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Introduction

Linear dispersion

1
1
where p(20) is self-adjoint differential operator. Fourier transform:
10yt + p(&)u =0

a(t,€) = e"®q(0,¢)
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Introduction

Examples

@ The Schrodinger equation in R x R™ 3 (¢, 2), p(§) = —[¢]?
10u+ Au =0
@ The Airy equation in R x R > (¢, 2), p(§) = &3
Ou + Opggu—3uu, =0

© The linear Kadomtsev-Petviashvili equations in R x R? 3 (t, z,7),
2 2
pEm) =&+ v=-BCFE D

Oz (04t + Opppu—3ud,u) £ Uyy =0

@ The half wave equation

1
i0u + ¢/ 1+|=V|?u = 0.
i
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What is dispersion?

© The group velocity depends on the frequency. For compactly
supported smooth initial data the wave decays pointwise, despite the
conservation of the L? norm.

@ The characteristic set {(7,&) : 7 = p(§)} is curved. Stationary phase:
Curvature leads to pointwise decay of the fundamental solution. The

main contribution to
/ (i(EE40() g

comes from points with stationary phase ¥ = —Vp(¢) - the group
velocity at frequency £ is

-Vp(§)

© Decay of the fundamental solution.
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Introduction

Bow Wave

© Steph Abegq, 2013
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Bow Wave, Berry (Bristol)
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Introduction

Nonlinear waves

The nonlinearity may cooperate with dispersion ( defocusing) , or work
“against it (focusing). (KPII)
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Outline

© The spaces U?P and V?
@ Strichartz estimates and bilinear estimates
© Nonlinear dispersive equations

@ Dynamics near solitons
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Motivation

We consider
iug + Au = f(u)
where A is self adjoint and f is nonlinear. Search function spaces X and
Y so that
e X >u— f(u) €Y is smooth (polynomial)

@ There is a unique solution u € X to data f € Y and ug € H such
that [Jullx < c(fluollz + [[f]ly)-

Then a solution can be constructed as fixed point of the map which maps
u to the solution J(u) with initial data up and right hand side f(u).
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The spaces UP and VP

Motivation

One needs

e A radius R so that, if |Jul|x < R,
[T (w)llx < cluoller +1f(w)lly) < R
@ The map J(u) has a small Lipschitz constant
17 (u) = J(W)llx < ellf(u) = F(0)lly < pllu—vlx.

There are usually (but not always) two ways to achieve that: Small time,
or small data. In this setting the assumptions of the implicit function
theorem are satisfied.
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Example: The nonlinear Schrodinger equation

We begin with the nonlinear Schrodinger equation

i0pu + Au = [u|nu.
Here

9 +2) 2(n+2)
H=L*R"), X-= L (RxR"), Y =L (RxR").
The estimates are

@ The estimate of the nonlinearity

EE
Il ol san = el "

@ Strichartz estimate

[l n2 g gy < €(0llzn) + Bk + Ai] atn )
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The spaces UP and VP

Desired properties

We want the following properties of the function spaces.

@ Heritates Strichartz estimates as embeddings, bilinear estimates, and
"high modulation estimates’ in the elliptic part.

@ Allow duality arguments.

Example:

Uy = f
Would want: X = HY2 and Y = H=1/2. Then

/ wfdt < [l el £l yrse

would give everything. Not true! How close can we get? This is relevant
in probability and dispersive equations.
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The spaces UP and VP

Bounded p variation

A partition is defined by an increasing (finite) sequence 7 = (¢;)o<j<n,
to <t1---<t, <oo.

We denote the set of all partition by 7. Let

S be the set of all step functions with finitely many discontinuities (test
functions) and

R the set of ruled functions with left and right limits everywhere including
+oo (distributions).

We define v(o0) = 0. All these functions are bounded.

For a function space X we denote by X,.. the subspace of right continuous
functions with limit 0 at —oo.
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Stieltjes integral

The regulated Stieltjes integral

R x Sre > (v,1) — /vdu = 3T 0t (ulty) - utj-)

J

defines a duality. We equip S, with the norm
lullzy = lu(t;) — ut;—1)|.
J

and R with the supremum norm. If L : S,. — R is continuous we define

U(t) = L(X[t,oo))
It is in R.
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Definition of V?

Let 1 <p < o0.
Definition (Definition of V)

We define the space VP as the space of all functions such that the norm

fullvs = sup (3 futtis) — utto)) "

is finite.
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The definition of UP

We call @ a p atom if there exist a partition 7 and ¢; with >_ |#;|? <1 and
a = Z ¢ix[ti,ti+1)‘

Definition

The p atoms define an atomic space UP by

lullr = inf{z Nl :u= Z)\jaj}.

(there exist atoms a; and numbers \; with u = 3. Aja;).
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Density

Theorem
We have
S,.cUPCVPCR.

