Large time behavior of solutions
to the Navier-Stokes system in unbounded
domains

Grzegorz Karch
Wroclaw, POLAND

F1E A MRARZERMEER



LECTURE 2

Self-similar solutions to the
Navier-Stokes system



Navier—Stokes equations
Navier-Stokes equations for x € R3:

ur—Au+(u-V)u+Vp=F, (1)
V-u=0, (2)
u(0) = up. (3)

The external force F and initial velocity ug are assigned.

Equivalent form for sufficiently regular solutions:

uy—Au+V-(u®u)+Vp=F, V-u=0.

The Leray projector on solenoidal vector fields:

Pv=v - VA }V-v).

We formally transform the system into

uy—Au+PV-(u@u)=PF, V-u=0.



The Leray projector P

The Riesz transforms

ReF(€) = ]ZA(E)

The Fourier transform: v(¢) = (2r)~"/2 [ e=*¢y(x) dx.
Rn

Using these well-known operators we define

Note that e
(P(€))jx = jx — #,

hence

B(e)) 4| = 1.
15’22356;3\:){0} |(P(&)).k



Statement of the problem

The Duhamel principle:

u(t) = S(t)u - / S(t - 7)PV(u® u)(r) dr
0

+ [ S(t—7)PF(7) dr,
/

where S(t) is the heat semigroup given as the convolution with the
Gauss—Weierstrass kernel:

G(x, 1) = (4mt) "> exp(—|x|*/ (41))



ABSTRACT LEMMA

Lemma
Let (X, |- ||x) be a Banach space and B : X x X — X a bounded
bilinear form satisfying

1B(x1, x2) |2 < mllx x| %2l 2
for all x,,x, € X and a constant n > 0. Then, if
0<e<1/(4n)
and if y € X such that ||ly| < e, the equation
x =y + B(x,x)

has a solution in X such that |x||x < 2e. This solution is the only one in
the ball B(0,2¢). Moreover, the solution depends continuously on y in
the following sense: if ||7||x < e, X =y + B(X,%), and || X||x < 2¢, then

1
1—4ne

[Ix = X[lx < ly = ¥llx-



2
z = yg + nu”

Two solutions u; and u, of the quadratic equation u = yo + nu?.



Function spaces

PM = {v e S'(BY) ¥ € LL (B, [[vlpue = esssup|¢[7(¢)] < oo},
EER3

where a € [0,3) is a given parameter.



Definition
By a solution we mean in this chapter a function u = u(x, t) belonging

to the space
X =, ([0, T); PM?),

0 < T < o0, and such that

t

w60 = et Fag0)+ [t Ilic B (45w) (6 7)o

0
t

+ [ e CICRF (e ) dr

0

forall0<t<T.



Remark
Given f € §'(R3) N L _(R3®) we denote the rescaling

loc
fir(x) = F(Ax).
It follows from elementary calculations that
AE) = AT ).

Hence, for every A > 0, we obtain the scaling property of the norm in
PM?
1xllpate = A3 F [l pase-

In particular, the norm PM? is invariant under rescaling f +— Af(\-).

Moreover, for a = 3(1 —1/p), the norms || - || pas and | - || p(rs) have the
same scaling property.



To simplify the notation, the quadratic term in (4) will be denoted by

B(u, v)(t) = — / S(t — )P - V(u(r) @ v(r)) dr,

where u = u(t) and v = v(t) are functions defined on [0, T) with values
in a vector space (here most frequently PA?).



The space
X = Cy([0,00), PM?)

The integral equation
u=y+ B(u,u),

where the bilinear form is as above and

y =S(t)uo + /S(t —T1)F(7) dT.
0

Lemma

Given uy € PM?, we have S(-)up € X.



Proof.
By the definition of the norm in PM?, it follows that

— 2/\ ~
15(2)oll iz = esssup €2 e~ G ()] < esssup I¢P[@(6)] = luollpae
£ER3 EERS3

s0, S(-)ug € L*°([0, o), PM?).



Proof.
By the definition of the norm in PM?, it follows that

— 2/\ ~
15(2)oll iz = esssup €2 e~ G ()] < esssup I¢P[@(6)] = luollpae
£ER3 EERS3

s0, S(-)ug € L*°([0, o), PM?).

