, and the discrete variational
problem (14a)—(14b) can be expressed equivalently as a linear system

Au+B'p=1, in RY, (17a)
Bu = j, in RM, (17b)
Wlth Aij = a(qﬁj,gbi), Bij = b((ﬁj,’(ﬁﬂ, lz = l(gbz), and Jz = j(wﬂ The COIlditiOIl (th)

means that B has full rank, and in particular, that M < N, i.e., the number of constraints
in (17b) is less than the number of degrees of freedom in u. The conditions (a2h) and
(b2h) together imply that [A;B] has full rank and that the system matrix L = [A,BT;B, 0]
is regular. This yields the well-posedness of the discrete problem.

3.3. Error estimates. Note that the Galerkin method (14a)—(14b) is already completely
defined by the choice of the spaces V}, and Q5. The following results states that the error
of the numerical approximation does also depend only on the choice of the spaces.

Theorem 11. Let (a1)-(b1) and (a2h)-(b2h) hold, and let (u,p) and (up,pn) denote

solutions of the continuous and discrete variational problems, respectively. Then
lu = wunllv + P = palle < Cu(mf lu—wullvy + nf fp—anle) (1)
veVh qnEQn
with Cy, depending only on the constants Cy, Cy, ap, B, of (al)—(b1) and (a2h)-(b2h).

For a proof, see [5] or [4]. The error of the Galerkin method is therefore as good as
the best-approximation error, i.e., the Galerkin method is quasi-optimal. Note that, in
general, the error in both components will depend on the best-approximation error in
both components. For later reference, let us also mention the following specialized result.



A FINITE ELEMENT METHOD FOR DARCY STOKES FLOW 9

Theorem 12. In addition to (a2h) and (b2h), assume that N(By) C N(B). Then

llu — up|ly < Cp inf ||u — vg||v. (2)
’Uth

For the problems under consideration, the condition N(Bj) C N(B) means that the
numerical approximation of the velocity is exactly divergence free. As we will see, this
is valid only for very particular discretizations of flow problems. In particular, stable
discretizations of the Stokes problem do often not lead to divergence free approximations.

3.4. Finite element basics. According to the results of Theorems 10 and 11, we should
select finite dimensional subspaces V}, C V and @), C @ that have

(i) good approximation properties, i.e., such that the best-approximation errors
inf,, ey, ||u — vp|lv and infcq, ||p — qnllq become small;

(ii) good stability properties, i.e., such that (a2h) and (b2h) hold with ay, 8, > ¢ > 0.

For variational problems stemming from partial differential equations, piecewise polyno-
mials have been proven to be particularly useful for the approximation of solutions. In
the following, we recall some basic results and notation about the piecewise polynomial
function spaces that will be relevant.

3.4.1. Mesh. For ease of presentation, let us assume that Q@ C R? is a bounded two-
dimensional Lipschitz domain with polygonal boundary. We assume that T), = {T'} is
a partition of €2 into triangles T, i.e., a triangulation. The mesh T}, is called regular, if
for two different triangles Ty,Ty € Ty, their intersection is either a vertex x of of both
triangles, or an edge e of both triangles, or empty. We denote by hr the diameter and by
pr the radius of the inner circle of the triangle T'. The number h = maxy hr is called the
meshsize. A mesh T}, is called #-shape-regular, if 6h < hy < h for all T' € T}, with some
0 > 0. We will assume that this is the case, throughout.

3.4.2. Piecewise polynomials. Let Py(T) = span{z'y’ : 0 <, 5,1+ j < k} be the space of
polynomials up to order k on T, and let Py (T},) = {v € L*(Q) : v|r € P.(T) VT € T),} be
the space of piecewise polynomials over the mesh T},. For the Galerkin approximation of
the flow problems under investigation, we have to require that the approximating functions
have some global regularity, i.e., to be elements of H*(Q)? and H(div; (), respectively.

Lemma 13. Let v, € Py(T},). Then
(i) vi, € HY(Q)? if, and only if, vi, C C(Q)%, i.e., V|r, = V|r, on every e = 0Ty NITs.
(ii) vy, € H(div; Q) if, and only if, v|pr, - n. = v|p, - n. for all e = 0Ty N OT5.