Step functions are dense in UP. If p < q then

U cud, VPcCVL

Step functions are also dense in VP, but the proof requires duality.
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The spaces UP and VP

Interpolation

Lemma

Let 1 < p < q < oco. There exists C > 0 so that for all M > 0 and v € Vi,
there exist u € UP and w € U? with

1
v=utw, lullr+efwlue < Clloflve

Corollary

Let1 <p<q<oo. Then
Ur cu?, vecvi

and
VP cU?cC Ve
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Proof

This is proven via a sort of parametrization invariant Littlewood-Paley

decomposition. Without loss of generality we assume that ||v[|y» = 1. If
t1 < tg < t3 then

X [t1,t2) (0 = 0 1T0 + 11X ta,t) (0 = 0ED T < NIXGr20) (0 = 0(E3)) [T
We choose

tho = —00, 151 = 0co,u’ = lim wu(t)
’ ’ t——o00

th2j = th—1,5

th,2j- 1—sup{t t <255 X (—o0,) 0=V D0 2 [1X(—00,t4,05) (V=0 (th,25))]

uF(t) = (0(tr2j-1) = V(te2-1))Xitens1t0.25)-

J
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The spaces UP and VP

Proof of interpolation I

Let
ko
u = Z uk, w=v—1Uu
k=1
Then
ko
v—Y < 97ko/p
" ;;% sup
||UkHsup < Q_k/p7 #T(uk) < 2",

k(i1
¥ e < 27FG7),

and we arrive at

1
[ulloe < ko, [[wllve <

— 24
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Duality

Recall

B(v,u) =Y v(t;)(u(t;) — u(tj—1)).

Theorem
Let L +1=1,1<p,q< oo. The bilinear map defines a unique bilinear
map B : VP x U1 such that

VP 3v— (u— B(v,u)) € (U)*

is an isometric isomorphism.
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The spaces UP and VP

Proof of Duality

Proof.

For atoms (after an integration/summation by parts, with ¢y = o)
B(v,a) <) [o(tjs1) = v(ty)llalty)] < [[v]lve.
This gives the bound. If L € (U%)* define

v(t) = L([t, 0))-
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The spaces UP and VP

This is a generalization of Young's integral (1912).

b
/ wv'dt
a

withu € VPN Co e VINC, L+ 1> 1.

Lemma

Step functions are dense in VP. Test functions are weak* dense in VP.

Proof.

Let V? be the closure of the step functions in V. Let X C U? be the set
of all functions for which B(v,u) = 0 for all v € V?. Since

u(t) = —B(X[t,00), u) the set X is trivial. Then {0} = X* = VP VP,

Let V? be the weak closure of C3° and let (V?)- C U? be the functions
which are orthogonal. It suffices to show that «(0) = 0 for all functions in
(f/p)L. This requires a simple explicit construction. ]

v

Herbert Koch (Universitat Bonn) Nonlinear dispersive equations 24 / 104



Duality 2

Theorem
The space U1 is the dual space to
VE:={veVPNC(R):v(t) » 0 ast — oo}

C§° C UP is weakx dense.

In particular is suffices to test by smooth functions.

Proof.

It suffices to find a representation of a linear functional L.We reverse time.
Then Uf, =UPNC C V. Thus L € (UL)*. By Hahn Banach there is an
extension L € (UP)*. By the duality theorem it can be represented by a
function g € V¢ which we can choose to be right continuous. Now we
integrate by parts. The weak* density is almost obvious. O

v
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Duality 3

. 3. 0
We can consider sequence spaces u;, and v, on sequences (u;);en. Let vy
be the subspace of sequences converging to 0. Then

0y* _
o (vp)" =1y
° Uy =y

° vg C vp has codimension 1

The space v has been introduced by James (1951) because of this

property. These spaces played a role in the study of Banach spaces by
Pisier.
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The spaces UP and VP

Relation to function spaces
An almost trivial computation implies
[ullve (o)) < HUHCI/p([o,H)'
Lemma
Let ¢ € C3°(R) with [ ¢ =1. Then

Ilf *dllee < c|lf]lve.

Moreover )
1/p 1
B/f cUPCVECBYE.

In particular
M lze < cAHP]|uM |y
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The spaces UP and VP

Solving ODEs

We consider the initial value problem u; = f, u(0) = uo.

Theorem

Suppose that f is a distribution and

I£ovs =sup { [ fode: o€ C.lollor <1} < o,

Then there exists a unique solution u € VP with

[ullve < |[fllpve + [uol

I fllpur = sup{/fcbdx 9 e CF°, lollve < 1} < o0.

Then there exists a unique solution u € UP fort > 0 with

[ullor <[ fl[pve + [uol-

y
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Probability, rough path theory

The Brownian B; motion satisfies for all p,q > 2

< Cpyg

l1Boxo.nlve| |

The space VP are invariant under reparametrization, and
reparametrizations of the Brownian motion are in VP,
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The spaces UP and VP

Stochastic differential equation lead to integrals

/fdg

where typically g is the Brownian motion and f is a local martingal. The
integrals are pathwise defined if g € U2. This is not the case, and we need
the lto- or the Stratonovitch integral to integrate the Brownian motion.
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The spaces UP and VP

T. Lyons has observed that one may enhance the Young integral by
defining the Levy process by stochastic integration, and then a rough path
integral depending only on the path and the Levy area process.