The weak continuity with respect to t. For every ¢ € S(R3), by the
Plancherel formula, we obtain

(S )] = | [ (7 = 1) dfe)te) o
e—tlel? —
e

as t \,0. O

< tesssup
£ER3

‘ ol prez |l ips — O



Lemma
Given F € C,,([0, 00), PM), it follows that

t

WE/S(I’*T)F(T) dre X.

0

Moreover,

wllx < [IFlle, (0,00),PM)-

Proof.

t

esssup |£|? /e—(f—f)‘ﬁ‘zﬁ(g,r) dr
0

[Iw ()l prse
£ER?

t

—(t—71 2
< P / e =TI o Flle. 0.0 200
0
< Fllew(o,00). )



X =C,([0,00), PM?)

Lemma
There exists a constant 1 > 0 such that for every u,v € X, it follows

1B(u, v)llx < nlluflxllvix-

Proof
Using elementary properties of the Fourier transform we obtain

@een)| < € [ =T o) lmel Ol
%||U(T)||PM2HV(T)||7>M2-

In the computations above, we use the equality

€172 % [¢]72 = ml¢| 7.



Now, the boundedness of the bilinear form on X results from the
following estimates

t

€2 / DI B - (a0 v)(E,7)| dr

0
t

< nlep / = gl v
0

< nllullxlviixe



Main theorem

Theorem
Assume that uy € PM? and F € C,, ([0, 00), PM) satisfy

luollpasz + 11 Flle, (jo,00),PMm) < €

for some 0 < € < 1/(4n) where n is defined above.
There exists a global-in-time solution of the Navier-Stokes system in the
space

X = C, ([0, 00), PM?).

This is the unique solution satisfying the condition

llulle, (j0,00),PM2) < 2€-

Moreover, this solution depends continuously on initial data and external
forces in the sense of Abstract Lemma.



Self-similar solutions

uy—Au+(u-Vu+Vp=0

If u solves the Cauchy problem, then the rescaled functions
un(x, t) = Au(Ax, \°t)
is also a solution for each A > 0 (scaling of the pressure A%p(\x, At)).

Forward self-similar solution: Uy = U for all A > 0.



Self-similar solutions

uy—Au+(u-Vu+Vp=0

If u solves the Cauchy problem, then the rescaled functions
un(x, t) = Au(Ax, \°t)
is also a solution for each A > 0 (scaling of the pressure A%p(\x, At)).
Forward self-similar solution: Uy = U for all A > 0.
Take t = 1 and A = t/2 in the equation U = U, to obtain

U(x, t) = tY2U(x/tY/?,1)



Self-similar solutions

uy—Au+(u-Vu+Vp=0

If u solves the Cauchy problem, then the rescaled functions

un(x, t) = Au(Ax, \°t)
is also a solution for each A > 0 (scaling of the pressure A%p(\x, At)).
Forward self-similar solution: Uy = U for all A > 0.

Take t = 1 and A = t/2 in the equation U = U, to obtain

U(x, t) = tY2U(x/tY/?,1)

The initial condition:

1!'\% U(x,t)

has to be a distribution homogeneous of degree —1 at the origin.



Self-similar solutions

Theorem
Assume that uy € PM? and F € C,,([0,00), PM) satisfy

luollpre + [[Flle, (0,00).P0) < €

for some 0 < & < 1/(4n) where n is defined above.

Suppose that the initial condition uy € PM? is homogeneous of degree
—1 and F € C, ([0, 00), PM) satisfies

NF(Ax,\°t) = F(x,t) forall X>0

Then, the corresponding unique solution is self-similar.



Stationary solutions

—Au+(u-V)u+Vp=F, V-u=0

Theorem
Assume that u = u(x) € PM? and F = F(x) € PM. The following two
facts are equivalent

1) u = u(x) is a stationary mild solution of the Navier-Stokes system in
our sense. Hence, u is the solution of the integral equation

u=S(t)u— /S(t )Py @ u)(7) dr + /S(T)F dr

for every t > 0;

2) u satisfies the integral equation

/S YVP(u® u)(7) dT+/5 )F dT.
0



Proof.

<)

© = e i) - [ I ar ighe) e u)(E)
0

t

+ [ e arBe)F(g)
0
1—etlélP o — 1— et

Tiﬂ?(i)(u ®u)(€) + TP(@F(E)

for every t > 0. Passing to the limit as t — oo and using the identity

= e tEPge) -

o0

= /e*Tlgl2 dr for £ #£0,

0

1
€12

we complete the proof. O



Existence of stationary solutions

Theorem
Assume that F € PM satisfies

IFllpm <& < 1/(4n).

