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The Cauchy problem for the heat equation
First, we consider the Cauchy problem for the heat equation

ur(x,t) = Au(x,t) for x€R"and t >0
u(x,0) = up(x).

A solution of the initial value problem (1)-(2) is represented by
u(x,t) = / G(x—y,t)up(y)dy for xe€R"andt >0,
Rn

with the Gauss-Weierstrass kernel

1
G(X, t) = Wexp (-) for x S R" and t > 0.

In these lectures,

for x € R", we have always denoted |x| = y/x2 + ... + x2.
’ 1 n



The Cauchy problem for the heat equation

Figure : A few examples of the graph of G(x, t) as a function of x for n =1



The Cauchy problem for the heat equation

The following theorem gathers typical properties of the solution
u=u(x,t).

Theorem
Assume that ug € L1(R™).
Then

1. ue C®([R" x (0,00)),

2. u satisfies equation (1) for all x € R" and t > 0,

3. JJu(-,t) — uo()|l1 = O when t — 0,

4. |u(-, t)]l1 < |luo()||1 for all t = 0.
This is the unique solution of problem (1)-(2) satisfying these properties.
The proof of this theorem can be found in the Evans book.



Decay estimate of solutions

u(x,t) = / G(x —y,t)up(y)dy for xe€R"and t >0,
Rn

with the Gauss-Weierstrass kernel

[xI?

1
G(X,t):wexp (— 4t ) for XeRn and t> 0.

DECAY ESTIMATES

1
sup Ju(x. 1)) < iz [ I
Rn

One can also prove the following decay estimates of other LP-norms.

[u(, )l

forall t >0 and every 1 < g

1

Cp,q)t 2= 5) uo]l

NN

p < 00.



Self-similar asymptotics of solutions

u(x,t) = / G(x—y,t)up(y)dy for xe€R"andt >0,
Rn

Theorem

Let u be the solution of the heat equation with initial datum
up € LY(R"). Let M = [ up(y)dy. Then
Rn

lim ¢(/20=1/P)|y(. t) — MG(-, t)ll, =0,

t—o0

where G(x, t) is the Gauss-Weierstrass kernel.



Scaling and self-similar solutions

Let us notice that the heat equation
u; = Au, x€eR"t>0

has the following property:

If u= u(x,t) is a solution of this equation, then the

function
un(x, t) = X u(Ax, A\%t)

is a solution for each \ > 0. Here, k € R is a fixed
parameter.

Definition
A solution u = u(x, t) is called self-similar if there exists k € R such that

Mu(Ax, \2t) = u(x, t)

forall x ¢ R", t >0, and A > 0.



Scaling and self-similar solutions

The heat kernel (also called the Gauss-Weierstrass kernel) is a self-similar
solution with k = n of the heat equation. Indeed, it is easy to see that

1 |Ax[?
n 2=\ -
A"G(Ax, At) = A (47T>\2t)n/2 exp ( 4/\2t>

_ Wexp (-L) — G(x, t).




Scaling and self-similar solutions

Theorem
Denote
un(x, t) = A"u(Ax, A%t).

Fix p € [1,00]. The following two conditions are equivalent

1. lime_oo t/2A=1/P)|[y(. ) — MG(-, ), =0

2. for every ty > 0,
ux(-, to) = MG(+, ), as A — oo,

where the convergence is in the usual norm of LP(R").



Scaling and self-similar solutions

Proof.
Scaling property of the LP-norm:

v lp = AP v,,

Now, using this scaling property we obtain
lux(:, to) = MG (-, to)llp = IA"u(X-, At0) = MA"G (X, Nto)l|»

= AP u(-, N2 to) — MG(-, Nt)||,  (substituting A = \/t/to)
= C(to)t!" PP u(-, £) = MG(-, 1)



NEW APPROACH: Four steps method

Step 1. Scaling. We introduce the rescaled family of functions

un(x, t) = Nu(Ax, A\°t) for every A > 0.
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NEW APPROACH: Four steps method

Step 1. Scaling. We introduce the rescaled family of functions

un(x, t) = Nu(Ax, A\°t) for every A > 0.

Step 2. Estimates and compactness. We show that the embedding
{ur(:, t)}as0 C LP(R") is compact for every t > 0.
Step 3. Passage to the limit. By compactness there exists a sequence
An — 00 and a functions T(x, t) such that
ux,(+,t) = a(-, t) in LP(R") for every t > 0.