Hairer and Gubinelli have extended these ideas to partial differential
equations.
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The spaces UP and VP

Modifications

@ Functions spaces on bounded intervals: Extend functions in VP by
zero to the right, and constant to the left, and functions in UP
constant to the right, and by zero to the left.

@ Values in Hilbert/Banach spaces. If ¢ > p by Minkowski's inequality
[vllvaczry < [0l Loya)

ullLaqey < llullye(zay-
@ Pull back a unitary evolution

lullg, = e Pulp
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The spaces UP and VP
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The spaces U? and V?

o VP: Bounded p variation.

® p-atom: a =3 GjXit, ;1) 2 10517 =
o UP:u=7)\aj.
o T:U" = X, ||T|wrx) = sup ||TaH
o Duality: VP x U? > (v,u) = B(v,u) = [ vdu defines an isometric
isomorphism V7 — (UP)* and U? — (VJ)*.
o Embeddings
B)/f cU” c VL c BIE.
@ High modulation estimate

1
lu” Mo < A7 [fullv
@ Step functions are dense. Test functions are weak* dense.
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Adaptation to operator

@ Values in L2.

sup [[u(t)lz2 < fJullve < ellullor < cllulzy-

o Consider
O +Au =0

@ Pull back A
[ullge = e u(t)|us
A

ollyz = lle™* o () [lvr.
A
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Solving differential equations

To solve
10u+ Au = f

in VP prove
J e
0

for ¢ € C§° with ||¢||ya < 1. Then there exists a unique solution u
(distributional with values in L?) with

[ullve < luollr> + Ci.

Similarly with UP.
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Strichartz and bilinear estimates S {gle | Ela AN EVS]

Strichartz estimates

The linear Schrodinger equation

10w+ Au =0

has a fundamental solution

gt(CC) = ((47T’L't)1/2)7n67 Zit

with Fourier transform

gr(x) = el
hence
lulizz = lluollzz  u(@)llze= < [4mt] ™/ |lug]| 1
Herbert Koch (Universitat Bonn) Nonlinear dispersive equations
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Strichartz and bilinear estimates S {gle | Ela AN EVS]

Strichartz estimates

1_1
@ Interpolation: [[u(t)] < |47t %2 |jug| Lo ().
@ Duhamel’s formula, weak Young (Keel-Tao)

[ll py 1ot ey < €lliBru + Aullyro@n)
if r,p>2, (r,p,n) # (2,1,2) and
2(1 - 1) +n
r 2
© A TT* argument gives

[ell oo 2 4 [l o por < € ([luoll 2 + [[i0pu + Aul|1r i)
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Strichartz estimates
Strichartz estimates

The pointwise decay follows typically by stationary phase. For the Airy
equation
Ut + Ugppy = 0
there is a fundamental solution (up to constants)
g(t,z) = t73 Ai(x/t'/3)
where

) = [ s
The Lemma of van der Corput implies that Ai is bounded. Stationary
phase implies that half a derivative is bounded.
The half wave equation

i0iu £ |Dju =0
( and hence the wave equation) has a characteristic set with n — 1
nonvanishing curvatures. This implies a shift of the exponents compared
to the Schrodinger equation.
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ST
Strichartz estimates and embedding for U? and V7

Let A be a selfadjoint operator on L2. Then

10+ Au =0
generates the unitary group S(t) = e**4.
Definition
Ul =S@)ur, vy =S@t)ve
ullgsr = I1S(=t)u®)llyz,  Nullve = [S(=)u®)llvz- )
Theorem

Suppose the unitary group admits Strichartz estimates with the exponents
r,p. Then
||u||Lr/Lp’ < CHUHUZ/

and

ullvy < cl|(i0; + A)ul|Lrre
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Strichartz and bilinear estimates S {gle | Ela AN EVS]

It suffices to prove the first estimate for atoms, and hence for free
solutions.

Similarly for the second part we choose a partition. Then the estimate
reduces to proving them for a fixed interval of the partition. But this is
equivalent to the Strichartz estimate for free solutions.
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Strichartz and bilinear estimates Free waves

The Fourier transform of free waves

Consider
i0u — p(D)u =0

where ¢ is a real valued function, and ¢(D) is the Fourier multiplier. Then

10yt = (&)t
and
a(t,€) = e "*9q(0,¢)
Thus
[ Frosdsar = [ w0().ule)ards
hence

]:t,xu = ﬂo (5)57_¢.
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Strichartz and bilinear estimates Convolution estimates

Convolution estimates

Let ¥;, j = 1,2 be two hypersurfaces defined by Z;(£) = 0. We search

estimates
luvllze < Cllillzgoa, I8l 2(os,

where by and abuse of notation the Fourier transform of @ resp v is ud=,
resp. 4d=,. By Plancherel this reduces to

[(@0z, ) * (00=,) |22 < Cllall 2z, )10l L2z,
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Strichartz and bilinear estimates Convolution estimates

The calculation

We approximate the Dirac function by smooth functions. Then, with
nonnegative functions i1 and ho,

[uhy * vhal|2,
-/ \ [ e = mihi/ (6 = b 2o (m ¢ = myn e
§//Iu(n)Ith(n)hz(ﬁ—n)dn/lv(n)|2h2(n)h1(£—n)dnd£
<CRlnFulalln ol

where

C2 = sup / hi(€ — €0)ha(€ — ).

