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Mathematical model for spread of species

Find a solution (u(t,r),h(t)) of the free boundary problem:

u — dAu = f(u), t>0, 0<r<h(t),
P) ur(t,0) =0, u(t,h(t)) =0, t>0,
W (t) = —pu,(t, h(t)), t>0,

h(0) = ho, u(0,r) =wug(r), 0<r < ho.

r=lz| (zeRY), N>2 u(t,r) : density

Au = Upp + (N = 1) /7)uy,

d, p, ho: positive numbers
u(t,r) : population density N

(0,h(t)) : habitat of the species habitat  h(t -

ug € C%(0, ho), uy(0) = uo(ho) =0, up > 0 in [0, ho).
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Basic results for N =1

e Global existence and uniqueness of classical solutions

0<u(t,z) <Cy (t>0,0<z<h(t), 0<h'(t)<pCy (t>0).

Asymptotic behavior of solutions (Du-Lin, 2010)

Let f(u) = u(a — bu) (a,b > 0). Either (i) or (ii) holds true as t — oo.
(i) Spreading: lim h(t ) = 00, lim u(t,z) = a/b : locally uniformly.

(i) Vanishing: hm h(t 7r/2 \/ d/a, hm lu(t, )leo,ne) = 0-
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@ Consider more general nonlinearity in radially symmetric setting

feClo,00), f(0)=f(1)=0, f(u)

<0 (u>1), f/(0)#£0

f(w) f(u.)
monostable bistable
\
\ u
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A Free boundary problem with double fronts

Find a solution (u(t,7),g(t), h(t)) of the free boundary problem:

— dAu = f(u), t>0, g(t) <r <h(t),
u(t,g(t)) =0, u(t,h(t)) =0 t>0,
(DEP) §¢'(t) = —pur(t, g(1)), t>0,
W (t) = —pu(t, g(t)), t>0,
9(0) = go, h(0) = ho, u(0,7) =wuo(r), go <7 < ho.

r=l|z| (xeRY), N>2 u(t,r) : density
Au = upp + (N —1)/7)u, )
d, 1, go, ho: positive numbers
u(t,r) : population density
(g(t),h(t)) : habitat of the species

g(t) habitat
ug € C*(0, ho), uo(go) = uo(ho) =0, up >0 in (907h0)'
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Definition of Weak solutions for (DFP)

Definition 1

Let Gy := (0,T) x G for some T > 0 and large domain G.

A non-negative function u € L= (Gr) N H'(Gr) is called a weak solution
of (DFP) over G when u(t,r) satisfies

/ drN "ty — rN o) gy drdt —/ rN L a(ao)$(0,r) dr

Gr G
=//G N7 (w)g drdt

for any ¢ € C*(Gr), ¢ =0o0n ({T} x G) U ([0,T] x G), where

U ifu>0, _ ug, 1 €,
a(u) = _ Uy =
u—d/p ifu<o, 0 reG\Q.
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Existence and uniqueness of global solutions

Theorem (Global weak solution)

There exists a unique weak solution of (DFP) over G for any T' > 0.

Theorem (Local/Global classical solution)
(DFP) has a unique classical solution (u, g,h) in (0,7*] for some constant
T* = T*(ug, go, ho) > 0:
0<wu(t,r) <Cy for 0 <t <T* go<r < hy,
—uCy < g'(t) <0< W (t) <pCy for 0 <t <T*,

where C1, Ca depend on ||uol|c(ge,ho) [110llct(go,n0), reSPECtively.

@ Classical solutions satisfy the condition of weak solutions

@ Weak solutions, with some properties on smoothness, become
classical solutions.
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