Functions with enough global regularity will be called H'- respectively H (div)-conforming.
As a next step, let us characterize the approximation properties of the piecewise polyno-
mial spaces introduced above.

Lemma 14 (Approximation).
Let Ty, be a 0-shape-reqular triangulation. Then
(i) For Qy = Py(T},) N L3(Q) there holds

qhigcfgh Il — anll2) < Chllp|la (o) for all p € H'(Q) N L(Q).

(ii) For Vi, = P(T},)* N HL(Q)? there holds

ing/ a = villai) < Chllu|| g2 for allu € H*(Q)*.
VRLEVE
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(iii) For Vi, = Py(T},)* N HY(Q)? there holds

inf flu— vyl < ChH[ul| g2 (o for allu € H™(Q)? 1=1,2.
VhLEV
(vi) For Vi, = Pi(Ty)% N Hy(div; Q) there holds
ng/ lu = vl H(div0) < Chllul g2 for allu € H*(Q)*.
Vh h

The operators can be constructed explicitly by construction of certain interpolation
operators. The approximation properties follow by a mapping argument and the Bramble-
Hilbert lemma. On simple elements, such as triangles, the estimates can also be derived
by averaged Taylor approximation.

4. MIXED FINITE ELEMENTS METHODS FOR FLOW PROBLEMS

We will now discuss simple examples of stable and unstable finite element schemes for
the Stokes and the Darcy flow problems. As it will turn out, the most obvious choices of
spaces sometimes do not work.

4.1. Stokes problem. We consider the Galerkin approximation of the variational prob-
lem (12a)-12c). Since a(u,v) = v(Vu, Vv)q is elliptic on the whole space V = H}(Q2)?,
the discrete satbility condition (a2h) follows from (a2) on the continuous level. Therefore,
only the discrete inf-sup condition

sup b(un, gn)/|[unllv = Bllanlle Van € Qn, (b2h)

up €V

has to be taken into account. Spaces V}, and @)}, satisfying such a condition are called an
inf-sup stable finite element pair.

4.1.1. The P1-P0 element. The most simple non-trivial choice of finite element spaces
for the Stokes problem would be

Vi = PU(Tn) N HE(Q)?  and  Qp = Po(Th) N L),

which is typically refered to as the P, — F, element. By construction, these spaces are
conforming, i.e., Vj, C V and Q, C Q. For u € H*(Q)?, p € H'(2), which is a reasonable
regularity assumption, the solution could be approximated with an error of O(h); see
Lemma 14. According ti Theorem 11, the same rate of convergence should be valid, if
the approximation spaces Vj, and @), satisfy the discrete inf-sup stability condition (b2h).
As we will demonstrate now, the condition (b2h) can however not hold for this choice of
spaces, except in trivial cases. To see this, let us recall the following relation between
the number of inner vertices n;, of vertices at the boundary n,, and of elements ny in a
regular two-dimensional mesh, viz.

nr = 2n; +ny — 2.
By counting the dimensions of the finite element spaces V}, and @)}, we obtain
N=dimV,=2n, and M =dimQ, =n; —1=2n; +ny, — 3.

Note that for any non-trivial triangular mesh n, > 3, and thus we always have M > N.
As a consequence, the matrix B in (17b) cannot have full row rank, i.e., the operator By,
in (15b) is not surjective, and Bj, is not injective. In particular, (b2h) does not hold.
Since the condition (b2h) is necessary for the well-posedness of the discrete variational
problem (14a)—(14b), this finite element approximation doe not yield a well-posed discrete
problem. Note that for the Stokes problem a is elliptic on the whole space V', and therefore
the operator Aj in (15a) is always regular. Since Bj is not injective, the pressure can
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however not be determined uniquely. The functions p, € N(Bj) are called spurious
pressure modes.