&1,82
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Strichartz and bilinear estimates Convolution estimates

The calculation

We set h; = j, o =; for a Dirac sequence and obtain in the limit by the
coarea formula with respect to h;

2= sup /5 (€ — €)=, (€ — &1)de. (1)

£1€X1,62€00

For this limit we used the coarea formula: ¢ : U — V C R™, m < n.

| det(DoDoT) 2 (@yan ) = | / dH " dm ™ (y)

Herbert Koch (Universitat Bonn) Nonlinear dispersive equations

45 / 104



Convolution estimates
A reduction

Consider
Ei(r,8) =7 — ¢1(), Ea(7,8) =7 — ¢2(§)

In this case the formula (1) can be considerably simplified.

Lemma

/ 0z, 0z,dt = 6¢1—¢2

Proof.
By the calculation of Gram determinants

5=, 0=, = 0=, 0=

S5
and hence
5T—¢1 57—«52 = 5T—¢1 6¢2—¢1

Now the formula follows by an application of Fubini's theorem.
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Strichartz and bilinear estimates [AYsIol[fe=ydleli )

Local smoothing

Consider d =1, =1 = 7 — €3, 25 = 7. The equation £ = (£ — &)? with
the unique solution & = & — &. The gradients are 0 and 3¢2. Hence

1
B — < 2 2 .
J €0 b= < iz, oo

This gives the local smoothing estimate below.

Theorem

Let u be the solution to the Airy equation with initial data uy given by the
Fourier transform. Then

I
sup (/ |ux(t,x)\2dt> < = lhuol»
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Strichartz and bilinear estimates Applications

Local smoothing

Proof.

We apply the previous formula with u and a sequence g;(x) so that gJQ- is
Dirac measure. Then

1/2
|Bsule, £))g; ()12 — ( / Opult, 0)|2dx>

and
[(0x1)gjllL2(mxr) < cllu(0)]|L2(m)

In the limit we obtain the bound at x = 0, and by translation we obtain
the general bound. O

v
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Strichartz and bilinear estimates Applications

One space dimension

Consider ) = 5y = 17 — &£3.

Theorem
Suppose that u and v satisfy the Airy equation. Then

1
II1D1[? = [Daf?|2uv] 2 < el|uol| 2 ol 2-

Proof.

This is roughly a gain of one derivative. The proof requires going through
the proof of the bilinear estimate with a bilinear multiplier,

/ 12— n2 2], Yt ne)ldm.
n+n2=n

This exactly compensates for C' without further changes. U

.
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Strichartz and bilinear estimates Applications

Schrodinger equations

Theorem
Let a,b € R\0 and
iadyu + Au =0
b + Av =0
Suppose that the Fourier transform of wu is supported in Br(&y). Then, if
a=1b

n—1
11Dy — D22 (uv) || 2exrn) < R ||ull 2y 0] 2 en)-
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Strichartz and bilinear estimates Applications

Proof of bilinear estimates for Schrodinger 1

Proof.

Let 71 = |£1]? and 75 = [&|2. The equations

TGP - -&P=0=T— |G- £ - &

lead to
(£, & — &) =0.

We integrate out 7 in the definition of C' and get with

(&) = 2(€, 62 — &)

C<swp [ by gt =2l -G BIRT
§1,2 J Br(0—£2)

O

v
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Strichartz and bilinear estimates Applications

Comment

It is worthwhile to explore the case a # b. Then we obtain a codimension
2 parabola.
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Applications
Kadomtsev-Petviashvili Il,2d

The Kadomtsev-Petviashvili |l equation is
Ot + Ugpy + a;luyy + 9ypu? = 0.

where (t,z,y) € R x R x R, and (7,£,n) are the corresponding Fourier
variables. The Strichartz estimate is

[ull Lo sy < ellullya.

The bilinear estimate is (with u) the Littlewood Paley projection to
A< €] <2))
[ 1/2
hwaunllzz < e(5) " Tuallaz fuallze.
Here
Uy = Xagle|<aal

is a Littlewood-Paley decomposition with respect to .
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Applications
Kadomtsev-Petviashvili Il, 3d

With two y directions for u < A\/4

lurll e @xrxr2) < C)‘l/QHUA(O)”L2(R><R?)

and
llupuxllre < cpllugl g2 lluall -
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Strichartz and bilinear estimates [AYsIol[fe=ydleli )

Proof of the bilinear estimate

By the reduction

C= Sup/5¢(51,7l1)+¢(§§1mm)¢>(§2Jl2)¢(5£2ﬂ77]2)

with 1 < €] < 2p, A < |&] < 2X\ and ¢ = €3 — ’7 . The set is given by
P(&1,m) + A€ —&,n—m) = ¢(§2,m2) + ¢(5 — &2, —12)

An algebraic calculation gives

P(&2,m2) — p(&1,m) — P(E1 — o, — m2) + 3(&1 — &2)(§ — 1) (€ — &2)
=¢(§ —&,n —m) — P(§—Ea,m —n2) + P(§1 — &2,m — 12)
+3(§1 — &)(§ = &1)(€ — &)

n—m _ nN=n2
§—&1 §—&2

—(& - &)~ Q)E- &) (552)
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Strichartz and bilinear estimates [AYsIol[fe=ydleli )
Proof

This describes a circle in the 7 variables, or a point, or the empty set, for
fixed 51752767771 and 2.