Since uy satisfies the heat equation, one can show that z is a weak
solution of the heat equation, as well.

Step 4. Identification of the limit. The limit function & corresponds
usually to singular initial conditions.



Initial condition

Lemma
Let up € L*(R"). For every test function ¢ € C°(R") we have

/)\"uo()\x)go(x) dx — Mp(0) as A — oo,

RrRn

where M = [ up(x) dx.
Rn



Initial condition

Lemma
Let up € L*(R"). For every test function ¢ € C°(R") we have

/)\"uo()\x)go(x) dx — Mp(0) as A — oo,

RrRn

where M = [ up(x) dx.
]Rn

Proof.
This is an immediate consequence of the Lebesgue dominated

convergence theorem, because
/)\"uo()\x)go(x) dx = /uo(x)ga(x//\) dx,
Rn Rn

by a simple change of variables.



Application to

convection-diffusion
equation



Self-similar asymptotics of solutions to
convection-diffusion equation

We are going to show the Four Step Method "in action”, by applying it
to the initial value problem for the nonlinear convection diffusion equation

Ur — U + (u9)x =0 forx €eR, t >0, (3)
u(x,0) = up(x), (4)

where g > 1 is a fixed parameter.



Theorem (Existence of global-in-time solution)

Assume that
up € LY(R) N L*(R) N C(R).

Suppose ug > 0.

Then the initial value problem (3)—(4) has a nonnegative, global-in-time
solution u € C>}(R x (0,0)).

This solution satisfies
u € CH((0,00), LP(R)) N C((0, o0), W*P(R)))

for each p € [1,00]. Moreover,

/\/IEHu(t)Hl:/u(x,t) dx=/uo(x) dx = |luolls forall >0,
R R



Local existence via the Banach contraction principle
Local-in-time mild solutions:
t
u(t) = G(-, t) *ug + /8XG(-, t—s)*xui(s)ds
0

with the heat kernel G(x,t) = (4mt)"Y2exp ( — |x|?/(4t)).
By the Young inequality for the convolution:
16,8+ Fllp < ce 2D £, (5)
106, 1)« £ll, < =1 G3)" f (6)

for every 1 < g < p < 00, each f € LY(R), and C = C(p, q) independent
of t,f.

Notice that C =1 in inequality (5) for p = q because ||G(-, t)||;2 = 1 for
all t > 0.



Lemma (Local existence)
Assume that
up € LY(R) N L*®(R) N C(R).

Then there exists T = T(||uo||1, ||uollcc) > O such that the integral
equation (18) has the unique solution in the space

Yr = ([0, T], L'(R)) N C([0, T], LX(R)),
supplemented with the norm ||ul|y, = supg<,<7 [|ull1 + supg<,<7 ||ul|co-

Proof.

The Banach contraction principle.

For sufficiently small T the right hand side of this equation defines the
contraction in the space YVr. O



Regularity and comparison principle

One can show that a local in time solution is nonnegative, if an initial
condition is so. Moreover, this solution has the following regularity

property
u € CH(0,00), LP(R)) N C((0, o0), WP(R)))

for each p € [1, o¢].

Below, we show that the solution satisfies the following a priori estimates
for each p € [1, 0]

fu(-, )|, < lluoll, forall &> 0.

Hence, by a standard reasoning, we can show that the solution is global
in time.



Self-similar large time behavior of solutions

Theorem (LINEAR Self-similar asymptotics)
Let
q>2.

Every solution u = u(x, t) of problem (3)—(4) satisfies
tA=YP2| y(t) — MG(t)||, = 0 ast — oo

for every p € [1,00], where M = [ up(x) dx and

is the heat kernel.



Self-similar large time behavior of solutions

Theorem (NONLINEAR Self-similar asymptotics)

If
q=2,

we have
tA=YP2| y(t) — Um(t)||, = 0 ast— oo

for every p € [1, 0], where

Uni(x, t) = %UM(%, 1)

is the so-called nonlinear diffusion wave:

Ur— Un+ (U?) =0, forxeR, t>0, (7)
U(X,O) = M607 (8)

where &g is the Dirac measure.