There exists a stationary solution u., to the Navier-Stokes system in the
space PM? with F as the external force.

This is the unique solution satisfying the condition ||u||pye < 2¢.



Smooth solutions

Solutions of the Cauchy problem for the Navier-Stokes system
constructed in the space

X = Cy ([0, 00), PM?)

are, in fact, more regular for sufficiently regular external forces.



Lemma
For every p € (3, ], there exists a constant C = C(p) such that

sup t 3P| S(t)up | 1o(rsy < Clluollppee
t>0

for all t > 0 and uy € PM?.

Proof.
Here, our tool is the Hausdorff-Young inequality:

2_ q
ISl < € [ | o] de
R3

q 2
R e—atlél
< C | esssup|€)?[do(6)| /72 d
sy B
R3
—q|wl|?
o q —3/2+ e
= Cluolet™/2 [ || o

R3



Remark for experts

Now, given uy € PM? with sufficiently small PAM?-norm and for F =0
we may apply the above theory to get the solution u = u(x, t) which is
unique in the space

Cu([0,00), B, 1 H3/P(R3)) N v tPI2|u(t)| pqasy < o0}



Regularizing effect

Definition
Let 2 < a < 3. We define the Banach space

V2 = C([0,00), PM?)
N {v:(0,00) = PM*:|v|, = sup t2/ 27 v(t) |l pass < o0}

The space Y7 is normed by the quantity ||v||y. = [[v], + ||lv.-

Remark

The norm || - ||, is invariant under the rescaling

a

un(x, t) = Au(Ax, A2t)

for every A > 0.



Theorem
Let 2 < a < 3. There exists a constant n, > 0 such that for every
u € Cy([0,00), PM?) and v € {v(t) € PM? : ||v||, < oo} we have

1B(u, I, < nallull vl

Proof.
We have

1
(uev)(E 1) < R/3|§_Z|2|23 dz [[u(t) [l prellv(t) lpae

= CIE 2 u(®) [ pasellv(E) e
For every a > 2
t
ta/271/|§|2ef(t7’r)|§|27_173/2 dr < C
0

independent of £ and t.



Soothing of the heat semi-group

Lemma
For every ug € PM? and t > 0, it follows that S(t)up € PM? with a > 2.
Moreover, there exists C depending on the exponent a only such that

sug (ta/2_1||5(t)uo||73/\/13> < Clluollpage-
>

Proof.
Simple estimates give

sup (¢7/271S(e)uollpaee ) < luollpaee sup (¢3¢ I<F)
t>0 £€R3

= Clluollpre

2
where C = sup,, cps (|W|a*26*“"’| )



Estimates of the external force

Lemma
Let 2 < a < 3. Assume that F(t) € PM® 2 for all t > 0 and

sup t2/27 Y| F(t)|| ppge—z < 0.
t>0

There exists a constant C such that for w(t) = [ S(t — 7)F(7) dt it

Ot —~

follows that
wll, < C‘fiﬁ t2/ 27| F ()| ppo—2-



Existence of regular solutions

Theorem
Let a € [2,3). There exists ¢ > 0 such that for every uy € PM? and
F € C,(]0,00), PM) satisfying

[uollpasz + [1Flle, (0.00). M) + sup /27| F(t) || ppgo—2 < &,

the Cauchy problem for the Navier-Stokes system has a solution in the
space

V? = Cy([0,00), PM?) N {u = sup t*27u(t)||ppgs < 00}
>0

This is the unique solution under the condition |ul|, < 2¢.



Interpolation inequality involving L9 and PM? norms

Lemma
Fix a € (2,3). Forevery q € (3, = a) there exists a constant

C = C(a, q) such that

IVl oy < ClIvIppg IVIBae

for all v € PM? N'PM?, where 3 = 312 (1 - %)

Proof.
The Hausdorff-Young inequality (with 1/p+1/g=1and p € [1,2)):

R 1
ME < CIRIE< CMne [ g e+ e [ e
I€I<R l€[>R
< ClvlfpeRY + IV R

for all R > 0 and C independent of v and R.



Corollary
Under the above assumptions, the constructed solution satisfies

Ju(-s )| aqre) < Ct—(1-3/a)/2

for each3 < g <3/(3—a), all t >0, and C independent of t.



Singular solutions



The Navier-Stokes system
Ou—Au+ (u-V)u+Vp=0, divu=0,

for (x,t) € R® x RT.