We apply Fubini's theorem and integrate in the 7 variables. This integral
does not depend on the the radius:

/R2 6a(|x\27R2)dl’ = \a|_17r

We are left with
™

_ _ 2
2|6, — &1 1§ — &of|€ — &1]dE < mp”.

[§—&2|<p
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Strichartz and bilinear estimates Applications

Connection to U2

There is a general argument that deduces bilinear estimates with respect
to U2,

Theorem

Suppose that u and v are solutions to the dispersive equations
i0pu — p1(D)u =0 = 0w — p2(D)v
| [ wemate.e - o], < clluol el

Then
| [ wemate.e ~mate.n)

vz, < clluolluz, llvolluz, -
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Strichartz and bilinear estimates Applications
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The spaces U? and V?

o VP: Bounded p variation.

® p-atom: a =3 GjXit, ;1) 2 10517 =
o UP:u=7)\aj.
o T:U" = X, ||T|wrx) = sup ||TaH
o Duality: VP x U? > (v,u) = B(v,u) = [ vdu defines an isometric
isomorphism V7 — (UP)* and U? — (VJ)*.
o Embeddings
B)/f cU” c VL c BIE.
@ High modulation estimate

1
lu” Mo < A7 [fullv
@ Step functions are dense. Test functions are weak* dense.
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Adaptation to operator

@ Values in L2.

sup [[u(t)lz2 < fJullve < ellullor < cllulzy-

o Consider
O +Au =0

@ Pull back A
[ullge = e u(t)|us
A

ollyz = lle™* o () [lvr.
A

Herbert Koch (Universitat Bonn) Nonlinear dispersive equations 60 / 104



Solving differential equations

To solve
10u+ Au = f

in VP prove
J e
0

for ¢ € C§° with ||¢||ya < 1. Then there exists a unique solution u
(distributional with values in L?) with

[ullve < luollr> + Ci.

Similarly with UP.
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Strichartz and bilinear estimates S {gle | Ela AN EVS]

Strichartz estimates

The linear Schrodinger equation

10w+ Au =0

has a fundamental solution

gt(CC) = ((47T’L't)1/2)7n67 Zit

with Fourier transform

gr(x) = el
hence
lulizz = lluollzz  u(@)llze= < [4mt] ™/ |lug]| 1
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Strichartz and bilinear estimates S {gle | Ela AN EVS]

Strichartz estimates and bilinear estimates

Strichartz estimates for free waves

1D ullppra < cllu(0)] 2

imply
IDPullppre < cllu(0)|ue

Bilinear estimates for free solutions

| [ ktmmitem)oc mydn < clju(0) 2 v (0) | 2
m+n2=n

L2(RXR")

imply

< cllullp2[lvlly>-

n1, m2)u(t, m)o(t, 2d1‘
[ kit it miam|
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Nonlinear dispersive equations

A toy problem

Consider in R x R? > (¢, z)

10 + Au = 8,31@2
with initial condition u(0,z) = up(x).
Theorem
There exists € > 0 such that for all uy with ||ug||z2 < € there exists a

unique global in time solution w. It scatters at oco: The limit

lim e~ “2u(t)
t—r00

exists in L2.
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Nonlinear dispersive equations

Step 1: Littlewood-Paley decomposition, duality

Let A € 2% and @y, = Xa<|g|<2at. Let

Then

satisfies

Herbert Koch (Universitat Bonn)

1/2

lullx = [ D lualiP

Ae2Z

etBug  ift>0
v(t) = { 0 otherwise

ol x < V2(lug|z2-

Nonlinear dispersive equations
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Nonlinear dispersive equations

Reduction to a trilinear estimate

We claim

Then, by duality

t
/ =989, uvds

; < dfullx|[vllx

X

and the theorem follows by standard arguments.
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Nonlinear dispersive equations

Littlewood-Paley reduction

We expand

where
Ux = Xa<|g|<2Al

and expand the integral. We claim

1/2
S| [ oot < ox [ Sl loalveloalye.
u<A U<
Herbert Koch (Universitat Bonn) Nonlinear dispersive equations
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Nonlinear dispersive equations

Dyadic implies full estimate

We expand (with sums over 2%)

/ w00y, wdzdt < Z

A1,A2,A2

/U)\I’U)anlw)\s.dm‘dt .

Since the integral of the product is the evaluation of the Fourier transform
of the triple convolution at 0, there is only a contribution if there are

S +86+86 =07 <[] <2

Then necessarely the two larger numbers of \; are of similar size. To

simplify the notation we assume that they are equal and we denote them
by A and the smaller number by p.
Moreover

Ha$1w>\3||V2 < 2/\3||w>\3 HV2

and we may replace the derivative with a multiplication by As.
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The bound

We bound using (3)

1/2
S Y [ auoondaan <X [ Sulte | oyl
A <A L<A
< cllullx Jv]l x[lw]|x
and
I M
S u| [ onudoa| <e 35 Kuallalionlval .
/\ LA PES)

< cf|ullxvllxlwlx
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Modulation

Step 2. We want to bound the left hand side of (3), in particular
‘/quAwAda:dt‘ .