Remark on nonlinear diffusion waves

The Hopf-Cole transformation allows us to solve this problem:

t~ Y2 exp (= |x[*/(41))
x/V't ’

Cu+3 [ exp(—£2/4)dg
0

UM(X, t) =

where Cy is a constant which is determined uniquely as a function of M
by the condition [Um a(n,1) dn = M.

R
For every M € R the function Uy is a unique solution of the Burgers

equation in the space C((0,00); L(R)) having the properties

/UM(X, tydx=M forall t>0
R

and
/Z/{Mxtcp(x dx - Mp(0) as t—0
R

for all ¢ € C(R).

Cc



Idea of the proof.
Rescaled family of functions

We study the behavior, as A — oo, of the rescaled family of functions
un(x, t) = Au(Ax, \*t) for every A >0,
which satisfy
Oeux — D2uy + X790,u] =0,
ux(x,0) = up,A(x) = Aup(Ax).

Notice that, by a simple change of variables, we have the following
identity
ux()llx = lluollx

holds true for all t > 0 and all A > 0.



Optimal [P-decay of solutions

Theorem
Under the assumptions of Theorem 6, the solution of problem (3)—(4)
satisfies

luC, D)l < Cem O] gy

for each p € [1,00], a constant C = C(p) and all t > 0.

We sketch the proof for p = 2, only.
Multiplying the equation by u and integrating the resulting equation over

R we have 1d
Ea/uzdx:—/|ux|2dx.
R R

Here, we have used an elementary equalities

1
/ ud(x, t)u(x, t) dx = P (u9(x,t))xdx =0
R R

if u(x,t) — 0 when |x| — co.



d
E/uzdx:7/|ux|2dx

R R

N -

Now, by the Nash inequality

1/3y 112/3
lullz < Cllully w13,

which is valid for all u € L}(R) such that u, € L?(R), (since the L'-norm

of the solution is constant in time) we obtain the differential inequality

d _ 3
EHU(t)H% + ClluollT*(Jlu(p)]I5)” <0,

which implies
lu(t)]l2 < Ce*/*

for all t > 0 and C > 0 independent of t.



Estimates of the rescaled family of solutions

Lemma
For each p € [1, 00] there exists C = C(||K’||1, ||uo||l1) > 0, independent
of t and of A\, such that

lun(e)], < Ce205)
for all t > 0 and all A > 0.

Proof.
By the change of variables and the decay estimate we obtain

lun(D)llp = A3 [lu(, A28, < A3 (320) 2078) = 3 0-3),

O



Estimates of the rescaled family of solutions

Lemma
For each p € [1,00) there exists C = C(p, ||K'||1, ||toll1) > 0,
independent of t and of \, such that

locun(t)]l, < ce20-3)

for all t > 0 and all A > 0.

Identical estimates hold true for u).



Aubin-Lions-Simon’s compactness result

Theorem
Let X, B and Y be Banach spaces satisfying

XCBcCY

with compact embedding X C B and continuous embedding B C Y.
Assume, for 1 < p<oc and T >0, that

» F is bounded in LP(0, T; X),
» {O:f : f € F} is bounded in LP(0, T;Y).

Then F is relatively compact in LP(0, T; B)
and in C(0, T; B) if p = c0.



Compactness in L} (R)

loc

Lemma
For every 0 < t; < tp < oo and every R > 0, the set

{ux}rso € C([tr, t2], L*([—R, R]))
is relatively compact.

Proof.
We apply Theorem with p = oo, F = {u)}x>0, and

X = Wl’l([7R7 R]), B = Ll([iRv R]). Y = Wil,l([iRa R]),

whfre R > 0 is fixed and arbitrary, and Y is the dual space of
1
Wy ([—R, R])-

Obviously, the embedding X C B is compact by the Rellich-Kondrashov
theorem. |



Compactness in L}(R)

Lemma
For every 0 < t; < t, < 00, the set

{ur}rso0 C C([t1, t2], L1(R))
is relatively compact.

Proof.

Let ¢ € C*(R) be nonnegative and satisfy 1)(x) = 0 for |x| < 1 and
P(x) =1 for |x] > 2.