4.1.2. The P2-P0 element. In order to satisfy the discrete inf-sup condition (b2h), we
have to increase the dimension of the discrete velocity space Vj, sufficiently. The next
simple possible choice of spaces is

Vio= Po(T)' N Hy () and  Qp = Py(Tw) N L5(Q),
which is usually called the P, — Py element. For this discretization, one can show

Lemma 15. The P2-P0 element is discrete inf-sup stable, i.e., the condition (b2h) holds
with By, = cf > 0, where B is the constant of the LBB condition, and cy is related only
to the shape regularity of the mesh.

For a proof of this result, let us refer to [15]. Using the a-priori estimate of Theorem 11
and the approximation error estimates (i) and (ii) of Lemma 14, we therefore obtain

Theorem 16. Assume that the weak solution of (15a)-(15b) satisfies u € H?*(2)? and
p € HYQ). Then the finite element approzimation wy,, py, obtained with the P* — P,
element satisfies

[u—wpllme) + I — prllr2e) < Ch(|lullnz@) + [[pllm©),
and the constant C only depends on the 2, v, and the shape reqularity of the mesh.

On a sequence of uniformly shape regular meshes, we therefore obtain an O(h) conver-
gence of the error. Note that the P, finite elemens for the velocities would in principle
allow an O(h?) approximation of the velocity. Since functions divv;, are piecewise linear,
the condition B,vy, = 0 does not imply that divv, = 0. The condition N(By) C N(B)
is therefore not valid for this discretization, and the O(h) approximation of the pressure
limits the overall accuracy.

4.2. Discretization of the Darcy problem. We will now discuss the stable discretiza-
tion of the Darcy equations (16a)—(16¢). Besides the discrete inf-sup condition (b2h), also
the discrete kernel ellipticity

a(uy, uy) > alluy?, for all u, € N(Bp,) (3)

will play a role now; compare with the continuous level. Note that by inceasing the space
Vj, in order to satisfy (b2h), also the space N(Bj) may increase, so the condition (a2h)
may be violated. This explains the failure of the first of our examples.

4.2.1. Instability of the P2-P0 discretization. As before, we set
Vi, = P(Tn) N Hy ()" and  Qp, = Po(Ty,) N L3(Q2).

According to Lemma 15, the discrete inf-sup condition (b2h) is satisfied for this choice,
and it remains to prove the discrete kernel ellipticity (a2h). As mentioned before, the
condition Bjpuy, = 0 does not imply divu, = 0, and as a consequence, the P2-P0 element
does not satisfy (a2h) with «y, independent of h. By an inverse inequality, one can show
however, that (a2h) holds with a;, = O(h). Therefore, the discrete system (16a)—(16b) is
uniquely solvable, but the convergence is spoiled by the lack of stability.
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4.2.2. A stable BDM1-P0 discretization. The discrete kernel ellipticity condition (a2h)
directly follows from the stability condition (a2) on the continuous level, if N(B,) C N(B)
holds. This is always the case, if we choose Vi, C Py(T3)% and Qy = Pp_1(Ty) N LE(Q),
since in that case, we have enough constraints. The simplest H (div)-conforming choice
then reads

Vi = PU(T})" N Hy(div; Q) and  Qp = Po(Ty,) N LE().

The space V}, is called the BD M, element, after Brezzi, Douglas and Marini. The combi-
nation with the P, element for the pressure has the following stability property.

Lemma 17. Let Byu, =0, then divuy, =0, i.e., N(Bp) C N(B). As a consequence, the
discrete kernel ellipticity condition (a2h) with oy, = « from condition (a2).

As alast step, we now have to verify the discrete inf-sup stability condition (b2h) again.
Note that in comparison to the P, — Py element, which was not stable, only the normal
components of the velocities are required to be continuous here. Therefore, the BD M,
velocity space is larger than the H'-conforming P, space. The increase in dimension is in
fact sufficient to obtain the inf-sup stability condition. To prove it, we use

Lemma 18 (Fortin operator).
There exists a bounded linear operator 11y, : Ho(div; Q) — V},, such that

(1) b(I1,v, qn) = b(v,qn) for all v € V = Hy(div; Q).
(i) [Mpvlly < Cllvlly for all v e V.