The integral is zero unless there are points in the support which add up to
0. f = |€1‘2 and mp = |§2‘2 and 73 = —711 — 79 and 53 = —51 — fg then

3 — &3> = =[G — |&f — 6 + &f?
Thus, with ¢ < A, in
/uMUAwAdxdt

at least one of the terms has high modulation - i.e. vertical distance \?/3
to the characteristic set, otherwise the integral is zero.
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Nonlinear dispersive equations

High modulation on low frequency

We denote this term by * and we have to bound

‘ / agm@dmt‘ <[l 2 (wron) 2
<A Mgy lloall pallwall pa
A wllv2 loallps llws s

This completes the estimate in this case since

[oallgs < clloallv2

and
1/2

> llwawa)ul3- < [loawa|lze
159N
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High modulation on high frequency

Here we bound

‘/amw’;dmt < clluponl o l|wl 2.

The bilinear estimate gives

luonllze < (/N2 lugllpzllorllu2

and the Strichartz estimate implies

lupvallzz < ellupllpallvalloa

which is not good enough. How do we replace U? by V27
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Nonlinear dispersive equations

Logarithmic interpolation

For M > 1 we write
Uy = u}t + ui
with

1
17wl + eMlluillvs < elluullv-

and similarly vy = v}\ + vi. Then

p\ 1/2 B B
a2 Sc((A) M+ MeM 4 e 2M) luullvzlloallve.
Now we obtimize M so that

luwoallzz < e (/22 1+ 2/w)) llugllvz oallve:
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Nonlinear dispersive equations

Conclusion

We obtain
A \ / umwﬁdwdt\ < ¢ (/N2 + M) lllvzlloalvzllwallyz-

This allows to sum to get the desired estimate.
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Nonlinear dispersive equations

The Kadomtsev Petviashvili Il equation in 2d

Ut + Uggr + 8;1uyy + 0pu? =0

Symmetries: Scaling A2u(A\3t, Az, A\%y)
Galilean: u(t,x — cy — |c|*t,y + 2ct)
Critical space:

|D,| 7Y ?ug € L2

Estimates: Strichartz ||ul[za < ¢||u||y4

Bilinear: [[uyuxllzz < (/A [lupllr2 uallp2.
Here

Ux = Xr<|e|<2AU-
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Nonlinear dispersive equations

Theorem (Hadac, Herr, Koch 2008)

There exists § > 0 so that there is a unique global solution for all initial
data with ||| D.|~'/?ug|| ;2 < 8. The solution scatters.

The proof is almost verbatim the same as for the nonresonant Schrodinger
equation.

Bourgain: Wellposed in L2. No scattering.
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Nonlinear dispersive equations

The Kadomtsev Petviashvili Il equation in 3d

Uy + U + O "ty + Opu? = 0

Critical space: |D,|"?ug € L.
Strichartz estimate: |Juy||pa < eAY2||uy |
Bilinear: |Juyuzllr2 < cpellunllpz||uallpe.

Theorem (Koch, Li 2015)

There exists § > 0 so that the equation is well posed for
1D} ?uol| 2 < 6

and the solution scatters.

The space L? differs from L?m but it reflect to full symmetry of the
equation.
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The geometry

n
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Nonlinear dispersive equations

Nonlinear Klein Gordon

Theorem (Schottdorf)

Letn >2, s> max{%, ”7_2} Then there exists § > 0 so that for initial
data

[uollzs + lluallgs—2 <&
there is a unique global solution to the quadratic Klein-Gordon equation

g — Au+u = u?

u(0,2) = ug ut(0,2) = uy

Nonresonant systems. Without decay assumptions on the initial data.
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We consider the generalized Korteweg-de Vries equation
Ut + Uggy + (up);r =0, U(O) = Uo

Tools:
1
o [IDI7ullpyrg < clluflur for 2+ 2 =5 ((00,2),(6,6), (4,00), (8,4))
(Strichartz)
o (ID1]2 = Daf?) /2 (u0) | 2 ey < A=l [o]ly2 (bilinear)

@ High modulation
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I
Wellposedness for gKkdV

e p=5. Scaling: L?. Wellposedness L? (Kenig, Ponce, Vega) (BS’OO)
o p =4. Scaling H~'/%. Wellposedness H~1/6, B;’iom (Tao, Koch &
Marzuola)

e Stability of soliton: Martel & Merle (H1!), scattering at soiton in
H-1/6 (Tao, smallness assumption in H'Nn H_l/G, Koch & Marzuola
smallness in F~1/6).

e p=3. Scaling H~'/2. Global wellposedness H'/* (Kenig, Ponce,
Vega)

e p =2. Scaling H3/2. Global wellposedness H—3/* Christ &
Colliander & Tao (local) Nishimoto (local & global) Guo (global).
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Nonlinear dispersive equations KdV and gKdV

Nonlinear Schrodinger equation on torus

Consider
i0pu + Au = |u|*u, u(0) = ug € H'(M)

on a three dimensional manifold M. Globally wellposed in R3 (Colliander,
Keel, Tao, Staffilani, Takaoka, Tao 2008).