Put ¥gr(x) = ¥(x/R) for every R > 0. It suffices to show that

sup |lux(t)Yr|li =0 as R — oo, uniformlyin A > 1.
te(ty,to]



Initial condition

Lemma
For every test function ¢ € C°(R), there exists C = C(¢, ||K'||1, ||uo||1)
independent of \ such that

/ (. ) () dx — / wA()o(x) dx| < C (t+172). (9)

R R



Proof of the main result

By compactness, there exists a subsequence of {u)}r>o (not relabeled)
and a function @ € C((0, 00), L}(R)) such that

uy — 0 in C([ty, &), LY(R)) as X\ — oo.
Passing to a subsequence, we can assume that
ux(x,t) = u(x,t) as A — oo
almost everywhere in (x, t) € R x (0, 00).

Now, multiplying the equation by a test function ¢ € C°(R x (0, c0))
and integrating over R x (0, 00), we obtain

—//u;xbt dsdx=//u,\¢>xX dsdx—|—/\2_q//ui¢x dsdx.
R O R 0 R 0



We obtain that T(x, t) is a weak solution of the equation
Up = Uyy — (u2)X
if g=2.
Initial conditions:
[ ts(00t) b = [ unlx)ox/3) e = Mo(0)
R R

as A — 0o. Hence,

i(x,0) = Mdy.
Thus, © is a weak solution of the initial value problem
e = T — (0%, (10)
u(x,0) = Méy (11)

Since problem (10)-(11) has a unique solution, we obtain that o = Upy.



Obviously, if g > 2, this limit function is a solution to the linear problem

e = e (12)
a(x, ):M50 (13)

(]

So, it is the multiple of Gauss-Weierstrass kernel

i(x,t) = MG(x,t) =M

Hence, we have

Jim fun(1) = (1)l =0

and, after setting A = v/t and using the self-similar form of
u(x,t) = t~/2a(xt~1/2,1), we obtain

lim [[u(t) — a(t)[ = 0.

t—oo



The convergence of u(-, t) in the LP-norms for p € (1, 00):

Ju()=a(e)lp < (lu()llota(E) ) u(e)-a(e)[}/7 = o(e=*2/P12)

as t — o0.

The convergence in the L°°-norm. Here, by the
Gagliardo-Nirenberg-Sobolev inequality, we obtain

lu(t) = B(E)]loo < C(llux(B)ll2 + B(£)]2)

as t — o0.

lu(t) — a(t)[l3* = o(t~2/2)



Summary on u; — uy, + (u9), = 0.
Suppose that ug € L}(R). Put

M = /uo(x) dx.

R
Then
» Case I: linear asymptotics

For and for every p € [1, 0]
0D lu(£) = MG(- )]sy = 0

as t — 0o, where

G(x,t) =

1 X2
Vart b (4t>
is the Gauss-Weierstrass kernel.
» Case Il: balance case
For , the large time asymptotics of solutions is described as

t — oo by a self-similar solution of the convection-diffusion equation
with the initial datum

up(x) = Még.



Hyperbolic asymptotics

Uy — Uy + (u9)x =0

Case Ill: For , the asymptotics is given by a self-similar

solution of the convection equation
ve+ ([v]7)x =0

with the initial datum
Vo(X) = M50



Hyperbolic asymptotics

Uy — Uy + (u9)x =0

Case Ill: For , the asymptotics is given by a self-similar

solution of the convection equation
ve+ ([v]7)x =0
with the initial datum

Vo(X) = M50

One should use the following different scaling
ux(x, t) = Au(Ax, A9t).
and the rescaled equation

Ouy — A"‘Zaqu + 6(u,\)q =0.



Zero mass initial conditions

The main assumption
up € LY(R, (1 + |x|) dx), wup#0

and
up(x) dx = 0.

%\

Define



Diffusion-dominated case
Assume that one of the following assertions hold true:
(i) Up>0and g>3/2,
(ii) Up<0andgq=>2,
(iii) Uo <0, g € (3/2,2) the quantity

29-3
/xuo(x) aix| [0l 2%2,
R
is sufficiently small.

Then
20042 U £) — 10, G (-, 1) =0
LP(R)
as t — oo, Where
I = = lim / xulx, 1) ox

= /XUQ //|u(x,s)|q dx ds.
0 R



Other results

» the convergence towards very singular solutions (special self-similar
solutions of the convection-diffusion equation)

» the convergence towards hyperbolic waves

Conclusion:
The large time asymptotics of zero mass solutions depends not only on
the exponent of the nonlinearity g > 1 but also on the

size, sign, and shape

of the initial datum.