The Navier-Stokes system
Ou—Au+ (u-V)u+Vp=0, divu=0,
for (x,t) € R x R,

explicit stationary SINGULAR SOLUTIONS

clx|? = 2xq|x| + o xa(cx1 — |x])

x(elx] = x1)?

ug(x) = 2 ; uz(x) = 2

T Ix(elx] = xa)?

x3(cxy — |x]) cx1 — |x|

SIS Ay T oy ER R N (e o 3

where |x| = \/x? + x3 + x5 and ¢ € R is an arbitrary constant such that
lc| > 1.

These explicit stationary solutions seem to be discovered first by Slezkin
and described by Landau.

Independently, they were obtained by Tian and Xin (1998).



These are solutions of the singular Navier-Stokes problem

O+ (u-Vu—Au+Vp = k(c)(d,0,0), (x,t)€R>x(0,00),
divu = 0.
Here, k(c) — 0 as |¢| — oo.

Note that
(60,0,0) € PM°,

It is easy to show that

uf € PM? kel,2,3.



Singular solution on a curve

We focus on the following initial value problem for the incompressible
Navier-Stokes system with a singular force

du+(u-Vu—Au+Vp = kb e, (xt)€R?x(0,00),
dive = 0,
U|t:0 = 05

where k € R, & = (1,0,0) and d,(¢) is the Dirac measure on R®
concentrated at the point x = ().



Singular solution on a curve

Theorem
Assume that ~ : [0,00) — R® is Holder continuous with an exponent
o € (1,1] and denote by T the curve {(y(t), t) € R*xR": t>0}.

There exists a vector field u(x, t) = (uy, uz, uz) € L>([0, 00); L3’°°(R3))
and a pressure p € L ([0, 00); L3>°(R%)) such that

1. u(x,t) and p(x, t) satisfy the homogeneous Navier-Stokes system
for all (x, t) € (R* x R")\I in the sense of distributions,

2. ue LE ((R* x RO\,
3. forevery t >0
> u(-,t) — V(- — (1)) € LIY(R®) for each q € (3, ),
> p(t) = Q°( — (1)) € LY(R®) for each q € (}, 155,
where (V¢, Q) denotes the Slezkin-Landau solution with fixed and
sufficiently large |c| > 1.



Proof of Theorem

1. Work space: For every fixed a > 0, we set

PM={veS(R): Vel (R, ||v]|pm: = ess sup [€]7[V(€)] < oo}
£eR3

and the Banach space

V7 Cw ([0, T),PM?)
N {v (0, T) = PM?: |||IVl|laT = OsupT t2/271||V(t)H'pMa < c

ts

for each a > 2 and T € (0,00]. The space Y% is normed by the
quantity [|v{lys = [[[v[[[2,7 + [[[v][la,7 and of course,

V2 = Cy ([0, 0), PM?) with this definition.

2. The main method: The Banach fixed point theorem.



By the Duhamel formula, we know that

t t

u(g,t) = /e‘(t‘T)'E'Z@(E) ic-(u@u)(ET) dT+/<;/e—(f—T)lf

0 0

2~

P(¢)e (€5 dr

for all t > 0 and almost all £ € R3, where for two tempered distributions
3
u, v e (PM2) )



Back to the heat equation

Yanagida and his collaborators studied solutions of the linear heat
equation with time-dependent singularities

Oeu—Au=26,4, (x,t)€R xR, (4)

with the singular force d.,(;) for every t > 0. It is shown that if a
singularity is weaker than the order of the fundamental solution of the
Laplace equation, then it is removable. Now, we denote by

x|2
B(x,t) = (4mt) e

the fundamental solution of the heat equation. Moreover, we define F in
R® x (0, T) by
t

F(x,t) = /¢(x—7(7),t—7') dr,

0

which satisfies (4) in the distribution sense.



Theorem
Let I = {(7(¢),t), t >0} C R® x R" be a curve, where v = ~(t) is
Hélder continuous of exponent a € (3,1]. There exists a function u(x, t)
such that

1. uis regular in (R® x RM\T;

2. d,u = Au, for all (x,t) € (R* x RN\T;

3. we have the decomposition u(x,t) = wo(x,t) + where the

1

Amlx—(0)]"
function wy satisfies [|wo(+, t)[[La(r?) < < ct2(G71) for every
g€ (3,5>-) and t € (0, T] with a constant C = C(q,a, T) > 0.