The proof is based on an explicit construction; see [6, 15] for details. Using the Fortin
operator, we obtain

Lemma 19. The BDM,-Py element satisfies the inf-sup condition (b2h) with 5, = B/C.

Proof. Let q;, € Py(Ty) N LE(Q) be given. By Lemma 6, there exists u € H}(Q2)? with
b(w, qn)/|lall i) = Bllanllz2()- Choosing uy, = II,v, we have

b(uan; gn)/[anll (@) = b(w, gn) /(Cllull @) = B/Cllanll 2,

which already yields the proof of the assertion. Note that both conditions of the Fortin
operator were used in the first inequality. O

By combination of the two stability estimates, the a-priori error estimate of Theorem 11,
and the approximation error results (i) and (iv) of Lemma 14, we obtain

Theorem 20. Let the solution u, p of the Darcy problem (17a)-(17b) be regular, i.e.,
uc H*(Q)? and p € HY(Q). Then the BDM,-Py approzimation y,, p;, satisfies

la = wllm@ivie) + llp = prllrz@) < Ch(||ullpz@) + [Pl ),
and the constant C' only depends on p, 2, and the shape regqularity of the mesh.
The BDM;-Fy element thus yields an order optimal approximation of O(h) again.

4.3. Discretization of the Darcy-Stokes problem. For the discretization of the cou-
pled Darcy-Stokes problem, (6a)—(6d), we then consider the following finite element spaces

Vi ={v e H(div;Q) : v|o, € H'(Q5)%, v=0onTg, n-v=0on Qp,
such that Vs € Po(T, N Qs), vig, € PiI(ThNQp)},
Qn = Po(Th) N L5(K2).
A combination of the stability estimates for the Stokes and the Darcy problem yields
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Lemma 21. The above spaces satisfy the discrete kernel ellipticity condition (a2h) and
the discrete inf-sup condition (b2h) with oy, = ca and B, = ¢f8, where a and B are the
stability constants of the continuous problem, and ¢ only depends, on the domain  and
the shape-reqularity of the mesh.

A combination of the a-priori error estimates of Theorem 11 and approximation error
estimates similar to those of Lemma 14 then yields

Theorem 22. Assume that the solution u, p of the Darcy-Stokes problem (1a)-(3c) is
sufficiently smooth. Then the approximation uy, py for the above spaces satisfies

u— uhHH(div;ﬂ) + [Ju — uhHHl(Qs) +lp— PhHL?(Q)
< Ch(||lullmz@) + [Pl ()
The constant C' only depends on the p, v, Qg, Qp, and the shape-reqularity of the mesh.

Let us note that the regularity conditions for the solution can be relaxed to some extent.
In particular, continuity of the pressure and the tangential velocities is not required across
the interface I'sp. Also the regularity requirement on the velocities in the Darcy domain
could be relaxed.

FURTHER READING

The coupling conditions for Darcy-Stokes problem has been investigated experimentally
by Beavers and Joseph [2], and later be simplified and explained theoretically by Saffmann
[23]. A rigorous justification based on homogenization has been given in [18]. For mod-
elling issues, see also [1, 8, 9, 20, 17]. Some more practical applications are discussed in
[16]. The analysis of saddlepoint problems goeas back to the seminal paper [5], which
initiated the research on mixed variational problems. For an extensive treatment, see
[6]. Background material on finite element methods, including the theory of saddlepoint
problems, can be found [4, 15]. The mixed formulation for the Poisson problem goes back
to [21]. Applications in fluid dynamics are discuss in particular in [15], where also a proof
of the (LBB) condition can be found; but see also [3] and [12] for other analytical results
in the context of flow problems. The coupling of Darcy and Stokes flow in finite element
methods has been investigated in [13, 14, 22]. Time dependent problems are investigated,
e.g., in [7]. Other aspects of the coupling are treated in [10]. Monolithic discretizations,
that use the same discretization spaces for the Darcy and Stokes subproblems can be
found in [11, 19]. In [24], a related method is studied for discretization of the Stokes
problem.
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