Theorem (Herr & Tataru & Tzvetkov, Pausader & lonescu, Pausader &
Tzvetkov & Wang 12)

Quintic equation wellposed in H*(T?).

Theorem (Herr, Pausader & Tzvetkov & Wang 13)
Quintic equation wellposed in H'(S?).

Theorem (Strunk 14)

Quintic equation wellposed on rectangular torus for small data.

v
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Nonlinear dispersive equations KdV and gKdV
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Solitons, Korteweg-de Vries equation and the Miura map Introduction and soliton resolution

Introduction

In this section we consider the Korteweg-de Vries equation
Ut + Ugge — Buty =0
with the soliton solution
—2sech?(z — 4t)
and the modified Korteweg-de Vries equation
U + Vggw — 6020, = 0

for which the kinks
+ tanh(z + 2t)

are special solutions.
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Introduction and soliton resolution
Global stability of the kink

Conjecture (Global orbital stability)
Suppose that

v — tanh(z) € H.
Then there exists v < —2 and y € C1(R) so that

[o(t,.) — tanh(z — y ()| 1 ((y2,00) = 0

and

lim 3 = —2.

t—o00
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Solitons, Korteweg-de Vries equation and the Miura map Introduction and soliton resolution

Soliton resolution

Corollary (Soliton resolution)

Suppose that the conjecture is true, ug € L? and € > 0. Let (\;) be the
eigenvalues of

U — =" +up

in increasing order. There exists N € N and functions y; € C* so that

Y — AN

N
lu(t) =D (=227 sech® (A (@ = )l 2(ct,00) = O
j=0
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Solitons, Korteweg-de Vries equation and the Miura map Introduction and soliton resolution

Remarks

o Different regimes

@ Via inverse scattering under much stronger conditions (implying at
most finite number of eigenvalues, decay and integrability).

@ Here: Local stability of the kink in L? and local asymptotic stability
of solitons in H~! (with T. Buckmaster, 2015) .

@ Stability of soliton for gKdV: Martel & Merle: Distance in H!. KdV:
Merle and Vega: Distance in L?.

@ Wellposedness in H~! is not known. We obtain global in time
estimates in H~! without conserved quantity.

@ Baoping Liu 2014: Apriori estimates in H® for some —% > s> —1,
not uniform in time. (As for cubic nonlinear Schrédinger in H~1/4).
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U300
The Miura map

The kink and the soliton are connected via the Miura map.

Lemma

Suppose that v satisfies mKdV. Then
u(t, x) = vy (t, 2 — 6t) + v*(t,x — 6t) — 1

satisfies the Korteweg-de Vries equation.

Proof.
Calculation. O
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

Diffeomorphism in function spaces

Example: v = tanh(z), v, +v? = 1, (—v); + (—v)? = 1 — 2sech?(z).

u(t, z) = vy (t + 6t,) + v2(t + 6t, ) — 1
The Miura map relates
@ A neighborhood of 0 for KdV
@ A neighborhood of tanh for mKdV
© A neighborhood of — tanh for mKdV and
@ A neighborhood of —2sech? for KdV
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]
Lax pair

Suppose that u satisfies the KdV equation. Let
L,=-9*+u
be the time dependent Schrodinger operator with potential u. Let
P = —402 + 3(udy + 0yu)

Then
L, =P L]
We may factor
_632056 +u=(0z +v)(=0; +v)
provided
U = Vy + v2.
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

Lemma (Perry, Kappeler, Shubin, Topalov)
The potential u is in the range of the Miura map if and only if L > 0.

Proof.
Let u = vy +v2. Then

(L), ¥) = Yo — v¥[|72 2 0

Vice verse, if L, > 0 and tg < 0 then there is a unique nonnegative
solution to

_wxa: +U”¢ =0

in [to,00) with ¢(tp) = 0 and ¢(0) = 1. This yields a nonnegative solution
1 as tg — —oo. We define

v=0;In7y
Then y
Opv+ 02 =222 =y
(0
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]
Shifts

Let w € H~!. There exists C' so that Ly ¢ is positive. This is in the
range of the Miura map. We consider the Miura map applied to
+(Atanh(Ax) + ) and define

Fi(r) =ry + (2A tanh(Az) + 7)r
Fy (r) = =7 + (2X tanh(Az) + 7)r — 2A% sech? (\z)

Theorem
Let s > 0 and \ >. Then

EF: HstoH™!

is analytic. The range of F;r is the set of all potentials such that the
corresponding Schrédinger operator has spectrum in (—\?,c0). The null
space of its derivative has dimension 1. Let o € L?. The map

— . _ 2
F =l(rg) 57 — lim /e e (r — ro)dx
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Solitons, Korteweg-de Vries equation and the Miura map The Miura map

Theorem
The map
(0,00) x H® > (\,r) — Fy\(r) € H**
is an analytic diffeomorphism to its image. Its range consists of all

potentials in H® with at least on negative eigenvalue. The lowest
eigenvalue of the potential F)(r) is —\2.
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

The spectrum and the Miura map

The proof relies on a study of the Riccati type differential equation
Vg + v? = .
The linearization at tanh(x) is
wy + 2tanh(z)w = f
hence

U}(CL‘) _ w(O)e‘Q Jo tanh(t)dt + /1‘ 6sz _2tanh(t)dtf(8)ds.
0

The operator has a one dimenensional kernel and it is surjective.
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

The spectrum and the Miura map

Similarly, if
wy — 2tanh(z)w = f
then .
) el —2tanh(®dt £($yqs  if 2 >0
w(x) - { fzoo efsz 2tanh(t)dtf(s)ds

which yields a solution only under the compatibility condition of continuity
at 0. The operator is injective, with a range of codimension 1.
The nonlinear equation requires further similar considerations.
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

The spectrum and the Miura map

Let u € C(R, L?) be a solution to the Korteweg-de Vries equation. The

Lax pair
Ly =[P, L]

implies that the spectrum does not change: P defines a unitary evolution
S(s,t) and
S(s,t)L(t) = L(s)S(s,t).

For matrices this implies similarity.
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

Soliton resolution

We can derive soliton resolution from the conjecture above. Suppose that

the smallest eigenvalue is —A3. Then there exists a unique v with
v+ Agtanh(Agz) € H' and

vgc—l—v2:u

Let

Uy = —Ug + 2
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Solitons, Korteweg-de Vries equation and the Miura map [EEIGERVITTENGET]

Since

(=Oa + w1 + A) (=0 + v) =(=0% +v) (92 + v)(=0; + v)
= (=0 +0)(—0rz +u + X))

the effect on the spectrum is simple: It removes the lowest eigenvalues.
(=0, + v is surjective and it has a one dimensional null space. Thus the
operator on the right is surjective. Every other eigenfunction is mapped to
an eigenfunction).

We iterate and arrive at an operator which has only small eigenvalues.
This procedure commutes with the evolution - since v is unique.

If we wait long then we can isolate and remove the eigenvalues (and
solitons ) one by one. With the reverse procedure we regain the solitons.
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Solitons, Korteweg-de Vries equation and the Miura map Linearization at the kink

The linear problem
The linearization at the kink in moving coordinates is
U + Uggy — 4y = Oy (6sech? (z)u)+a(t) sech? (x).

The spectrum of the generator is the imaginary axis. It has an eigenvalue
0 with eigen function sech?(x) imbedded in the continuous spectrum. The
red term is added in order to mode out the motion in the null space. The
effect of this mode on the dynamics is simple: It corresponds to
translations. Now

7 e*uldx = —3B(e™*u)+a(e” sech? (), u)

where
B(f) = / 24 (Z — 2sech?(z) — 4sech?(z) tanh(:v)) F(z)? da.
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LG SR
The quadratic form

Lemma

B(f) + 2(f,/2sech?())? > ~ |12,

holds for all f € H'; moreover we also have the estimate

B + 20f,e o)) 2 L1
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LG SR
The quadratic form

Proof.
Lieb-Thirring inequality: —A+V

NV <L V|t 24,
S NS Lyn
J

po- 1 Th+y
T arT(v+3/2)

3 3 567
g N2 <= Ve Pde = —
Al 16/| "z 320

Now we test functions to get upper bounds on Ag, and get control on the
lowest eigen function. Geometrie in Hilbert space. O

v

IN
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i
The linear equation

Consider again
Ut + Ugzr — 4y = Oy (65ech? (z)u)+a(t) sech? ()
with the orthogonality condition
(u, e® sech?(z)) = 0 (4)
This determines a.

Lemma

Let uqg satisfy
/emugdw < 00, (ug, €* sech?(x)) = 0.
Then there exists a unique solution in that space which satisfies

/exu(t)2da: < e_t/ewugda:.
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Solitons, Korteweg-de Vries equation and the Miura map [EEEIICHIIT EET@CTEYET]

Nonlinear equation

Ansatz:
v = tanh(z — y(t)) + u
Then
Ut + Ugzz — 6Uz — 20, (u® 4+ 3tanh(z — y(t))u® — 3sech?(z — y(t))u)

=(y + 2) sech?(z — ¥).

We choose
n(z) =e+ 1+ tanh((x — A)/2)

for some large A and require (4). Then

d

T n(z — y())uldz + 3B((n)?u) < lLo.t.

This gives stability.
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Solitons, Korteweg-de Vries equation and the Miura map [EEEIICHIIT EET@CTEYET]

The theorem

Theorem (Buckmaster and K’, 2015)

Let v > 0. There exists ¢ > 0 so that if ug € H*(R), k > —1,
l|luo + 2sech?(x)||g-1 < e
then there exists y(t) ~ 4t so that the solution to KdV satisfies

. 2 _
Jim fJu(t) + 2sech®(@ = y(6) | s (1y,00)) = O
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